


cells at a given timet

p wsstð Þ,T ,w=t
� �

~ p wsstð Þ,T
� �

p w
.

wsstð Þ,T ,t
� �

: ð1Þ

The variablesT and wsstð Þ are assumed to be independent and
normally-distributed (N mT ,s2

T

� �
andN msst,s

2
sst

� �
). TheCaulobacter

cell cycle time coefficient of variation (COV) was previously
determined to be 0.13 [1], i.e.sT ~ 0:13mT . We assume thatwsstð Þ

has the same COV and a mean value ofmsst~ 0:25, consistent with
previous reports [17,22]. For notational simplicity, we let

h~ wsstð Þ,T
n o

and rewrite the Eq. (1) asp hð Þp w=h,tð Þ, with p hð Þ

given as the products of the two independent normal distributions
just described.

The conditional distributionp w=h,tð Þ is based on a phase
evolution model that is firmly rooted in experimental observations.
We begin by considering a single cell (indexedk) described by the
variableswsstð Þ

k and Tk. This cell progresses through the phases of
its own cell cycle with a ‘velocity’ of1=Tkð Þas experiment time
passes; that is,wk tð Þ~ wk 0ð Þz t=Tk for 0† t† Tk 1{ wk 0ð Þð Þ.
When t~ Tk 1{ wk 0ð Þð Þ, and the cell reaches the end of its cycle,
two daughter cells emerge at different cell cycle phases: the new

SW (characterized byhk1~ wsstð Þ
k1 ,Tk1

n o
) cell begins atwk1 0ð Þ~ 0

and the new ST cell (now characterized byhk2~ wsstð Þ
k2 ,Tk2

n o
)

begins at the SW-to-ST transition phasewk2 0ð Þ~ wsstð Þ
k . The new

SW-to-ST transition phases and cell cycle times,hk1,hk2, are
redrawn from their respective distributions.

Mapping phase-varying gene expression in single cells to
measurements at the population-level

Having constructed a model for the distribution of cell types, we
now show how this distribution can be used to map gene
expression at the single-cell level to the expression data derived
from cellular populations. The signal intensity measured in a
typical microarray experiment is proportional to the population-
level concentration of the measured species [23]. Thus, for each
genej in an RNA expression assay, the signal intensityGj tð Þat
measurement timet is

Gj tð Þ~ Rj tð Þ
�

V tð Þ, ð2Þ

whereRj tð Þis the number of RNA transcripts in the population
and V tð Þis the total cellular volume. For a large number of cells
N tð Þ, the total population volume is

V tð Þ&
ðð

N tð Þvh wð Þp hð Þp w=h,tð Þdhdw

~ N tð Þ
ð

~QQ w,tð Þdw,

ð3Þ

wherevh wð Þis the volume of a cell withh~ wsstð Þ,T
n o

at phasew,

and ~QQ w,tð Þ~
Ð

vh wð Þp hð Þp w=h,tð Þdh is the expectation of a single
cell’s volume overh. Similarly, the total number of RNA
transcripts at timet for a given genej is

Rj tð Þ& N tð Þ
ðð

fj wð Þvh wð Þp hð Þp w=h,tð Þdhdw

~ N tð Þ
ð

fj wð Þ~QQ w,tð Þdw,

ð4Þ

where fj wð Þis the synchronous average cycle-dependent expres-
sion of genej, i.e., the average expression of all cells at the exact
same phase. The expression levelfj wð Þhas units (# transcripts/
volume). Note that we may substitute the synchronous average
expression function for the true single-cell function in the above
equation because the synchronous cell-to-cell variability is
independent ofh,w (see supplementary Text S1 for more details).

It has been previously shown that theCaulobacterdivision plane is
not located at the center of the cell, rather the cell volume is
partitioned 40% SW cell to 60% ST cell [24]. We use this fact to
construct a simple piecewise linear approximation for the volume

vhk wð Þof cellk, with parametershk~ wsstð Þ
k ,Tk

n o
, as a function of

cell cycle phase

vhk wð Þ~ Vw~ 1|

0:4z
0:2
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k

0:6z
0:4
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k
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k

� �
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k † wv 1

8
>>><

>>>:

, ð5Þ

whereVw~ 1 is the cell volume atw~ 1 just prior to division. We
have assumed that the variance of the final cell size distribution is
small so thatVw~ 1 is effectively constant across all cells.

Using the above approximations, the total concentration of gene
j transcripts at timet (Eq. (2)) can then be written as an integral
transform

Gj tð Þ~
Rj tð Þ
V tð Þ

~

Ð
fj wð Þ~QQ w,tð Þdw
Ð~QQ w,tð Þdw

~
ð

Q w,tð Þfj wð Þdw,

ð6Þ

where Q w,tð Þ~ ~QQ w,tð Þ
. Ð~QQ ~ww,t

� �
d~ww is the kernel of the trans-

form, and has the intrepretation of a fractional volume density.
That is, Q w,tð Þrepresents the fraction of the total population
volume at timet that exists in (a small interval around) phasew.

Evaluation ofQ w,tð Þ
The kernel mapping functionQ w,tð Þ~ ~QQ w,tð Þ

. Ð~QQ ~ww,t
� �

d~ww

depends on~QQ w,tð Þ~
Ð

vh wð Þp hð Þp w h,tjð Þdh, where the volume
vh wð Þand probability p hð Þare known functions. However, the
functional form ofp w h,tjð Þis complicated by the facts that cells
evolve at different rates and that new cells are being generated at
different phases. We therefore resort to simulation methods in
order to evaluate~QQ w,tð Þand Q w,tð Þ.

The rule-basedCaulobactercell-type phase evolution model
described above enables us to simulate cell populations and growth.
An initial population of cells was subjected to simulated growth for a
length of time equal to 10 average cell division times. We observe,
empirically, that this amount of time is sufficient in order to obtain a
steady state population of cells whose phase distribution is
independent of the initial seed population. The synchronized
population is then drawn from the steady state population by
keeping only those cells in the SW state and rejecting all others. The
steady state distribution is shown in Fig. 2A, and the distribution of
synchronized cells is shown in Fig. 2B. After synchronization, time
t~ 0 is declared, and the expression experiment begins. Our results
utilized 106 synchronized cells att~ 0.
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Rewriting ~QQ w,tð Þas

~QQ w,tð Þ~ p wtjð Þ
ð

vh wð Þp h w,tjð Þdh ð7Þ

we see that~QQ is the product of i) the probability (density) of
observingw at time t and ii) the average cell volume at timet
conditioned on phasew. These two quantities are evaluated
through the simulation by allowing the synchronized cells to
evolve until a desired timet is reached and the current population
of cells,bt , can be used to evaluate~QQ.

For a desiredw,t, let thebw,t denote the indices of the cells with
phases approximately equal tow

bw,t~ k : w{ wkj jv d=2, k [ btf g , ð8Þ

where d~ 1=Nk is a small interval. The marginal probability
density is approximated as

p wtjð Þ&
bw,t

�
�

�
�

d btj j
, ð9Þ

with bj j denoting the cardinality of setb. The expected volume is
similarly calculated as

ð
vh wð Þp h w,tjð Þdh&

1
bw,t

�
�

�
�

X

k [ bw,t

vhk wkð Þ: ð10Þ

he integral
Ð~QQ ~ww,t

� �
d~ww may be approximated using quadrature

methods on a sampled version of~QQ w,tð Þor by observing that the
integral is the expected volume over all cells at timet, which is
calculated by substitutingbt for bw,t in the right hand side of Eq. (10).

Hence, Eq. (9) and Eq. (10), combined with a rule-based model of
the evolution of cell types within a population enable us to compute
the kernel transformation needed to invert population measurements
into single-cell data. The kernelQ w,tð Þis shown for six different
times following synchronization in Fig. 3. The time evolution of
Q w,tð Þis also shown with 0.5 minute resolution in supplementary
Video S1. We observe that the kernel structure is highly time
dependent and not well-modeled by any common form. As such, any
attempts to reconstruct expression functions by deconvolving with
fixed kernels, e.g. a Gaussian kernel, will lead to poor results.

Estimating synchronous average single-cell gene
expression using cubic splines

With the complete noiseless measurement model given as the
integral equation in Eq. (6), extracting average single-cell
information involves solving the integral equation forf wð Þgiven
a set of concentration measurementsg~ G t1ð Þ. . . G tNmð Þ½ �T (thej
subscripts onfj wð Þand Gj tð Þare dropped for notational clarity).
Because the number of measurementsNm is finite and small, the
inversion process is ill-posed and requires a degree of regulariza-
tion, i.e., the introduction of additional information. Sincef wð Þis
a physical process, we expect it to be a smooth continuous function
and model it as a natural cubic spline. That is, we assumef wð Þcan
be well-modeled by a number of piecewise cubic polynomials with
boundary constraints ensuring that the entire function is smooth.
Cubic splines have been previously used to regularize and simplify
ill-posed integral equations [25,26] and to represent gene
expression profiles [13]. Under the cubic spline model, the
expression function may be written

f wð Þ~
XNk

i~ 1

aiy i wð Þ, ð11Þ

wherey 1 wð Þ. . . y Nk
wð Þform a set ofNk basis functions for the

natural cubic splines with a particular set of knotsw1 . . . wNk
. See,

e.g., [27,28], for a discussion of splines and methods of
constructing the basis functionsy i wð Þf g . The coefficients
a~ a1 . . . aNk½ �T determine the particular realization off wð Þfrom
within the family of functions spanned by the natural cubic spline
basis. We choose a dense sampling ofNk~ 100 knots uniformly

spread over the [0, 1] domain off wð Þ. With Y ~ y j wið Þ
n o

an

Nk| Nk matrix, f ~ Y a is an Nk-vector representingf wð Þ
evaluated at the knot values.

In order to estimate the expression function, which is solely
specified bya in our model, we minimize the following cost criterion

Figure 2. Caulobacter cell cycle phase distribution, before and
after synchronization. (A) The simulated steady state cell cycle phase
distribution shown here is achieved after, 10 average cell division times.
Each cellk in the population progresses through the phases of its own
cell cycle with a ‘velocity’ of 1=Tkð Þas time passes, and when the cell
reaches the end of its cycle, a new SW cell and new ST cell emerge. The
steady state is independent of any initial phase distribution. (B) From the
steady state distribution the simulated cells are synchronized as real cells
are: by keeping only those cells in the SW stage and rejecting all ST cells.
doi:10.1371/journal.pcbi.1000460.g002
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qualitatively similar, however, to assess their quantitative differ-
ences, we discretized the functions into 100 phase pointswi
between 0 and 1 and calculated the residuals normalized by the
maximum expression:

resi~
f̂f 0:25 wið Þ{ f̂f 0:15 wið Þ

max
w

f̂f 0:25 wð Þ
: ð18Þ

We also determined the Spearman rank correlation coefficientsr
between thef̂f0:15 wð Þ and f̂f0:25 wð Þ. For each gene, the mean
absolute value of the normalized residuals and the correlation

coefficient is shown in Table 1. Despite the significant change in
the SW-to-ST transition model parameter (, 40%), the average of
the absolute value of the differences betweenf̂f0:25 wð Þand f̂f0:15 wð Þ
for all genes ranges from 8–12% of maximum expression. The
functions are also highly correlated, with no pair exhibiting a
correlation coefficient less than, 0.77.

Uncertainty in cell volume model. The function for the
phase-dependent volume of a single cell (Eq. (5)) is an additional
aspect of the model for which there has been no prior detailed
investigation. We chose a reasonable piecewise linear model based
on the measured average volume fraction of SW vs. ST cells,
however, as with the transition phase, an analysis of the effect of
changes to the single-cell volume function was warranted. We
therefore reapplied the expression estimation replacing the volume
function Eq. (5) with a constant cell volume, and discretized the
functions into 100 phase points as before. The normalized
residuals were calculated analogously to those in Eq. (18). The
mean absolute value of the residuals and Spearman correlation
coefficient for each gene are shown in Table 1. As can be seen in
the Table, a change to a constant volume model has even less of an
effect on the results of the deconvolution than the change inmsst.
The means of the absolute values of the residuals are as low as
, 1% of maximum expression, and the functions are very highly
correlated:r w 0:98 for all genes.

Discussion

While population-level experimental techniques typically allow
for high-throughput and fast data collection, they are unable to
capture many of the details present at the level of single cells. This
is an unavoidable consequence of population averaging; popula-
tion-based data are in fact transforms of organism- and condition-
specific population asynchrony kernels with single-cell data. Thus,
an assumption of equivalence of population and single-cell data is
an assumption of a non-physical delta function integral kernel.
Recognizing this, cell distribution models have been proposed with

Figure 6. The fraction of the cell cycle spent as a SW cell is
reduced considerably under rapid growth in microfluidic
culture. Histograms of single-cell division times for ST cells only (A)
and for the full cell cycle (B), measured under microfluidic conditions,
show an average SW-to-ST transition time 10.5 minutes (difference
between the two histogram means). This translates to amsst of , 0.15
( = 10.5/68.8), significantly less than has been previously reported.
doi:10.1371/journal.pcbi.1000460.g006

Table 1. Effect of change in model parameters on
deconvolved profiles.

Dmsst Dmsst Dvol Dvol

Gene name SS resij jj jTT r SS resij jj jTT r

ctrA 0.10 0.9580 0.060 0.9846

dnaA 0.10 0.8882 0.022 0.9941

ccrM 0.11 0.8058 0.025 0.9942

gcrA 0.11 0.8741 0.019 0.9980

cckA 0.10 0.7922 0.021 0.9923

chpT 0.09 0.9378 0.011 0.9995

pleC 0.09 0.7685 0.017 0.9958

divJ 0.08 0.9453 0.014 0.9985

divK 0.10 0.8850 0.028 0.9898

ftsZ 0.12 0.8653 0.015 0.9986

The minimal effect of variation in model parameters is characterized by (i) the
mean absolute value of the normalized residuals and (ii) the Spearman rank
correlation coefficientsr between discretized deconvolved expression functions.
The change inmsst (Dmsst) is a comparison of expression profileŝff0:25 wð Þcalculated
with mss~ 0:25 and profilesf̂f0:15 wð Þcalculated withmsst~ 0:15. Change in cell
volume (Dvol) is a comparison of profiles calculated with the cell volume model
vh wð Þdescribed previously (Eq. 5) with profiles calculated assuming constant cell
volume.
doi:10.1371/journal.pcbi.1000460.t001
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