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ABSTRACT transformation information comes solely from prior infam
tgon. Because the inter-node calibration measurements pro

This paper considers the accuracy of sensor node location € . . .
timates from self-calibration in sensor networks. The foca /€ N0 information about the transformation parametees, w

tion parameters are shown to have a natural decompositidﬁgularlze the problem by considering general parametrie ¢

into relative configuration and centroid transformatiomeo straints on the sensor locations.

ponents based on the influence of measurements and prior. O_ne of the main contrlbutlon_s of this work. 'S an ana!—
information in the problem. A linear representation of theYS'S illustrating how the constraint subspace interacth wi

transformation parameter space, which includes rotatiods the measurement. subspace to' effect total Iocgllzatlomperf
dnance. Along with the CRB itself, the relative / transfor-

unconstrained Fisher information matrix (FIM). To regidar mation decomposition presented here gives insight into how
external inputs effect absolute localization. This pentiing

the absolute localization problem, we consider constsaint . ) L X
the coordinate locations and the impact of these consi;rainfnc error is also .LfserI to higher level a.ppl|_cat|ons.|n a sens
on relative and absolute location error. A geometric inter_network that utilize results of the localization service.
pretation of the constrained Cr&mRao bound (CRB) is pro-
vided based on the principal angles between the measuremen
subspace and the constraint subspace. Examples illusteate 5 1  Formulation
utility of this error decomposition.

?. RELATIVE AND TRANSFORMATION ERROR

o . We absolute self-localization problem is to combine inter
Index Terms— Sensor networks, Localization, Constraine ; .
o , . . ) node measurements collected in a measurement veetih
estimation, Crarar-Rao bound, Fisher information L S . . .
prior information in order to obtain estimates of the coerdi
nates{p; = [z; v;]T}, of the N constituent nodes of the

1. INTRODUCTION network. A general measurement model takes the form

In a distributed wireless sensor network, knowledge of the z=p(6) +neRY, (1)

sensor locations is a prerequisite to obtaining meanirigful \herez is the vector of\/ measurementsy is the mean of
formation from measurements made by the sensors. As sudlhe observation which is structured by the true coordinate p
adiverse variety of self-localization algorithms basedome | 3meter vectof — [z1y1 ... zn yn]T, andn is a zero-mean
form of inter-node measurements have been proposed in thgjise vector. In this paper we consider inter-node distance
literature. In order to better understand how noise, deploymeasurements, hence elementg afre of the form|p; —p;||.
ment geometry, and measurement type effect fundamental Igjnce inter-node distances are invariant to the scenetsiths
cation estimation performance, a number of authors have coposition and orientation, the measurements only inforrmupo
sidered the Craér-Rao bound (CRB) on self-localization per- he relative shape of the network. As observed in [3], this

formance (see eg. [1, 2] and references therein). In thismapmanifests itself as a singular Fisher information matfix,
we extend the general CRB analysis by providing a meaning- A 0
J

ful decomposition of localization error. J = [U;U, [ 7o } ;0,7 )
In particular, we decompose the total localization error

into a relative portion representing error in the estimated
work shape and a transformation portion representing arror
the absolute position of the relative scene. This decomposi 1 0 —(y1 —9)

tion is motivated by the fact that relative information is- de 0 1 (1 — )

rived from both measurements and prior information, whiley, = a, |1| v, = ay 0 Vg = Qg —(y2 — ﬂ)) )

0 ) 1 ($2 -

whose nuIIspac@(ﬁJ) is spanned by the vectors
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where the scalere,, a,, andag are chosen such that the transformation errog;, as the portion of the total error due to

vectors in (3) have unit norm. The vectass andv, rep-  miss-estimation of the transformation parameters; e —e,.

resent translations in the- and y-directions, respectively, As illustrated in Figure 1¢, ande, are easily represented

and vy represents a linearization of the rotatlon operatiorin terms ofw, and w,, the projections of the error vector

of each pointp; about(z,7), wherez = L7 z,and &=0— 6 ontoR(W) andR(W)*, respectively.

§= % Zil\il y; are ther andy centroids. For an unbiased estimator, we may express the expected
Absolute localization based on measurements alone is ifYalUes ofe, €. angft in terms of the eshmato; covariance ma-

herently ill-posed as the translation and rotation compte X ¢ = El€€7]. Letx, = E[B6] = WX,V denote

of 8 in R(ﬁ;) cannot be estimated. To regularize the probthe covariance matrix of the transformation coefﬂmenmj a

T T T
lem, we consider generic parametric constraints of the form 1€t 2r = Elw,w, ] = (WWT)Se(WWT) denote the co-
variance matrix of the error in the relative subsp&qé?’ )+,

f(6) =o. (4)  Wwhere the columns d¥ form an orthonormal basis f(R(W)L
The expected errors are
In general f(0) is ak-vector representing a system/oton- N _ Ter A
straints. For example, to constrain the centi@id= 2) to the ¢ Z Eld = Bl el =trx, (11)
origin (0, 0), we have e, 2 Ele]=Ew w,]=try, (12)
1 (& é E[Et] = E['IIJ?’II)J =1r Et, (13)
_ T
f(0) = N[”w v,]" 0. (5) and, as desired, the sum of the mean component errors equals

the total:e = tr [WW] 24 [WW]T = ¢, + e;.

For a given constraint functioyf (@) and noise distribu-
tion p,(n), lower bounds on the expected errersg, ande;
may be obtained by substituting the constrained CRBn
(6) for ¥, in (11), (12), and (13).

This constraint formulation represents a generalizatidch®
typical use of anchor (also called beacon) nodes.

From [4], the CRB for an unbiased estimaﬁbsatisfying
a constraintf(6) = 0 is

E[(6—-6)(0—-6)T>U (Ul JU.) Ul 2%, (6)

where U, is a semiunitary matrix whose columns form an
orthonormal basis for the nullspace of the gradient matrix
F = ‘98’;# € RF>*2N_We assume that the constrajf(f) is
chosen such that the inverse in (6) exists.

R(W)"

2.2. Error decomposition

Letd = [&, 1 ... &n n]T denote the parameter estimate
given by some estimator. If the estimator did not yield the
optimal transformation parameters (translation and it
then the error

e=16- 0| 7

can be further reduced by applying a planar transformation
to the estimate®. Note thate = Zfil d?, whered; is
the distance between nodand its estimate. We denote the
optimally translated and rotated estimate®)aswhich may
be approximated by, ~ 6, = 6 + W3, whereW =
[v, vy, vg], and the optimal transformation coefficients are

Fig. 1: Geometric illustration of relative and transformation esrar the
location parameter vect@. The manlfoIdS( ) represents rigid translations
and rotations of the coordinate estima@sand the point or6(6) closest
to 0 represents the optimally transformed estim#lg, The error vector
& = 6 — 0 may be decomposed in= w, + w;, wherew,, = 0 — 0, is

J; 2 arg min Hé +WpB -0 ‘2 (8) the relative error vector and; = 6, — 6. w; andw, may be approximated,
B respectively, byw; andw,, the projections of the error vectgronto the
_ WT(G _ é) @) transformation subspade (1) and the relative subspa@(W ).
2 34 AT

] ] . 3. GEOMETRIC INTERPRETATIONS
As the translation and rotation componentsfohave been

corrected ird,., the errore, £ (|0 — 6,.||? represents the rel- In this section we provide a geometric interpretation of how
ative error, or the error in the “shape” 6f We define the the total error, t®., depends o/ and properties relating the



subspace® (U;) andR(U.). Let A = UTU,, and consider be rewritten as

its SVD
N Y. = U.(BTA;B)"'UT
A=) { ' } 7 (14) _ AT - 19)
whereY; € R2ZN-3x2N~k gndy, e R2N-3xk=3_ The sin- In the localization context, the pseudo-inveidavas con-

gular valuesg(A) > --- > aay_1(A), correspond to the sidered in [3] and referred to as the relative CRB, and later i
cosines of the princhaI ar?gle@ <pL <o < Gonp < [7] being called the anchor-free CRB. This paper genersalize

/2, between the subspacB4U.) andR(U), [5, Ch. 12] the relative CRB concept to the case of general constraints,
and provides a geometric understanding of the subspaces in-

cos ¢; = o;(A). (15) volved.

It can be shown that [6
(6] 4. EXAMPLE: ANCHOR SELECTION

2N —k
1 1

Z 5 <ty < Anchor nodes, that is, nodes witpriori known location co-

— COs ¢z 02N —k+1 z(J) . . .

i=1 ordinates, provide a particular type of the more generat con
Nk 1 straint (4). LetA denote a set of anchor nodes with coor-
> — : (16)  dinates collected in the vect@®,. Then, for anchors, the

cos? @; Op—ari(J)

i=1 constraint function takes the linear form

The lower bound consists of a weighted sum of the recipro-
cals of the largest2N — k) singular values, and the upper
bound uses the reciprocals of tiV — k) smallest non-zero h h of] q . | fth
singular values off. The weightings depend on the principal w ergt € rows ol correspon {0 appropriate co umns o the

identity matrix in order to extract the known coordinatesnir
angles betweeR (U.) andR(U,). . ; .

g We consider the selection of three anchor nodes in order to
0

f(O)=HO—-0,4=0, (20)

Examining (16) we can see how the interplay between th
two information sources — constraints and measurements — i
fluences the total estimation error. Considering a lin@sion
of the constraintf (9) abouté,

calize, with an absolute reference, the network in Fidlre
Il node pairs make distance measurements with Gaussian
measurement erraj ~ N (0,02,1), whereo,,, = 2m. For
anchorsA = {9, 13, 14}, the figure illustrates 2-uncertainty
AN A -~ ellipses for each node corresponding to the total congtdain
FO)~fO)+F(0-0)=0 (17) CRB Y., and the relative portiof,..

From Figure 2 we observe a large radial uncertainty in the
R ) ) ) total error because the anchors are clustered at one cdrner o
we see that, fo# ~ 6, the constraint function precisely de- e network. This radial “smearing” is much less pronounced
terminesg in the k-dimensional subspac®(F") but says iy x2 which eliminates uncertainty in the transformation pa-
nothing about the components 8fin R(F")~ = R(U.).  rameters. The total estimation error may be improved by se-
We callR(F") andR(U.) the constrained and unconstrained|ecting better anchor points. Two heuristic selection raech
subspaces under constrajhtrespectively. nisms are to choose anchors that 1) cover a maximal area, or

The parameter spade”” may also be partitioned from 2) have a maximal perimeter. In Figure 3 we plot the trans-
the measurements inf(U;) andR(U;), whereR (U;) rep-  formation errore;, and the relative errar,, as a function of
resents the subspace informed upon by measurements, aiifipossible('’) anchor node triples, sorted by decreasing
R(U;) = R(W) represents the transformation subspace whighiom the figure we see that different anchor sets have little
is not estimable from measurements. effect on the relative error but have a significant effecthomn t

When the unconstrained subspake(/. ) is closely aligned transformation error. The total absolute localizatioroeis
with the measurement subspaBd /), the principal angles the sum of the relative and transformation portions. Thée opt
are small and the estimation performance, from (16), is goodnal anchor set with the minimum total errocds= {1, 4,13}

If, for a minimally constrained system, thie = 3 con-  and is illustrated by the vertical bar in Figure 3. For this&a
straints precisely determine the component® af R(U;),  the maximum perimeter heuristic yielded the optimal anchor
thenR(Uc) = R(U,) and we may writel, = U;B, for  set, and the maximum area heuristic yieldéd= {1,8,13}
some non-singular matriB. As R(U;) = R(W), this cor-  with an error only0.5% greater than the optimal error. In gen-
responds to a constraint that fully specifies the unknowrstra eral, neither heuristic gives the lowest total error, buhlre-
formation parameters; that is, the scene centroid andtarien sult in localization estimates very close to optimal for i@éa
tion are fully specified. In this case, the CRB from (6) maynumber of example networks that have been considered.

— FO=F0— f(0), (18)
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Fig. 2: Sensor positions and associated Bncertainty ellipses correspond-
ing to the total constrained CRB. (- -), and the relative bound,. (—). The
total error exhibits large radial uncertainty which is nees in the relative
subspace. The anchor set was= {9, 13, 14} for both cases.

5. CONCLUSIONS

Node localization error has a natural decomposition inko re _
ative and transformation components, due to the nature of Id1] N- Patwari,
calization measurements and the influence of prior comstrai

information. Transformation error represents error inttaas-
lation and rotation of a relative solution and is only inf@an
upon by prior constraints. Relative error represents error

the estimated “shape” and is derived from both measuremen
and constraints. The decomposition is readily extended to

other measurement types including time-difference aridgdyr
angle measurements [6].

In this paper we presented general results (not specifi3]

to localization) that relate bounds on total estimatioroerr

in a constrained system to the unconstrained Fisher informa
tion matrix and the principal angles between the measuremen

subspac& (U ;) and the unconstrained subsp&eg’.).

The results of this paper provide insight into how differ-

ent information sources impact different parts of the fioal |

calization estimate. There are three general areas whith ca
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Fig. 3: The transformation errar; and relative erroe,- exhibit very different
responses to alterations in the constraint function — wigcachieved by
selecting different anchor triplets of the network in Fig@:. The total error
is the sum of these two curves= e; + e,, and is minimized by the anchor
setA = {1,4,13}.
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