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Abstract

The success of Linear Discriminant Analysis (LDA) is due in part to the simplicity of its formulation,
which reduces to a simultaneous diagonalization of two symmetric matricesA andB. However, a
fundamental drawback of this approach is that it cannot be efficiently applied wherever the matrixA
is singular or when some of the smallest variances inA are due to noise. In this paper, we present a
factorization ofA−1B and a correlation-based criterion that can be readily employed to solve these
problems. We provide detailed derivations for the linear and non-linear classification problems. The
usefulness of the proposed approach is demonstrated thoroughly using a large variety of databases.

Keywords: Linear discriminant analysis, kernel discriminant analysis, data noise, discriminant
power, principal components analysis, pattern recognition.

1 Introduction

Simultaneous diagonalization of two matrices is a powerful tool applicable to a large variety of prob-
lems in computer vision, bioinformatics and pattern recognition. This is usually achieved by means of
an eigenvalue decomposition ofA−1B, whereA andB are two symmetric matrices andA is positive-
semidefinite [9, 17]. Discriminant analysis algorithms employ this to find those bases that minimize
the metric defined byA and maximize the metric given byB. Arguably, the most known algorithm
using this basic approach is Fisher’s Linear Discriminant Analysis (LDA) [7, 18], which assumes all
classes can be described using a single Gaussian distribution with common covariance matrix. But
alternatives to this formulation exist [9, 10, 22, 14, 13, 17, 24, 5, 11]. All these approaches employ,
nonetheless, the same eigenvalue decomposition,

A−1BV = VΛ, (1)

whereV is a matrix whose columns describe the discriminant feature vectors andΛ = diag (λ1, . . . , λd)
is the diagonal matrix of associate discriminant variances, withλ1 ≥ · · · ≥ λd. Note that whenever
d > rank(B), the lastd− pb variances will be zero, wherepb = rank(B).

Some of the most known metrics for this approach are: the between-class scatter matrix asB,
and the sample covariance matrix asA. These are given byB =

∑C
i=1

ni

n
(µi − µ) (µi − µ)T , and

A = 1
n

∑n
i=1 (xi − µ) (xi − µ)T , wherexi are then sample feature vectors,µi is the mean of the
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samples in classi, µ is the global mean, andni andC are the number of samples in classi and the
number of classes, respectively. Although many alternatives to these exist [9, 24], they generally
follow the property thatrank(B) ≤ rank(A), which will be assumed herein.

Although (1) requires that we compute the inverse ofA, in [17], we have shown that this is actually
not necessary because

A−1B =

pb∑
i=1

pa∑
j=1

λbi

λaj

(aT
j bi)ajb

T
i , (2)

wherepa = rank(A), pb ≤ pa, andaj andbi are the eigenvectors ofA andB with associated
eigenvaluesλaj

andλbi
. This result will prove fundamental for us in the design of new algorithms,

because it simplifies all derivations to the computation of the eigenvector decomposition of our two
matricesA andB. This result comes from the realization that

∑pa

j=1 aT
j biaj is the reconstruction of

the vectors of the metricB to be maximized in the subspace defined by the metricA. Therefore, the
eigenvectors ofA determine the possible solution space whereB can search for a common solution
with A. This solution is given by the relevance of the eigenvalues of the two matrices,λbi

andλaj
.

It is clear from (2) that the resulting discriminant feature vectorsV will be dominated by the
eigenvectors ofA associated to small eigenvalues. This works well when the eigenvectors associated
to small variances describe the dimensions where the discriminant information is. Unfortunately,
many of these small variances correspond to noisy features. Here, bynoisy featureswe mean those
dimensions that do not contribute to discrimination. This can either be caused by noise in the data
or by features uncorrelated with the classification parameter (e.g., illumination variations in object
recognition).Discerning which bases are due to noise and which to the true discrimination of the data
– that is to say, the ones to prune and the ones to keep – is a fundamental problem in discriminant
analysis.

In attempting to solve this problem, researchers have previously looked at a related issue – that
given by the singularity ofA. That is, whenA cannot be inverted, Eq. (1) can be preceded by a
Principle Component Analysis (PCA) step where the original dimensionality of the data is reduced to
one ofk-dimensions, i.e.,Rd −→ Rk. Here,k is chosen to guarantee that the projection ofA onto
Rk is no longer singular, i.e.,d ≥ rank(A) ≥ k [2, 20, 6, 9].

A well-known solution for selecting a value fork examines the plot of the eigenvalues (conveniently
ordered from largest to smallest) and then searches for the “elbow” where the values fall sharply.
However, there exist too many applications where the eigenvalue plot drifts without any obvious
cutting point. When this is the case, the firstk PCs that account for

r = 100

∑k
j=1 λaj∑pa

j=1 λaj

per cent of the total variance can be used. Although,r must be specified by the user, in [10] it
is suggested that a value ofr between70% and90% preserves most of the information needed for
representing Gaussian-like densities. But determining the most convenient value is problem-specific.

An alternative to the method just described, is to define a criterion that accounts for the discriminant
information on each basis vectoraj. Most notably, [4, 10] define the discriminatory power of a vector
aj as

J(aj) =
aT

j Baj

λaj

.

In this case, the numerator measures the agreement between the eigenvectors ofA and those ofB,
while the denominator is used to account for the variances. To see this note thatJ(aj) can be rewritten
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as
pb∑
i=1

λbi

λaj

(
aT

j bi

)2
, (3)

which is the same as finding thoseaj ’s that maximize the discriminant power inRk, because summing
(3) over allaj is the same astr (A−1B) (see Theorem 2 in [17]).

The major problem with the solutions summarized in the preceding paragraphs, is that we do not
know which of the eigenvectors ofA are associated to noise,because the eigenvalue does not dis-
tinguish between noisy features and bases describing the true discriminant information.This means
we need to define a criterion that is unbiased by the values of the variances associated to each of the
bases ofA.

Close analysis of (3) reveals that the term
(
aT

j bi

)
measures the correlation between the eigenvec-

tors ofaj and theran(B); whereran(M) is the range space of the matrixM. To see this note that
since the vectorsaj andbi are unitary, their inner product defines the cosine of the angle, which is
the correlation between them. This is in fact used by LDA to determine which basis vectors ofA are
correlated to theran(B). Only those that are correlated can contribute to the selection of discriminant
basesV. This product is hence used as a switch, to determine which bases ofA contribute to the solu-
tion [17]. This is indeed the approach we will take in this paper. We will take advantage of this result
to derive an approach for selecting those bases ofA that are best suited for classification. Derivations
for this method are in Sections 2 and 3. Experimental results are in Section 4. A preliminary version
of this paper appeared in [23].

2 Pruning Noisy Bases

The spectral-decomposition of a symmetric matrix isA = λa1a1a
T
1 + λa2a2a

T
2 + · · · + λapa

apaa
T
pa

,
whereλa1 ≥ λa2 ≥ · · · ≥ λapa

are the eigenvalues ofA and{a1, a2, · · · , apa} the corresponding
eigenvectors. Such representations have been extensively used to carry out all sorts of data analysis.
For example, whenA is equal to the covariance matrix, one can select the firstm eigenvectors to
define them-dimensional subspace that carries the largest amount of variance. Similarly, the eigen-
vectors associated to small variances can be used to detect near-constant linear relationships between
variables [10].

Similar to the spectral decomposition of a matrix, we have shown thatA−1B can be decomposed
into the sum of eigenvectors and eigenvalues shown in (2). As above, this can now be used to eliminate
some of the eigenvectors ofA that are unnecessary or corrupted by noise. Following our notation, we
define the reconstruction ofA−1B in the subspace given by a set ofk eigenvectors ofA as

(
A−1B

)
S

=
∑
aj∈S

pb∑
i=1

λbi

λaj

aT
j biajb

T
i , (4)

whereS is a set ofk elements drawn from{a1, · · · , apa}, without repetition. Further, there is a direct
relation between the solution given by our above equation and that of the PCA-LDA algorithm (where
PCA is used before applying LDA). This is shown in Appendix B.

Note that (4) defines a general form for the use of a subset of bases ofA. Depending on the criterion
I used for such a selection, the final set of discriminant feature vectorsV will vary; where now

(
A−1B

)
S
V = VΛ. (5)
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Figure 1: In (a) the data has large variance about thez axis. In (b) this variance is small. In neither casez
provides any discriminant information.

The goal thus reduces to determining the criterionI that prunes those noisy bases ofA but keeps
those that contribute to the discrimination of the class distributions.

To see why (5) is equivalent to the pruning of noisy bases, one needs to realize that its discrimina-
tory power is consistent with that of discriminant analysis. To see this, note that

tr
(
A−1B

)
S

=
∑
aj∈S

tr

(
pb∑
i=1

λbi

λaj

aT
j biajb

T
i

)
=

∑
aj∈S

pb∑
i=1

λbi

λaj

(
aT

j bi

)2
=

∑
aj∈S

J(aj).

The problem to be solved next is that of defining a criterionI that distinguishes between the noisy
and discriminant bases. We do this in the section to follow. Before we do this though, it is appropriate
to note that this method can be extended to other related applications, such as in canonical correlates
analysis or principal components of instrumental variables. In these cases, we would only need to
change the discriminant score, by its appropriate measurement.

3 Correlation-based Criterion

The decomposition shown in (2) will now prove instrumental for the understanding of the role the
eigenvectors of each matrix play in discriminant analysis. In (2),aT

j bi acts as a “switch,” controlling
whichaj ’s are correlated to thebi’s. To be able to play a role in the selection of discriminant vectors
V, aj has to be correlated to theran(B), i.e.,aT

j bi 6= 0 for at least onei in {1, · · · , pb}, regardless
of the value ofλaj

. This is illustrated in Fig. 1. In (a) the two distributions have a large variance
about thea1 axis. In (b) this variance is close to zero. In both cases, however, the eigenvector
aligned witha1 in (a) and witha3 in (b) is not correlated to theran(B) (which in this case is the
outlined plane). This means that the eigenvector aligned with this dimensioncan be eliminated from
consecutive computations because this does not (and cannot) carry any discriminant information. In
the examples shown in Fig. 1,S will thus be constructed with those eigenvectors that define thex-y-
plane only (wherex andy are the basesa2 anda3 in the first example on the left anda1 anda2 in the
example on the right).

The above result can be easily formulated in the form of a correlation-based measure as

Ij =

pb∑
i=1

(
aT

j bi

)2
, 1 ≤ j ≤ pa. (6)
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Figure 2: (a) Plotted here are the eigenvalues of the sample covariance matrix of the ETH-80 database in
decreasing order. (b) Shows the correlation values of each of the eigenvectors ofA (ordered by eigenvalue) with
those ofB. Dashed and dotted lines represent the cutoff points with70% and90% of the total variance. (c) The
confidence interval of the exponential functiongy = λe−λy with probability0.9, whereλ = f1 = I1

pb
= 0.1428.

To illustrate the use of this measure, we will employ the data of the ETH-80 database [12]. The
ETH-80 database contains images of eight object categories. Each category includes images of ten
objects, each photographed from 41 distinct orientations. For each of these images, we obtain the two-
dimensional silhouette of the object (i.e., the contour that separates the object from the background)
and compute its centroid. Then, we calculate the length of the lines connecting this centroid with a
set of equally separated points in the silhouette. In our experiments we obtain a total of300 distances,
generating a feature space of 300 dimensions. This allows us to calculate the between-class scatter
matrix (to represent the metric given byB) and the sample covariance matrix of the data (asA). The
eigenvectors ofA can now be sorted in decreasing order of eigenvalue. This is shown in Fig. 2(a),
where we only show the eigenvalue plot for the first 60 eigenvectors for clarity. In this plot, we also
show dashed and dotted lines to represent the cut at70% and90% of the total variance.

Maintaining this order of eigenvectors, we calculate the correlation of each eigenvectoraj to
ran(B) using Eq. (6). These values are plotted in Fig. 2(b), where the lines defining the70%
and90% of the total variance are still shown. Keeping the same ordering of eigenvectors in (a) and
(b) allows us to see that some of the eigenvectors associated to small eigenvalues are very correlated to
theran(B). Therefore, eliminating all the eigenvectors with associated small variance is not a good
idea, because these should contribute to the outcomeV. Furthermore, it is important to note that the
other eigenvectorsaj that should most worry us are those that are only slightly correlated toran(B)
but have an associated small eigenvalue. While these eigenvectors should not play a role in defining
V, some will, because their variance is sufficiently small to have an effect in (4). In summary, we
should keep the eigenvectorsaj that are most correlated toran(B) and prune the rest. Hence, it is
only natural to sort the eigenvectorsaj from most to least correlated withran(B).

The last problem that needs to be addressed within our framework is that of defining a simple,
efficient way of selecting the cutoff point which specifies the bases to be pruned. This we can do with
the help of a monotonically decreasing density function that approximates the correlation values,
because this can (in turn) be employed to specify a confidence interval. This can be easily done,
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because the sum of the correlations over all eigenvectors ofA is equal topb. This means that

1

pb

pa∑
j=1

Ij =
1

pb

pa∑
j=1

pb∑
i=1

(
aT

j bi

)2
= 1,

which facilitates the definition of the following normalized correlation value

fj =
1

pb

Ij =
1

pb

pb∑
i=1

(aT
j bi)

2. (7)

When the number of classes is large (i.e.,pb is large), the curve defined by the set{f1, . . . , fpa} is less
steeped. This is becauseran(B) is a subspace of high dimensionality. Taking this into account and
noting that whenpb is small the curve goes to zero much faster (sinceran(B) represents a subspace
of low dimensionality), allows us to approximate this curve with an exponential function of the form

gy = λe−λy,

whereλ = f1. In Fig. 2(c) we show howgy can approximate the shape of the original curve defined
by {f1, . . . , fpa}, which corresponds to the eigenvectors ofA computed earlier using the ETH-80
database. As seen in the figure, this approximation can now be used to calculate theconfidence
intervalh of gy as ∫ m

0

λe−λydy = h.

This result is important because it can be used to find the most adequate numberk of eigenvectors of
B as−e−λy|m0 = h, which means

1− e−λm = h

m = − ln(1− h)/λ

k = min(bmc, pa). (8)

In our algorithm, we will always select thek providing a90% confidence interval. An example was
shown in Fig. 2(c) withk = 16.

4 Kernel Extension

The solution derived above is limited to the cases where the data is linearly separable. Fortunately,
we can extend our result to the non-linear case by including a non-linear mapping functionφ(.) in the
process. This function will serve to map the non-linearly separable dataX into a higher-dimensional
spaceF where the dataXΦ is linearly separable. In this new spaceF , we will have

AΦ−1

BΦ =

pb∑
i=1

pa∑
j=1

λφ
bi

λφ
aj

(aφT

j bφ
i )a

φ
j b

φT

i . (9)

The eigenvectors and eigenvalues of our two metrics above are given by the symmetric Schur de-

compositionsVΦT

a AΦVΦ
a = ΛΦ

a and VΦT

b BΦVΦ
b = ΛΦ

b , with VΦ
a =

(
aφ

1 , . . . , a
φ
p

)
and VΦ

b =
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(
bφ

1 , . . . ,b
φ
p

)
. These two eigenvector matrices must be in the span ofΦ(X), whereΦ(X) = (φ(x1), . . . , φ(xn)),

because the statistics computed by each metric do not include the null space of the data. This means
we can writeVΦ

a = Φ(X)Γa andVΦ
b = Φ(X)Γb, with Γa =

(
γa1 , . . . , γap

)
andΓb =

(
γb1 , . . . , γbp

)
.

The new metrics to be employed in the kernel space,Ma andMb, are given byΓT
a Φ(X)TAΦΦ(X)Γa =

ΓT
a MaΓa = ΛΦ

a and ΓT
b Φ(X)TBΦΦ(X)Γb = ΓT

b MbΓb = ΛΦ
b , which provide their eigenvectors

and eigenvalues. Two commonly employed metrics (in the kernel approach) areMa = 1
n
KK and

Mb = 1
n
KWK, whereK = Φ(X)T Φ(X) is the gram matrix, andW = (Wl) , l = 1, · · · , C, Wl

is anl × nl matrix with all terms equal to1
nl

[1]. When using such matrices though,Γa andΓb have

to be normalized tōγaj
=

γaj√
γT

aj
Kγaj

, andγ̄bi
=

γbi√
γT

bi
Kγbi

, such thatVΦT
a VΦ

a = I andVΦT
b VΦ

b = I,

whereI is the identity matrix. This guarantees thatVΦ
a andVΦ

b provide the set of eigenvectors of
Aφ andBφ we require [19]. These are directly given byVΦ

a = Φ(X)Γ̄a andVΦ
b = Φ(X)Γ̄b, with

Γ̄a =
(
γ̄a1 , . . . , γ̄apa

)
andΓ̄b =

(
γ̄b1 , . . . , γ̄bpb

)
.

Using this result in (9), we have

AΦ−1

BΦ =

pb∑
i=1

pa∑
j=1

λφ
bi

λφ
aj

γ̄T
aj

Φ(X)T Φ(X)γ̄bi
Φ(X)γ̄aj

γ̄bj
Φ(X)T

= Φ(X)

(
pb∑
i=1

pa∑
j=1

λφ
bi

λφ
aj

γ̄T
aj
Kγ̄bi

γ̄aj
γ̄T

bi

)
Φ(X)T ,

Again, we can writeVΦ = Φ(X)Γ. Therefore, we have

AΦ−1

BΦVΦ = VΦΛΦ

Φ(X)

(
pb∑
i=1

pa∑
j=1

λφ
bi

λφ
aj

γ̄T
aj
Kγ̄bi

γ̄aj
γ̄T

bi

)
Φ(X)T Φ(X)Γ = Φ(X)ΓΛΦ

(
pb∑
i=1

pa∑
j=1

λφ
bi

λφ
aj

γ̄T
aj
Kγ̄bi

γ̄aj
γ̄T

bi
K

)
Γ = ΓΛΦ.

As we did previously in (4), we can now write the result
(
AΦ−1

BΦ
)

S
, which uses the setS of

eigenvectors ofAΦ. In our equation above, this is

 ∑

γaj∈S

pb∑
i=1

λφ
bi

λφ
aj

γ̄T
aj
Kγ̄bi

γ̄aj
γ̄T

bi
K


 Γ = ΓΛΦ. (10)

This eigenvalue decomposition gives the basis vectorsΓ, which directly provide the eigenvectorVΦ

of
(
AΦ−1

BΦ
)

S
VΦ = VΦΛΦ.

This is a desirable result, becauseγ̄T
aj
Kγ̄bi

still acts as a switch, determining which of the vectors

of AΦ andBΦ are correlated and by how much. This is made clear by the equalitiesaφ
j = Φ(X)γ̄T

aj

andbφ
i = Φ(X)γ̄bi

, which showγ̄T
aj
Kγ̄bi

= aφT

j bφ
i . Hence, we can once more apply the correlation

criterion derived in this paper in the kernel space, that is, in the solution derived in (10).
It is noticed that in (10),
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tr

(
pb∑
i=1

pa∑
j=1

λφ
bi

λφ
aj

γ̄T
aj
Kγ̄bi

γ̄aj
γ̄T

bi
K

)
=

pb∑
i=1

pa∑
j=1

λφ
bi

λφ
aj

(
γ̄T

aj
Kγ̄bi

)2

. (11)

Similar to (3), we define the discriminant power ofγ̄aj
as

J(γ̄aj
) =

pb∑
i=1

λφ
bi

λφ
aj

(
γ̄T

aj
Kγ̄bi

)2

,

which gives

tr

(
pb∑
i=1

pa∑
j=1

λφ
bi

λφ
aj

γ̄T
aj
Kγ̄bi

γ̄aj
γ̄T

bi
K

)
=

pa∑
j=1

J(γ̄aj
).

As in the linear case, the selection of the eigenvector setS should not be carried out using the
discriminant power measure. Instead, we should define a new version of our criterion applicable to
the non-linear approach defined above. As already noticed, in the non-linear case, the correlation
value between the two metrics is given by

Ij =

pb∑
i=1

(
γ̄T

aj
Kγ̄bi

)2

. (12)

It then follows that

pa∑
j=1

Ij =

pa∑
j=1

pb∑
i=1

(
γ̄T

aj
Kγ̄bi

)2

=

pb∑
i=1

pa∑
j=1


 γT

aj
KWKγbi

λbi

√
γT

bi
Kγbi

√
γaj

Kγaj




2

=

pb∑
i=1

pa∑
j=1

γT
bi
Kγbi

γT
aj
Kγaj

(
γT

aj
γbi

)2

=

pb∑
i=1

γT
bi

γT
bi
Kγbi

[
pa∑

j=1

(
γT

aj
Kγaj

)
γaj

γT
aj

]
γbi

=

pb∑
i=1

γT
bi

γT
bi
Kγbi

Kγbi
= pb.

Then, similar to the non-kernel case defined in (7), the normalized correlation value is defined as

fj =
1

pb

Ij =
1

pb

pb∑
i=1

(
γ̄aj

Kγ̄bi

)2
.

Therefore, for this non-linear implementation, we can use the same correlation approach of principal
components selection defined in this paper.
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5 Experimental Results

In our first set of experiments we use three different datasets. One of these is the ETH-80 database pre-
viously introduced. The other sets are: the AR-face database [16] and the Sitting Posture Distribution
Maps (SPDM) set of [21].

In the ETH test, we selected the41 images of one randomly chosen object to represent the testing
set. This provides a total of 328 test images. We used the rest of the images for training. In Fig.
3(a) we show the correlation plot of the eigenvectors of the sample covariance matrix with those of
the between-class scatter matrix together with their approximationgy. The vertical axis in Fig. 3(d)
shows the recognition rate obtained when one keeps the firstk eigenvectors shown in (a). The dotted
lines in (a) and (d) represents the cutoff at the 90% confidence interval.

In Fig. 3(g) we show the results obtained when one selects thek eigenvectors that keepr% of the to-
tal variance. Here, we have included a set of large dots to indicate the recognition rates obtained when
r = {90, 91, . . . , 99}. Similarly, the dots in Fig. 3(j) specify the recognition rates whenr% of the to-
tal discriminant information defined byJ(aj) is kept, where nowr = {50, 60, 70, 80, 90, 91, . . . , 99}.
We note that in both cases, the recognition rate vary considerably depending on the value ofr. In
(g) the results vary from a high of75.9% to a low of 68.29%, which are achieved whenr = 96
andr = 90, respectively. In (j) the recognition rates vary from75% to 51.8%, and the maximum is
achieved whenr = 60. We will now show that the values ofr that maximizes (or minimizes) the
recognition rates obtained using these two methods, are very different when the database changes.
However, our method will remain stable (that is, the results obtained with our method will generally
be one of the top regardless of the database used).

To see this, we will use the images of the AR-face database. The AR-face set consists of frontal-
view face images of100 people. Here, we will use the first13 images taken during a first session,
including images with distinct facial composites, occlusions and illuminations, for training. The other
13 images (taken during a second session) are used for testing. The images are first cropped around
the face part (to remove hair and background information) and resized to a standard image size of
29 by 21 pixels. This yields a 609-dimensional feature space. During the cropping process we also
aligned all faces to have a common position for the eyes and mouth. Again, the sample covariance
matrix and the between-class scatter matrix are used as metrics forA andB. Fig. 3(b) plots the
correlation valuesfj and their approximationgy. Fig. 3(e) plots the corresponding recognition rates.
Our result is specified by the dotted line.

As we did above, we now compare the results obtained using our method to those calculated when
r% of the total variance or the total discriminant information is kept. This is shown in Figs. 3(h)
and (k). Note that the maximum recognition rate in (h) is obtained whenr = 99 and in (k) when
r = 80. These are different to the optimal values ofr reported in (g) and (j). Nonetheless, we see that
the proposed approach provides a stable way of selecting the best bases ofA – only pruning those
bases that are either noisy (reduce the recognition rate) or uninformative (do not provide a statistically
significant increment of the recognition rate).

In the SPDM database, the sample feature vectors were collected using a chair equipped with a
pressure sensor sheet. Feature vectors correspond to1, 280 pressure (force) values given by equally
distributed points on the seating-pan of the chair. Here, the goal is to classify each feature vector into
one of the 10 possible sitting postures [21]. The SPDM database includes five samples for each of the
postures for a total of 50 people. Of the five samples available from each person, three are randomly
selected as training samples and two for testing. This divides the data to1, 500 samples for training
and1, 000 for testing. Correlation valuesfj and their approximationgy are shown in Fig. 3(c). The

9



0 50 100 150 200 250 300
0

0.02

0.04

0.06

0.08

0.1
exponential distribution g

y
correlation value f

j
90% confidence interval

0 100 200 300 400 500 600
0

0.002

0.004

0.006

0.008

0.01

0.012
exponential distribution g

y
correlation value f

j
90% confidence interval

0 200 400 600 800 1000
0

0.02

0.04

0.06

0.08

0.1
exponential distribution g

y
correlation value f

j
90% confidence interval

(a) (b) (c)

0 50 100 150 200 250 300
0.5

0.6

0.7

0.8
recognition rate
90% confidence interval

confidence interval is larger 

0 100 200 300 400 500 600
0.5

0.6

0.7

0.8

recognition rate
90% confidence interval

0 200 400 600 800 1000
0.5

0.6

0.7

0.8
recognition rate
90% confidence interval

(d) (e) (f)

0 50 100 150 200 250 300
0.5

0.6

0.7

0.8
recognition rate

0 100 200 300 400 500 600
0.5

0.6

0.7

0.8

recognition rate

0 200 400 600 800 1000
0.5

0.6

0.7

0.8 recognition rate

(g) (h) (i)

0 50 100 150 200 250 300
0.5

0.6

0.7

0.8
recognition rate

0 100 200 300 400 500 600
0.5

0.6

0.7

0.8

recognition rate

0 200 400 600 800 1000
0.5

0.6

0.7

0.8
recognition rate

(j) (k) (l)

Figure 3: In (a-c) we have ordered the eigenvectors of the covariance matrixA obtained from the ETH, AR
and SPDM databases, from most to least correlated toran(B). The number of eigenvectors used is specified by
the horizontal axis. In (d-f) We show the successful recognition rates when thek first eigenvectors, as ordered in
(a-c), are used. Here, the dotted vertical line is the result given by our algorithm, and the vertical axis specifies
the probability of correct classification. (g-i) Show the recognition rates obtained whenk eigenvectors are kept
and these are ordered in decreasing order of eigenvectors. (j-l) Do the same, but when the eigenvectors are
ordered from most to least discriminant as given byJ(aj). The dots in (g-l) specify the successful classification
rate when different percentages of the variance (or discriminant power) are retained.
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Figure 4:Shown here are the eigenvalues of (a-b) AR and (c-d) SPDM datasets. In (a,c) the eigenvalues are
ordered in decreasing order. (b,d) Shows the correlation between the eigenvectors ofA andB – keeping the
same order as in (a) and (c).

corresponding recognition rates are in Fig. 3(f), where the dotted line marks our solution. In this
case, the results obtained with the other two methods are unable to select ar which archives a good
performance. This is shown in Figs. 3(i) and (l).

To see the difference of eigenvalue selection between our approach (presented in this paper) and the
others tested above, we show how each algorithm sorts the principal components of the covariance
matrix. The plots for the ETH database were given in Fig. 2(a). In Fig. 2(b) we demonstrated
that some of the selected eigenvectors ofA do not correlate with the solution space and, hence,
cannot contribute to the solution. The problem is that some of these eigenvector represent data noise
and keeping (other) unimportant eigenvectors may prevents us from choosing those that are useful
in classification. This problem is resolved by selecting those principal components based on their
correlation with the solution space as done by the proposed algorithm. This result is shown in Fig.
3(a).

We now do the same for the AR and SPDM datasets. In Fig. 4(a,c), we show the eigenvalues of the
covariance matrix sorted in decreasing order. Fig. 4(b,d) illustrates that some of the corresponding
eigenvectors ofA are not correlated with the solution space and should not have been considered.
This was resolved by our approach, whose results were shown in Fig. 3(b-c).

A statistical analysis of the results obtained using the ETH and SPDM databases is shown in the
first two rows of Table 1. In this case, a bootstrap strategy is used. In the ETH set, the 41 images of
a randomly selected object are used for testing and the rest for training. This is repeated 100 times.
In the SPDM set 100 samples of each posture are randomly selected for training and the rest are used
for testing. This is also repeated 100 times. Average and standard deviations are shown in the table.

In these results, we can see that the proposed algorithm consistently outperforms the others. This is
because, in the ETH-80 and SPDM datasets, there is a considerable amount of noisy bases that make
the classification problem challenging.

When the number of noisy features is reduced, this difference should become smaller. To test this,
we used two additional databases from the UCI repository [3]. The first is the “Multi-feature Digit
Dataset” (MDD), which includes200 handwritten samples of each of the ten digits (0 to 9), and we
used a representation (MDD-zer) based on47 of the Zernike moments of the image [3]. The number of
noisy bases in a 47-dimensional space is expected to be much lower than those of the ETH and SPDM
sets. The bootstrap approach is employed to produce our results, with a training set containing 50%
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Table 1: Statistical comparison. In this table,eigr means we use the eigenvectors that keepr% of the total
variance, andJ(a)r indicates that all those eigenvectors ofA that keepr% of the total discriminant power
given byJ(a) are used. In these experiments a bootstrap approach is used to generate average and standard
deviations. Bolded results indicate statistical significance.

Proposed Fisher-Rao’s
Algorithm Approach eig70 eig90 J(a)70 J(a)90 LDA

ETH80 71.02(4.39) 56.1 (4.02) 72.56(4.35) 66.83 (4.70) 61.99 (4.07) 59.93 (3.61)
SPDM 75.53(1.10) 75.44(1.12) 70.45 (1.26) 59.49 (1.48) 51.12 (1.52) 47.44 (1.51)

MDD-zer 79.5(1.02) 64.99 (1.09) 78.7 (1.07) 77.36 (1.38) 75.17 (3.81 78.09 (1.11)
Ionosphere 79 (3.01) 77.6 (3.14) 81.4 (2.40) 79.2 (3.33) 80.9 (2.57) 82.8 (2.80)

.

Table 2:Results for the non-linear approach. In this table,eigr means we use the eigenvectors that keepr% of
the total variance, andJ(γa)r indicates that all those eigenvectors ofMa that keepr% of the total discriminant
power given byJ(γa) are used. In these experiments a bootstrap approach is used to generate average and
standard deviations.

Proposed
Algorithm Approach eig70 eig90 J(γa)70 J(γa)90

ETH80 72.87(3.38) 40.21 (9.8) 57.9 (3.74) 52.84 (8.14) 64.76 (4.07)
SPDM 73.93(1.52) 23.79 (1.59) 55.2 (1.91) 64.98 (1.2) 73.53 (1.32)

MDD-zer 77.21(1.25) 43.58 (0.84) 60.98 (1.24) 60.15 (1.47) 76.22 (1.69)
Ionosphere 75.11 (3.99) 70.17 (3.85) 74.17 (3.71) 75.14 (3.58) 76.51 (3.06)

.

of the samples (randomly selected) and the testing set containing the remaining 50%. The operation
is repeated 100 times and average and standard deviations are reported. As one can see in Table 1, the
difference in performance is now reduced.

To further illustrate this point we used the Ionosphere set of [3], where the dimensionality of the
data is even smaller. In this case, 34 radar attributes are employed to describe signals bouncing off
the ionosphere. Our task is to determine whether the incoming signal is good (i.e., shows evidence
of some type of structure) or not. Again half of the 351 samples are used for training and half
for testing. This is repeated 100 times and average and standard deviations are shown in Table 1.
As the dimensionality becomes more manageable (34 dimensions in this final test), the number of
noisy bases decreases. As a consequence, and as predicted, Fisher-Rao’s LDA and the other methods
perform better, making it less necessary to use pruning methods.

As it is well known, the classification results obtained when the number of samples per class is small
can be improved by adding a regularizing term to the sample covariance matrix [8, 15]. We have used
this trick to boost the results obtained a bit further. Here, the results obtained with regularized LDA
were: 71.89 (4.25) for ETH, 72.82 (1.12) for SPDM, 79.13 (1.05) for MDD-zer, and80.14 (2.44)
for Ionosphere. The results obtained with the regularized version of LDA presented in this paper
were:74.87 (4.25) for ETH, 76.05 (1.22) for SPDM,79.39 (0.78) for MDD-zer, and79.36 (4.71) for
Ionosphere. As we can see from these results, the comparison of our approach with LDA parallels
those presented in the tables.

Finally, we repeated our experiments using the non-linear extension of our method presented in
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Section 4. In here we used the two metrics defined earlier forMa andMb, and we selected the kernel
function the RBF, defined ask(x,y) = exp

(
−‖x−y‖2

2ς2

)
, with ς the parameter to be estimated using

the leave-one-out test on the training data.
To provide a statistical analysis of the results we used the bootstrap strategy described earlier for

the results of Table 1. The difference is that we now used the kernel approach. These results are
in Table 2. As we saw in the linear case, our method is superior to the other methods wherever the
number of features is sufficiently large to require the pruning of the noisy bases. When the number of
features is small, all the methods are more or less equivalent.

6 Conclusions

The classical formulation of LDA, based on the simultaneous diagonalization of two symmetric matri-
ces (i.e.,A−1BV = VΛ), is known to be very sensitive to the noisy basis vectors inA. In this paper,
we have presented a simple correlation-based criterion that can be efficiently used to prune these noisy
bases without eliminating those associated to the true discriminant power of the underlying structure
of the data. Experimental results using five different databases have been used to illustrate the robust-
ness of the proposed approach. These have demonstrated the superiority of the proposed approach
(in pruning the noisy vectors) over a variety of known alternatives. We note that while existing algo-
rithms only work in some particular cases, where the assumptions of the method hold, the proposed
approach works well on all datasets tested. This is thanks to the underlying main idea of the paper
which targets the problems associated to the generalized eigenvalue decomposition equation, rather
than making assumptions on the type of the pdf. A non-linear extensions of the approach was also
presented.
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Appendix

Appendix A Notation

A, B Matrices that define the metric to be minimized and maximized in
the generalized eigenvalue decompositionBV = AVΛ.

pa Rank ofA, i.e.,rank(A).
λaj , aj Eigenvalues and eigenvectors ofA, 1 ≤ j ≤ pa.
pb Rank ofB, i.e.,rank(B).
λbi

, bi Eigenvalues and eigenvectors ofB, 1 ≤ i ≤ pb.
φ(.) Mapping function that transforms a non-linearly separable problem in a linearly separable one.
AΦ, BΦ Matrices that define the metric to be minimized and maximized in

the spaceF given by the mapping functionφ(.).
aφ

j , bφ
i Basis vectors defined in the high-dimensional spaceF .

γaj , γbi Basis vectors of the metricsMa andMb used to define the kernel space.
K The Gramm matrix.
d Dimensionality of the data.
S A set ofk elements drawn from{a1, · · · ,apa}, without repetition.

J(aj) The discriminant power of eachaj , defined as
aT

j Baj

λaj
.

r The ratio representing
∑k

j=1 λaj∑pa
j=1 λaj

of the total variance or
∑k

j=1 J(aj)∑pa
j=1 J(aj)

of the total discriminant power.

ran(M) Range space ofM.
Ij Correlation value of eachaj to theran(B).
fj Normalized correlation value of eachaj to theran(B).
gy Exponential density functiongy = λe−λy.
h The probability of confidence interval ofgy. In this paper,h = .9.

Appendix B

It is interesting to further note that there is a direct relation between the subspace generated by those
few eigenvectors of (4) that are associated to the largest eigenvalues and the subspace obtained with
the classical PCA-LDA algorithm. This can be stated in the following result [23].

Result 1. The projection matrixV found by (5) and the projection matrixAkṼ given by the following
generalized eigenvalue decomposition

(AT
k BAk

)
Ṽ =

(AT
k AAk

)
ṼΛ̃,

are identical, where the matrixAk hask columns, which are thek eigenvectors ofA included in the
set ofS (Eq. (4)).

Proof. The eigenvalue decomposition ofA andB can be written as:

A =

pa∑
j=1

λai
aia

T
i = AΛaAT , B =

pb∑
i=1

λbi
bib

T
i ,

whereA = [a1, · · · , apa ] = [Ak,Apa−k], whereAk containsk columns ofA included in the set ofS
(Eq. (4)) andApa−k contains the remainingpa − k eigenvectors ofA. We first project the data onto
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the subspace spanned byAk. If in the reduced space, the two metric matrices corresponding toA and
B are

B̃ = AT
k BAk,

Ã = AT
k AAk = ΛAk

,

the generalized eigenvalue decomposition ofB̃ with respect toÃ is:

B̃Ṽ = ÃṼΛ̃

AT
k BAkṼ = ΛAk

ṼΛ̃. (9)

where, the diagonal matrixΛAk
represents the eigenvalues of thek eigenvectors inAk.

Using the knowledge of basic linear algebra, (9) can be rewritten as:

Λ−1
Ak
AT

k BAkṼ = ṼΛ̃

AkΛ
−1
Ak
AT

k BAkṼ = AkṼΛ̃

(
a1, . . . , ak

)



1
λa1

· · · 0
...

.. .
...

0 · · · 1
λak







aT
1
...

aT
k




pb∑
i=1

λbi
bib

T
i AkṼ = AkṼΛ̃

(
1

λa1
a1 · · · 1

λak
ak

)



∑pb

i=1 λbi
aT

1 bib
T
i

...∑pb

i=1 λbi
aT

k bib
T
i


AkṼ = AkṼΛ̃

k∑
j=1

pb∑
i=1

λbi

λaj

〈aj,bi〉ajb
T
i AkṼ = AkṼΛ̃

∑
aj∈S

pb∑
i=1

λbi

λaj

〈aj,bi〉ajb
T
i AkṼ = AkṼΛ̃ (10)

Compare (10) and (4), we know thatV is identical toAkṼ.
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