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Abstract

Discriminant Analysis (DA) has had a big influ-
ence in many scientific disciplines. Unfortunately, DA
algorithms need to make assumptions on the type of
data available and, therefore, are not applicable ev-
erywhere. For example, when the data of each class
can be represented by a single Gaussian and these
share a common covariance matriz, Linear Discrimi-
nant Analysis (LDA) is a good option. In other cases,
other DA approaches may be preferred. And, unfor-
tunately, there still exist applications where no DA al-
gorithm will correctly represent reality and, therefore,
unsupervised techniques, such as Principal Components
Analysis (PCA), may perform better. This paper first
presents a theoretical study to define when and (most
importantly) why DA techniques fail (Section 2). This
is then used to create a new DA algorithm that can
adapt to the training data available (Sections 2 and 3).
The first main component of our solution is to design
a method to automatically discover the optimal set of
subclasses in each class. We will show that when this s
achieved, optimal results can be obtained. The second
main component of our algorithm is given by our the-
oretical study which defines a way to rapidly select the
optimal number of subclasses. We present experimental
results on two applications (object categorization and
face recognition) and show that our method is always
comparable or superior to LDA, Direct LDA (DLDA),
Nonparametric DA (NDA) and PCA.

1 Introduction: The importance of sub-
class divisions

Discriminant Analysis (DA) plays a central role in
many research areas in science and engineering. For
example, DA has been used to reduce the dimension-
ality of high-dimensional feature spaces to viewable 2-
dimensional spaces. In economics, psychology, neuro-
science and bioinformatics, DA has helped scientists
to unravel useful information from otherwise meaning-

less feature spaces. And, of course, in computer vision,
DA has been successfully used in many applications
[16, 5, 2, 15, 6].

One of the most used DA algorithms is Linear Dis-
criminant Analysis (LDA) [7, 15]. LDA is a simple
algorithm that can be used for both classification and
dimensionality reduction. In either case, LDA attempts

to minimize the Bayes error by selecting those feature
vl Sp v|

vT Sw v’
sures the variance between the class means, and Sy
represents the variance of the samples in the same class.

Unfortunately, LDA (as well as other DA tech-
niques) is obviously not guaranteed to work where the
assumptions of the method do not hold. In such cases,
unsupervised techniques, such as Principal Component
Analysis (PCA), can outperform LDA and other DA
approaches [14, 3, 18, 9]. For example, in some cases
the data of our problem can be modelled using a single
Gaussian, whereas the underlying distributions of each
class cannot. In these cases, we usually prefer PCA
over LDA. Should the classes correspond to linearly
separable Gaussian distributions, LDA would generally
be preferred. In Fig. 1(a), we show a classical ex-
ample where LDA yields a more desirable result than
PCA. Fig. 1(b) shows an example where PCA outper-
forms LDA. This discrepancy is further supported by
results obtained in real applications. For example, we
will show that PCA is preferred over several DA algo-
rithms in an object categorization problem, while DA
techniques are generally preferred in face recognition
applications [16, 5, 2].

In this paper, we show that the drawback of DA
techniques can be solved by dividing each of the classes
into an adequate number of subclasses. This is illus-
trated in the examples shown in Fig. 1(a-b). In (a)
optimal results are obtained when each class is rep-
resented using a single Gaussian. In (b) the optimal
result is obtained when one of the classes is subdivided
into two Gaussians.

vectors v which maximize where Sp mea-

Once each class has been subdivided by its most con-
venient number of subclasses, we can efficiently reduce
the original space by obtaining the basis vectors of the
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Figure 1. In (a) LDA outperforms PCA. In this example, Eq. (1) gives identical results to LDA when H = 2. In (b)
PCA produces a most desirable result. Eq. (1) obtains the same results when one of the classes is subdivided into two

subclasses, i.e. H = 3.

covariance matrix of the subclass means. Following the
traditional notion in discriminant analysis, we will refer
to this covariance matrix as the between-subclass scat-
ter matrix, Xg = Zthl pr(pn — ) (un — )T, where
H is the total number of subclasses, pj, is the prior of
subclass h, p is the global mean, and pj, is the mean of
subclass h. Note that when each class is represented by
a single subclass, ¥ g = Sp. The discriminant vectors
can now be obtained by solving the following general-
ized eigenvalue decomposition problem [12]:

S5V =Sx VA, (1)

where Y x is the covariance matrix of the data, V =
{vi,..., vy} is the eigenvector matrix, and A =
diag (A1, ..., Ag) is the eigenvalue matrix.

In Section 2, we study the behavior of Eq. (1) for
different values of H. This will lead us to define where
and why DA techniques fail. Based on these results, we
will build a new method, Subclass Discriminant Anal-
ysis (SDA), in Sections 2 and 3. Section 4 presents our
experimental results. We conclude in Section 5.

2 Subclass Divisions

In Fig. 1, we showed that Eq. (1) can (obviously)
give identical results to those of LDA (when H = C).
We will now show that, under some circumstances, the
results of Eq. (1) parallel those of PCA. This latest
result will show that when the it eigenvector of g
is identical to the j* eigenvector of ¥ x, the results of
Eq. (1) (as well as the results of LDA and other DA
algorithms) can become unstable.

2.1 Different values of H

The question we need to answer is the following. Is
there a division of the classes into H subclasses for

which the eigenvectors of ¥ p are similar to those of
PCA? In Proposition 1 we will show that this can be the
case, and we will define the relationship between these
two results. We will show that, in most cases, several
of the eigenvectors of LDA parallel those of PCA and
that, in such cases, the results of Eq. (1) can become
unstable (Theorem 1). The importance of our finding
is that this is a general problem of DA and that we
propose a method to solve it.

To show the relationship between PCA and Eq. (1),
we will first need to prove a couple of results (Lemmas
1 and 2).

Lemma 1: If ¥x and Y5 have identical eigenvec-
tors but X x # X (i.e., different eigenvalues), then the
eigenvectors of PCA, U, are related to those of Eq. (1),
V, by V=UM, where M is the eigenvector matrix of

(AY'Ap) M = MA,

Ap is the eigenvalue matrix of XU = UAp, and Ax
is the eigenvalue matrix of the PCA equation, X xU =
UAx.

Proof: When X5 and X x have proportional eigen-
vectors, we can assume that both share a common
eigenvector matrix, U = {uy,uz,...,up}, but have
different eigenvalue matrices, Ag and Ax. Multiplying
each of the equations above by UT', we obtain:

Yp =UAUT, and Yx =UAxUT.

Substituting the above result in Eq. (1) we obtain

UAzUTV = UAxUTVA
Ap(UTV) = Ax(UTV)A

(A¥'Ap) M = MA,



where M = UTV, which is the same as V=UM. O
Lemma 2: Let Ap = diag(Ap,,B,,---,B,), and
Ax = diag(Ax,,Ax,,-..,Ax,) in Eq. (2), then:

. >\B )\B >\B _
.lf)\XizﬁZ...,Z)\Xz:>V—{U.]_,...,up}.
. >\B )\B )\B _
01fAX1§ﬁ§...,§)\XZ:>V—{up,...,u1}.
Proof. If 220 > 222 > > 2 gq (9) has th
roof. If T~ > .2 52 Ea as the

- )\X2

obvious solution1 M =1, and therefore V=UM =

{ug,...,up}.

When% < i‘iz <...,< iiﬁ,we obtain
0 0 ... 1
M= : : :
01 ... 0
1 0 ... O

and, therefore V=UM = {up,...,us}. O

We can now use Lemmas 1 and 2 to prove the fol-
lowing.

Proposition 1: Assume X x and X g have identical
eigenvectors but ¥ x # Xp (i.e., different eigenvalues),
then the i" eigenvector of Eq. (1), vj, is identical to

the jt" eigenvector of PCA, uj, when iif is the i**
AB; AB, ABp, !
M R A

Proposition 1 gives the relationship between the
eigenvectors of Eq. (1) and those of PCA. In fact, we
can show that when the i*" eigenvector of ¥ and the
jth eigenvector of Xy (j < i) are the same, the results
obtained using Eq. (1) will depend on the ratio between
the eigenvalues of ¥p and Xx. Unfortunately, when
this happens, there is no way of knowing which option
is best for classification that given by X x or that of Xp.
Fig. 2 illustrates this problem. In Fig. 2(a), we have
three classes, each represented by a single Gaussian.
We note that in this example, the first eigenvector of
Y. x and X p are the same, e;. The problem this poses
is the following. When using Eq. (1) to reduce the
dimensionality of our feature space to one, we want to
select a vector that has large variance according to ¥ g
but small variance according to X x. As we can see in
Fig. 2(a), ¥p would select e; as a solution, whereas
¥ x would discourage the use of e;. In our example,
Y x has a larger variance along e; than Y p does, and,
therefore, Eq. (1) will select e2, which is an undesirable
solution.

Fig. 2(b) shows a different arrangement of the three
classes. In this case, ¥ x and X g are also in conflict,
but the result of Eq. (1) is correct. This means that,
when there is a conflict between the eigenvectors of X p
and those of X x, the results of Eq. (1) may or may not
be correct.

Theorem 1: When the i*" eigenvector of ¥p is
equal to one of the first ¢ eigenvectors of X x, the basis

largest among

(discriminant) vectors given by Eq. (1) are not guar-
anteed to minimize the Bayes error for the given distri-
butions.

The relevance of Theorem 1 is in that it defines the
problem posed by the classical formulation of discrim-
inant analysis. A classical and obvious way to mini-
mize the problem posed by Eq. (1) is to compute the
eigenvectors of ¥ g and X x separately. Since X g has a
smaller number of vectors than X x, we can first com-
pute those eigenvectors of X p which are

S5U = UAg, (3)

then compute the eigenvectors V of Eq. (1) by means
of the following procedure [9, 17]:

Z = UA,Y? (4)
Y = 7Z"%2«Z
Vo= AYPVyTZT

Although this algorithm may minimize the problem
stated in Theorem 1 it does not solve it entirely. This
is the reason LDA and other DA approaches fail even
when the data corresponds to linearly separable Gaus-
sian distributions.

In this paper we define a new approach to correctly
address this problem. Our method is based on the
results of Theorem 1 which state that the larger the
number of conflicts, K, the higher the probability of
obtaining an incorrect projection matrix with Eq. (1).
A natural way to address this problem is thus given
by those divisions of the classes into H subclasses for
which this number of conflicts, K, is minimized.

Let K be the number of eigenvectors of ¥ x that are
along the same direction as the eigenvectors of X z. We
could compute this as follows. Set K = 0, then:

1. for i=1 to number of eigenvectors of Yp.

2. for j=1 to 1.
If u; = w; then K = K 4 1;

Yet, a more accurate way of calculating the value of
K is given by the following equation

K= ZZ (cost ;) = ZZ (u?wj)Q , (5

i=1 j=1 i=1 j=1

where np is the number of eigenvectors of X g, 6;; is
the angle between the eigenvectors u; and w;, u; is the
ith eigenvectors of X, and w; is the j" eigenvector of
DI

Note that Eq. (5) only considers the first i eigenvec-
tors of ¥ x, because when Eq. (1) works properly the
ith eigenvector Y p is (in general) in accordance (i.e.,
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Figure 2. In (a) the results of Eq. (1) are incorrect. In (b) the results are correct.

same direction) to one of the last eigenvectors of Xx.
Another way to estimate the correctness of our solu-
tion, would be to incorporate the ratio of the eigen-
vectors that agree (i.e., those having similar direction).
This would give the following criteria to be maximized

where ny and npg) are the number of eigenvectors of
Y x and X g when the data is divided into H subclasses
and Ap (), is the i"” eigenvalue of Xp.

In fact, this new criteria is equivalent to our original
criteria tr (2}123). Therefore, maximizing Eq. (6) is
equivalent to find that subspace given by Eq. (1) which
maximizes the trace of the two scatter matrices.

Theorem 2: The tr (2)_{123) is equal to

NB(H) nx

>0 30 (ulw) @

=1 j=1

Since, in general, the best results of Eq. (1) will be
given by the data divisions, H = j, for which D; > D;,
Vi, we will select that division which maximizes Dy.
As an alternative, we could use Eq. (5). We return
to this in Section 3.2. The proof of Theorem 2 can be
found in [19].

2.2 Selecting the priors: improving the recogni-
tion of similar classes

In general the priors used to compute X5 are p, =
np/n, where pp, is the prior of subclass h, ny is the
number of samples in subclass h, and n is the total
number of samples.

However, when the total number of subclasses (H)
is large, there will generally be a group of subclasses
closer to each other and, hence, more susceptible to

classification error. It is thus convenient to increase the
value of the priors of those subclasses that are close to
others and decrease the priors of those that are far from
every other subclass.

An elegant way to achieve this is by using a weight-
ing factor that measures the difficulty of classifying
each pair of subclasses, (i,5). We can do that using
the following between-subclass scatter matrix

iB defzzpw /j,

=1 j=1
J#i

:uj) ) (8)

where p;; is the weight assigned to the pair of subclasses
(4, j), and p; is the mean of subclass 7. An important
advantage of Eq. (8) is that it allows us to boost the
discriminant power of those subclasses that are closer to
each other by increasing the value of the corresponding
weights, p;;.

Since Y x needs to be equal to S5+ Sw, we have to
redefine our covariance as

Sx © S+ 5w, (9)
where Sy = El 1 2"1 (xij — pi)(xij — )T, and x;;
is the j' sample of class i. The definition above, Eq.

(9), is necessary to make the results of discriminant
analysis stable (see Theorem 3 below).

The eigenvectors and eigenvalues of our reduced
space can now be obtained by solving the generalized
eigenvalue decomposition problem

S5V =3xVA. (10)

We can now give higher values to the weights of those
pair of classes (i, j) that are closer to each other. A
common way to do this, is by means of a monotonically
decreasing function of the form

Uz

pij = —((pi —

m 1) (i — 1)) ™%



where a is generally selected so that p;; drops faster
than (u; — ;) (i — p)T [13]. In our case, this number
isa=2.

It is important to see that the results given by
Eq. (10) are still proportional to those of LDA when
H = C and the weights are p;; =  (i.e., we have
the classical priors used by LDA). We also assume
Elu; ,uJT] = E[p;] E[p4]; i.e., knowing the mean of class
1 does not give information of the mean of class j.

Theorem 3: When H = C and p;; = 7, the eigen-
vectors of Eq. (10) are the same as those of LDA,
except for a difference in scaling given by

1 42(C = 1)y

where )\; are the eigenvalues of Eq. (10), and +; are the

eigenvalues of LDA.
Proof. We write our equations as

Spw; = vSwwi, Xpu; = 6;Swui,
EB’Ui = )\iiXUz’-

Since Xx = X + Sy and SpU = SwUA, we can
now write
i1

Ypu; = Yxui, A

d;
149,

When p;; = 7+, H = C and n; = n;, we have

g :ZZ%(M—M)T(M—M) (11)

= 2(C-1)Ss.

And, rearranging terms X pU = Sy UA can be written
as 2(C' — 1)SpU = SwUA, which is the same as

9;

Swui, Vi = m .

Spu; = m

Combining these results, we get

2(C = 1)y

ST

(12)
O

This result guarantees that Eq. (10) will at least
be as good as LDA. Should the results be superior for
other values of H, we will obviously obtain better dis-
criminant spaces.

3 Subclass Discriminant Analysis

In the section above, we showed that one can achieve
optimal feature extraction and classification results by
simply dividing each of the classes into an adequate
number of subclasses, H. To accomplish this though,
one needs to solve two problem. The first one is to
find (“discover”) the subclasses of each class that best
divide the data. The second problem is that of selecting
the partition which gives optimal classification results.

For computational reasons, it is quite obvious that
we cannot test every possible division of n samples into
H subclasses for every possible value of H. However,
when these subclasses are assumed to correspond to
Gaussian distributions, it is reasonable to expect the
samples of each subclass to be close to each other. The
method described below takes advantage of this fact to
reduce the computational burden of our approach. We
will also use the results of Theorem 2 to select that
value of H for which we expect better discrimination.

3.1 NN clustering

This simple procedure (Nearest Neighbor-based)
sorts the vectors of each class, x;.1,...,X;n, (Where n,
is the number of samples in class ¢), as follows. x;; and
X;n. are the two most distant feature vectors of class
i (i.e., the Euclidean distance between these two vec-
tors is the largest: argmaz; i||xi; — Xikl]). X2 is the
closest feature vector to x; 1; and x; ,,—1 is the closest
to Xin,. In general, x;; is the j — 1*" feature vector
closest to x;1, and X; ,,—; is the jth closest to x; ...

The procedure described above is useful when H is
larger than C. For example, if H = 2C, then each
class is divided into two groups (i.e., two subclasses).
This is suitable for those cases where i) the underlying
distribution of each of the classes is not Gaussian, but
can be represented as a combination of two or more
Gaussians, or i) the classes are not separable, but the
subclasses are.

Obviously, there are many ways in which the data of
each class can be divided into subclasses. For computa-
tional efficiency, we will assume that each subclass has
the same number of samples. We have, nonetheless, ex-
perimented with the K-means clustering algorithm and
the nonparametric valley-seeking algorithm of Koontz
and Fukunaga [9] where this restriction does not apply.
The classification results obtained with these two meth-
ods were, however, comparable; yet the computational
cost was higher. Based on this observation, we have de-
cided to work with the NN approach described in this
section. Note that other algorithms, such as mixture
models, could not generally be efficiently used because,
in many cases, we would not have enough training sam-
ples per class to successfully run such algorithms.



3.2 Optimal value of H

Finally, we need to define a way to choose the opti-
mal value of H. To do this, we will use the result given
in Theorem 2 and select that value of H that minimizes
Dy . Note, however, that the larger the value of H, the
larger the number of eigenvectors in Xp. To prevent
our algorithm to be bias toward those representations
with larger values of H, we will normalized our results
by the number of eigenvalues used. A solution to this
problem is to normalize the eigenvalues such that they
sum up to one. Our optimal number of classes, H,, is
then given by

H, = argmazxy, BH , (13)
where 5H is

MB(H) nx

Du= 3 MO i)'

and A B(H); are the normalized eigenvalues of ¥ p such
that

nB(H)

Z XB(h)i =1.
1=1

4 Experimental Results

DA approaches have been largely applied to the clas-
sification of images of objects. We will now show how
our algorithm applies to two particular problems: a)
object categorization, and b) face recognition. We will
compare our results to LDA, Direct LDA (DLDA) [17],
Nonparametric DA (NDA) [9], and PCA.

4.1 Object categorization

A classical problem in computer vision is to classify
a set of objects into a group of known categories (e.g.,
apples, cars, etc.).

In our experiments, we have used the ETH-80
database which contains several images of the follow-
ing categories: apples, pears, cars, cows, horses, dogs,
tomatoes, and cups [11]. Each category includes the
images of ten objects (e.g., ten different pears) pho-
tographed at a total of 41 orientations. This gives us a
total of 410 images per category. Four images of four
different cows are shown in Fig. 3(a-d).

Feature-based classification

In this approach, we first obtain the silhouette of the
object (i.e., the contour that separates the object from
the background), Fig. 3(f). We then compute the cen-
troid of this silhouette and, finally, calculate the length
of equally separated lines that connect the centroid

with the silhouette; see Fig. 3(g). In our experiments
we obtain a total of 300 distances, which gives us a
feature space of 300 dimensions.

We now use our method (SDA) as well as LDA,
DLDA, NDA, and PCA to first reduce the dimensional-
ity of our feature space. Then, we use the nearest neigh-
bor algorithm for classification in these reduced spaces.
To test the classification accuracy of each method, we
used the leave-one-object out test. To do this, we use 79
of the 80 objects for training and one for testing. Since
there are obviously 80 ways in which we can leave one
object out, we repeated the test eighty times and com-
puted the mean and standard deviation. The results
are summarized in Fig. 4(a).

Since we used the leave-one-object out for testing,
the value of H, varied each time. The average value of
H, was 72, which means we would have an average of
about 45 samples per subclass.

4.2 Face recognition

In this experiment, we used the AR-face database
[14]. The AR-face database consists of frontal-view
face images of over 100 people. Each person was pho-
tographed under different lighting conditions and dis-
tinct facial expressions, and some images have partial
occlusions (sunglasses or scarf). A total of 13 images
were taken in each sessions for a total of two sessions;

e., 26 images per person. These sessions were sepa-
rated by an interval of two weeks.

We used the first 13 images (corresponding to the
first session) of 100 randomly selected individuals for
training; i.e., 1,300 training images. The 13 images of
the second session (for the same people) were used for
testing. This problem is known as the recognition of
duplicates in the face recognition literature.

Appearance-based classification

We now use an appearance-based approach for recog-
nition. We first crop the face part of the image and
then resize all images to a standard image size of 17 by
12 pixels, which yields a 204-dimensional feature space.
During the cropping process we align all faces to have
a common position for the eyes and mouth (since this
has been shown to improve accuracy).

The results obtained using our algorithm (SDA) as
well as those of LDA, DLDA, NDA and PCA are shown
in Fig. 4(c). In this case H, = 300.

5 Discussion and Conclusions

We have theoretically shown that to optimally sep-
arate classes, one needs to first subdivide the sample
of each class into an adequate number of subclasses.
Our result is supported by intuitive ideas (see Fig. 1)



Figure 3. (a-d) Four examples of four different cows as seen from the same viewing angle. (f) The silhouette of the
cow shown in (e). (g) Each line measures the distance from the centroid to several points in the silhouette.
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Figure 4. (a) Results of the categorization problem using the feature-based approach. (b) Face recognition results

using an appearance-based approach.

and by our experimental results shown above. An ad-
ditional advantage of SDA is that it allows to compute
a larger number of eigenvectors than most DA algo-
rithms, because the rank of Y5 is usually larger than
the rank of Sg. We have also shown that PCA will out-
perform most DA techniques in some applications, but
not SDA. However, other unsupervised techniques such
as ICA (Independent Components Analysis) [10, 1] may
be superior to our SDA algorithm as defined above. We
can nonetheless address this problem by incorporating
higher-moments in our formulation

5.1 Higher-moments

Fig. 5 shows a classical example where ICA [1] and
other techniques such as SAVE [4] outperform PCA.
In this example, LDA could not be computed because
the global mean and the class means are the same; i.e.
Sp = 0. It should also be clear by now that if each
of the classes is not subdivided into two or more sub-
classes, our previous equation, Eq. (10), would have
the same shortcomings as LDA. When each class is,
however, subdivided into subclasses, SDA will output
a result similar to PCA. In this case, the results of SDA
is unfortunately incorrect.

To correctly address this problem, we need to ex-
tend our previous equation to include higher moments
of the data. We can achieve this by exchanging the
between-subclass scatter matrix, ¥ g, with a more ad-

equate matrix such as

H
L= o (B[S - %n), (15)
h=1

where Y;, is the covariance matrix of subclass h and
E[X] is the expected vector of X (i.e. mean). This
would extend the use of SDA to those applications
where PCA and DA techniques do not perform well.
Our current efforts are along these directions.

5.2 Conclusions

DA approaches have proven to be useful in many ar-
eas of research. Unfortunately, due to the assumptions
embedded in their formulation, DA approaches fail in
many applications. In this contribution, we have first
studied the limitations and drawbacks of the classical
equation of DA and then proposed a new algorithm
to overcome these problems. Our experimental results
confirm our claims. In three recognition experiments,
the results of our algorithm were either superior or com-
parable to other DA approaches (e.g., LDA, DLDA and
NDA) and to unsupervised techniques (e.g., PCA). Ex-
tensions of this approach to include higher-moments of
the data are currently underway.
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Figure 5. In this example, we have two classes, each corresponding to a Gaussian distribution. The two Gaussians
cross each other at their mean, and are only separated by a small angle. ICA and SAVE are able to detect the cross
structure of the two classes. SDA would also be able to obtained this information if we used Eq (15) in place of ¥ 5.
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