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Abstract—Synthetic aperture radar imaging is generally based
on the assumption that objects in the scene are stationary. Many
approaches have been proposed that compensate for a moving
target when one wishes to track or image it. In this paper we
consider moving objects that have random fluctuations in their
motion, for example caused by engine vibration or road jitter.
We study the Cramér-Rao bounds for estimating the location
and velocity of a scattering center on such a target, and show
that with even small random fluctuations, achievable focusing
performance can be several times worse than for a stationary
object.

I. INTRODUCTION

A synthetic aperture radar (SAR) image represents the
concentration of electromagnetic energy reflected by objects
in the illuminated scene. As radar has all-weather, day-night,
persistent sensing capabilities and range-independent resolu-
tion, many uses have been found for airborne SAR platforms
that circle a ground scene of interest.

Traditional SAR imaging algorithms require a fully station-
ary scene to produce an ideal image. In urban environments,
moving targets are inevitable and they introduce significant
artifacts into a SAR image: for example, constant velocity can
shift target signatures or severely defocus them, or both. There
is interest in obtaining unartifacted images of moving targets
(or simply tracking them). Moving target focusing algorithms
that have been proposed make some assumption about target
motion, for example constant velocity [1], [2], or low-order
polynomial motion [3], [4].

This present work seeks to extend the theoretical bounds on
stationary point scatterer focusing [5] by considering non-zero
velocity as well as random target motion. This is motivated
by the observation that all targets move with some random
component. These random contributions to target motion may
come from road jitter, engine vibrations, etc., and are not
well-represented by low-order polynomial models, so are not
amenable to moving target focusing.

Our goal is a theoretical lower bound on the location
estimation accuracy of scattering centers when their motion
is characterized by constant velocity movement perturbed
by random motion. We arrive at this bound by computing
the Cramér-Rao bound (CRB) for estimating a scatterer’s
amplitude, position, and velocity (the analysis extends to
acceleration and higher orders of motion). In this paper,
we first briefly introduce SAR imaging and notation. Then

two methods for obtaining the CRB is described: a linear-
approximation analytical approach and a numerical Monte
Carlo solution. A number of computational experiments that
quantify the achievable focusing accuracy of targets moving
with random components will be presented.

II. MATHEMATICAL DESCRIPTION OF SAR

Synthetic aperture radar imaging involves an airborne an-
tenna that broadcasts a uniquely-shaped electromagmetic pulse
at the ground, and “listens” for echoes reflected by targets
in the scene. This transmit-receive pattern is repeated as the
aircraft flies past a scene, and it is this diversity of viewing
angles that allows several one-dimensional range returns to be
combined into a two-dimensional image of reflector location
and response amplitude.

If the radar pulse broadcast is a linear chirp with center
frequency fc and bandwidth B, the data vector sampled at
time t ∈ [−T0, T0] is given by

~Z(t) =
N∑

i=1

ai exp(j
4π

c
~fp̂(t)T ~Ri(t)

︸ ︷︷ ︸
~Φi(t)

) + ~nZ(t), (1)

where the scene is modeled a collection of N point scatter-
ers, each with its own complex amplitude ai = |ai|ej∠ai ,
and three-dimensional location Ri(t) = [xi(t), yi(t), zi(t)]T .
Here, ~f is the Nf × 1 vector of broadcast frequencies,
fn ∈ [fc − B

2 , fc + B
2 ], n = 1, . . . , Nf , and p̂(t) =

[sinφt cos θt, cosφt cos θt, sin θt]T is a unit vector that points
from the scene center to the aircraft at time t. The x axis is
parallel to the flightpath at t = 0, the y-axis points away from
the platform at t = 0 and the z-axis point upward. This model
assumes azimuth and elevation angles φt and θt respectively,
which describe the orientation of the radar with respect to the
scene. The origin is the scene’s center. This model is standard
and detailed in, e.g., [6].

The phase vector, ~Φ(t), links this standard SAR model to
echo-based range-finding. This Nf × 1 vector simply encodes
the number of radian wavelengths between the radar and the
scatterer for each frequency in the broadcasted chirp. The dis-
tance between the scene center and the ith scatterer is encoded
by the inner product p̂(t)T ~Ri(t). Then, 2π · 2 fn

c p̂(t)T Ri(t)
is the round-trip number of wavelengths for frequency fn in
radians (since the distance between the radar and the scene
center can be assumed to be known).



Let the number of pulses broadcast be Nφ, giving Nf ·Nφ

total data points collected over an imaging interval. This
observed phase history measurement is corrupted by com-
plex additive white Gaussian sensor noise with variance σ2

n.
Once collected and properly formatted, this phase history is
converted to an image using the two-dimensional FFT or
filtered backprojection [6]. Rigling provides a detailed study
of imaging artifacts under deterministic motion [7].

We next consider the Cramér-Rao bound of a single point
scatterer with both constant velocity and random motion
components.

III. FOCUSING PERFORMANCE BOUNDS FOR A SINGLE
SCATTERER

Consider a single point scatterer with position

~R(t) =




x0 + vxt + Wx(t)
y0 + vyt + Wy(t)
z0 + vzt + Wz(t)


 (2)

with nominal position x0, y0, z0, three-dimensional velocity
vx, vy , vz , and three colored Gaussian random noise processes
that represent deviations from ideal constant-velocity motion,
Wx(t), Wy(t), and Wz(t).

The Cramér-Rao bound provides a lower bound on the
mean-squared error of any unbiased estimator, θ̂, of a deter-
ministic unknown parameter vector, Θ, from data Z. Assuming
θ̂ is an unbiased estimator,

MSE(θ̂) ≥ PCR = F−1 (3)

where F , the Fisher information matrix (FIM), is given by

F = −EZ [∂Θ∂T
Θ log P (Z|Θ)], (4)

where ∂a ≡ ∂
∂a . That is, the CRB matrix PCR is the inverse

of the Fisher information matrix, which is a function of the
probability of the observed data.

Returning to the SAR data model, the observed data’s phase
~Φ(t) = 4π ~f

c p̂(t)T ~R(t) is a linear combination of Gaussian
random variables and therefore is itself a Gaussian random
vector. However, the joint distribution of exp(j~Φ(t)) is not a
standard distribution. A small extention of [8, pp. 520-522]
gives the joint distribution of the magnitude and angle of a
single sinusoidal random variable, exp(jψ) + n, where ψ and
n are normally-distributed with arbitrary mean and variance.
However, it involves numerically integrating out the random
phase ψ, and does not seem to scale well for vector-valued
signals.

Inspired by this approach, we consider the real and imag-
inary components of ~Z(t) and show that it is quite easy
to obtain the joint distribution of these two random vectors
numerically. When the random motion components Wx(t),
Wy(t), Wz(t) are uncorrelated over time, the joint density
over all data samples simplifies into a product of likelihoods,
each involving just one numerical integration.

We describe two ways to compute the bound , and then
apply them to understand focusing performance under varying
operating parameters.

Below, we describe two ways to compute the Cramér-Rao
bound for jointly estimating scatterer amplitude, position, and

velocity. First, we develop a CRB expression by sampling log-
likelihood values, and second, we consider a simpler (but less
accurate) method based on analysis of a linearized data model.

A. Sampling the complete CRB

The real and imaginary components of observation
vector ~Z(t), given the random motion ~W (t) =
[Wx(t), Wy(t), Wz(t)]T , are multivariate-normal:

[<~Z(t)
=~Z(t)

]∣∣∣∣ ~W (t) ∼ N
([

cos ~Φ(t, ~W )
sin ~Φ(t, ~W )

]
, I

σ2
n

2

)
. (5)

For simplicity, the three random position components of
~W (t) are assumed to be independent of one another. Then,
their contribution to the phase is a scalar Gaussian random
variable:

~Φ(t, ~W ) =
4π ~f

c
(p̂(t)T~r0 + p̂(t)T ~W (t)︸ ︷︷ ︸

Wp(t)

)

The one-dimensional random range offset at time t, Wp(t) ∼
N (0, p̂(t)T Cov( ~W (t))p̂(t)). Here, ~r0 = [x0, y0, z0]T .

Note that these two Gaussian densities are separately easy
to work with, so we can use numerical techniques to obtain the
joint log-likelihood of Monte Carlo-generated observations,
and then their Hessians (matrix of double derivatives). Av-
eraged over many such Monte Carlo trials, negative Hessians
would yield an estimate for the FIM that converges to the true
FIM as the number of samples grows large.

Specifically, marginalizing (5) over Wp(t), which we treat
as a scalar variable,

P

([<~Z(t)
=~Z(t)

])
=

∫ ∞

−∞
P

([<~Z(t)
=~Z(t)

]∣∣∣∣ Wp(t)
)
·

N
(
Wp(t); 0, p̂(t)T Cov( ~W (t))p̂(t)

)
dWp(t),

(6)

where N (z; µ, σ2) evaluates the Gaussian density with mean
µ and variance σ2 at z. This integral can be evaluated
numerically, for example with Matlab’s “quadgk()” function.
For uncorrelated random motion, the joint log-likelihood of all
observations, Z = [~Z(t1)T , . . . , ~Z(tNφ

)T ]T , is a sum over all
these log-marginals:

log P (Z) =
∑

t

log P

([<~Z(t)
=~Z(t)

])
. (7)

Recall that the observations’ joint log-likelihood is the
first step in evaluating the FIM. We generate Monte Carlo
samples of Z; for each such sample, we compute its
log-likelihood, numerically twice-differentiate it over Θ =
[|a|, ∠a, x0, y0, z0, vx, vy, vz]T , and obtain a sample of the
negative FIM. Averaging over several such samples gives an
estimate of the true FIM, which can be inverted to obtain the
CRB matrix.



B. Linearized CRB

Correlated motion would require higher-order numerical
integration of (6) since Wp(t) pulse-to-pulse are not inde-
pendent. Although this integration could be accomplished by
MCMC methods, an alternative approach is to approximate
the data model with a first-order Taylor series about E[~Φ(t)]:

~Z(t) = a exp(j~Φ(t)) + ~nZ(t)

≈ a exp(jE[~Φ(t)])
(
1 + j~Φ(t)− jE[~Φ(t)

)
+ ~nZ(t)

= ~Zlin(t). (8)

This approximation is valid if

1
2
(~Φ(t)− E[~Φ(t)])2 ¿ ~Φ(t)− E[~Φ(t)] (9)

for all elements in ~Φ(t).
With this approximation, the compete data vector Zlin

becomes a jointly Gaussian random vector. The Slepian-
Bangs formulation gives the Cramér-Rao bound under jointly
Gaussian random vectors [9, Appendix B]. However, a small
extension is required for complex random vectors that are not
circular, that is, where for a complex random vector ~z,1

E[(z − E[~z])(z − E[~z])T ] 6= 0.

For non-circular complex random vectors, it can be shown
[10] that the CRB is given as follows. Consider an n-variate
complex Gaussian random vector ~z = ~x+j~y with mean ~mz =
E[~x]+ jE[~y] = ~mx + j ~my, covariance Rz = E[(~z− ~mz)(~z−
~mz)H ], and what Picinbono calls the relation matrix, R′

z =
E[(~z − ~mz)(~z − ~mz)T ].

The mean and the covariance and relation matrices are
parameterized by a vector of unknowns Θ ∈ RL, and each
element of the L×L Fisher information matrix F is given by

Fij =
1
2

tr
[
∂iR̃R̃−1∂jR̃R̃−1

]
+ (∂im)HR̃−1(∂jm) (10)

with m =
[
~mz

~m∗
z

]
and R̃ =

[
Rz R′

z

R′
z
∗ Rz

∗

]
. We have used

∂iA ≡ ∂A
∂Θi

for Θi ∈ Θ and any vector or matrix A.
We now apply the extended Slepian-Bangs formula to the

present data model. A notational convenience: let an underbar
denote the NfNφ × 1 vector formed by rasterizing any
variable’s values over the complete Nf ×Nφ data collection,
similar to Z above.

Zlin is fully described by its mean vector, and covariance
and relation (E[(Z − E[Z])(Z − E[Z])T ]) matrices. First,

E[Z] = E[Zlin] = a exp(jE[Φ]). (11)

The covariance matrix R is

R = Cov(Zlin) = Cov(jE[Z]¯ Φ) + Iσ2
n

= Cov(diag (jE[Z])︸ ︷︷ ︸
D

·Φ) + Iσ2
n

= DCov(Φ)DH + Iσ2
n. (12)

1We will use ()T , ()H , ()∗, and ¯ to mean transpose, conjugate transpose,
complex conjugate, and the element-wise Hadamard product, respectively.

Only D is a function of the unknowns Θ. The randomness
in Φ is due to

W x = [~1T
Nf

Wx(t1), . . . , ~1T
Nf

Wx(tNφ
)]T

as well as W y and W z: note that each time instance’s random
variables are replicated Nf times. Therefore,

Cov(Φ) = Cov(diag(kx)W x + diag(ky)W y + diag(kz)W z)

=
∑

¤∈{x,y,z}
diag(k¤)Cov(W¤) diag(k¤) (13)

where the second line follows if we assume that the three
random motion processes are independent of one another,
and where each scalar element of the observed data vector
is associated with a coordinate in Fourier space [kx, ky, kz] =
4π
c f [cos θ sin φ, cos θ cos φ, sin θ], for the azimuth and eleva-

tion angles φ and θ corresponding to that phase history point.
Cov(W y) and Cov(W z) are specified in the same manner as
Cov(W x):

Cov(W x) = Expand(Toeplitz(~rWx), Nf ) (14)

where ~rWx = [rWx(0), . . . , rWx(Nφ − 1)]T for autocorrela-
tion sequence rWx(τ). The function Expand(A, m) yields
a square matrix where each element of matrix A has been
replicated m times vertically and horizontally: this addresses
the fact that the random motion at each pulse is replicated
in Nf observations. Toeplitz(~rWx) yields the Nφ × Nφ

Toeplitz matrix made from vector ~rWx , with constant values
corresponding to the elements of ~rWx along the negative-
sloping diagonals [9, Appendix A].

The derivation of the relation matrix, R′, follows similarly
and yields

R′ = DCov(Φ)D. (15)

The derivatives of the mean vector and covariance-relation
matrix pair are all parameterized by the derivatives of D =
diag(jE[Z]):

∂iD = j diag(∂iE[Z]), (16)

for

∂iE[Z] =





jkx ¯ E[Z] Θi = x0

jky ¯ E[Z] Θi = y0

jkz ¯ E[Z] Θi = z0

jt¯ kx ¯ E[Z] Θi = vx

jt¯ ky ¯ E[Z] Θi = vy

jt¯ kz ¯ E[Z] Θi = vz
1
|a|E[Z] Θi = |a|
jE[Z] Θi = ∠a.

(17)

Equations (10) through (17) complete the specification of
the FIM for the linearized model. We use this approximation
as well as the full Monte Carlo approximation in (6)-(7) to
evaluate CRBs and quantify the impact of random motion on
target focusing.
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Fig. 1. PSD estimate from 20 seconds of accelerometer data for a driving
Chevrolet Suburban, with a fifteen-order polynomial trend removed. -60 dB
corresponds to amplitudes of 1 mm (the plateau at 1-2 Hz), and -80 dB to 0.1
mm (the small peak at 8.75 Hz). Data courtesy of OSU Center for Mapping.

IV. IMPACT OF RANDOM MOTION ON LOCALIZATION

In [5], an elegant CRB formulation was given for scatterer
amplitude and location under no motion. This serves as a
baseline for comparison to estimation error with our current
motion model. This is also motivation to consider estimating
position only. Another reason for this is that when target
velocity is unknown and must be estimated, ambiguities are
introduced into position estimation, ambiguities which would
be much better described by a more sophisticated target
model.2

For both these reasons, we consider scatterer localization
performance only. We seek to understand the degradation
of location estimation accuracy caused by random motion.
With this goal in mind, we furthermore consider only two-
dimensional localization, of x0 and y0, and treat height, z0, to
be known. There is no computational reason that z-estimation
cannot be considered but in [5], it was observed that for
single-pass SAR images, off-plane height estimation is very
poor over short apertures and does improve as a target’s
angular persistance increases. Because we seek to understand
degradations due to random motion alone, minimizing the role
of such effects is justified.

For these reasons, our vector of unknowns is Θ =
[|a|, ∠a, x0, y0] for a single point scatterer vibrating in a two-
dimensional horizontal plane. Assuming a SAR imaging at
10 GHz with 650 MHz bandwidth, a circular flightpath at
elevation angle of 45◦ and standoff distance of 8.5 km, we
consider the effects of two main motion parameters:
• σx and σy: the standard deviation of the motion random

processes, and

2Specifically, when down-range velocity vy is unknown, the CRB error
on cross-range position x0 immediately explodes to the entire illuminated
scene width. This is understandable because a target with down-range velocity
has phase history very similar to a stationary target displaced in cross-range.
Ongoing research on a collection-of-reflectors target would describe within-
target reflector localization without this ambiguity.
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Maximum likelihood estimator (MLE) standard deviations, and root mean
squared errors (RMSE) for both the unapproximated Monte Carlo CRB and
the linearized CRB at two SNRs. Note that both axes are on the log scale,
and in units of millimeters.

• the spectral content of these random motion processes.
Preliminary study (Figure 1) of inertial measurement unit
(IMU) data gives reason to believe that translational motion of
an SUV is approimately a low-pass signal. The PSD estimate is
from a 20 second time segment and is representative of motion
in all dimensions. In keeping with the goal of obtaining simple
insights into the effects of random motion, we treat the motion
random processes to be white noise passed through ideal low-
pass filters with varying cutoff frequency, ωc.

A. Uncorrelated motion

First, we consider uncorrelated two-dimensional motion.
Figure 2 shows the behavior of both CRB-predicted estimation
errors for cross- and down-range position x0 and y0, as well
as the standard deviation of a maximum likelihood estimator
(MLE), implemented as a nonlinear function maximization
using “fminsearch()” in Matlab. Both the Monte Carlo CRB
and the MLE were obtained for 250 Monte Carlo iterations.
The imaging aperture was held constant at 5◦, and for com-
putational reasons, the ground patch was very small (5 m
diameter).

1) Full Monte Carlo CRB trends: We begin by observing
that the predicted estimation error of the full CRB (obtained
by numerical techniques) is tracked closely by the MLE. Two
separate regimes make themselves apparent: for low-power
random motion, σx, σy < 1 mm, localization error is dom-
inated by sensor noise, with motion playing a relatively small
role. After a transition, the roles are reversed as uncertainty
due to random motion dominates.

In this motion-dominated regime, localization error in both
downrange and cross-range can be increase to two orders of
magnitude greater than the no-motion regime.

2) Differences between localizing in down-range vs. cross-
range: The radar literature, e.g., [6], observes that localization
in down-range is much more accurate than in cross-range,
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and that cross-range resolution is a function of angular extent
(which is 5◦ in this example). This is reflected in Figure
2 by the large gap between each curve of the same SNR.
Figure 2 additionally shows that given this difference, similar
degradation occurs in both down- and cross-range.

3) Behavior of linearized CRB: As expected, the linearized
CRB in Figure 2 closely approximates the Monte Carlo-
generated CRB for low motion error, when the linear approxi-
mation in (9) is valid. However, the approximation has broken
down at motion standard deviation of 1 mm (applying (9) at
two standard devations, the quadratic term, 1

2 (0.002 4πfc

c )2, is
20% of the linear term). The linearized CRB curves beyond
σx = σy = 1 mm are not accurate approximations of the true
CRB.

B. Correlated motion

To consider the effects of correlated (non-white) random
motion, the linearized CRB for ideal low-pass filtered motion
with varying cutoff frequencies, ωc is given in Figure 3, with
a motion-free CRB-predicted baseline also shown. For this
analysis, motion standard deviations σx = σy were fixed to
1 mm, and this motion power was preserved across all cutoff
frequencies—that is, random motion is generated by passing
white noise with standard deviation of 1 mm into a low-pass
filter with cutoff ωc and amplitude of ωc/(PRF/2). Here, we
consider a somewhat larger scene size with 10 m diameter,
and the same 5◦ aperture and 0 dB SNR as before.

From Figure 3 we see that to a first-order approximation,
changing spectral content does not significantly impact target
localization. That is, once a target has a given random vibration
power, which frequencies such vibration manifests itself is
largely immaterial to localization error.

Two other observations are worth noting. First, random
motion that is uncorrelated is more benevolent than highly-
correlated motion, for both cross- and down-range. This is to
be expected, especially since 1 mm motion standard deviations
do not cause wrapping of the phase Φ, because extracting
underlying parameters is “easier” in uncorrelated observations
than in correlated ones. Secondly, highly-correlated motion
induces very little increase in crossrange estimation error,
but this error quickly rises as the motion spectral diversity
increases. The analogy we use to understand this is, using the
small-angle approximations for p̂(t) (the unit vector pointing
from scene center to the radar at time t), estimating a target’s
down-range position y0 is akin to estimating the intercept of
a line, while estimating its cross-range position x0 is like
estimating its slope. As motion introduces “noise” that is much
stronger in the down-range dimension, cross-range (slope)
estimation suffers much less from fully-correlated motion than
down-range (intercept) estimation.

V. CONCLUSION

Motivated by evaluating performance of moving target
focusing algorithms, we have obtained Cramér-Rao bounds
for estimating the position and velocity of a single point
scatterer moving with non-zero velocity and some random
motion component. We use these bounds to show that when
point scatterers have even a minute amount of random jitter,
with standard deviation in the centimeters, localization error
can increase by two orders of magnitude above the motion-
free case. We also show that the spectral content of this noise
does not significantly affect this degredation in localization.
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