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ABSTRACT

We consider the relationship between parameter estimation
of an additive model and sparse inversion of an under-
determined matrix (dictionary) in a linear system. The dic-
tionary is constructed by sampling parameters of the additive
model. Parameters and model order are estimated using reg-
ularized least-squares inversion. We investigate equi-spaced
and Fisher information inspired parameter sampling methods
for dictionary construction, and present an example quantify-
ing parameter estimation error performance for the different
sampling methods. These results indicate that estimation per-
formance is degraded by sampling the parameter space either
too finely or too coarsely.

Index Terms— Parameter estimation, Model order esti-
mation, Sparse reconstruction

1. INTRODUCTION

In this paper, we examine the relationship between param-
eter estimation of an additive model and sparse reconstruc-
tion. Parametric model estimation problems typically con-
sist of two parts: model order selection and estimation of the
value of each parameter in the model. In this context, param-
eters are estimated for a fixed model order and then a model
order selection cost is evaluated using this model and its pa-
rameter estimates; the model with the lowest cost is the es-
timated model [1]. Parameters that span a continuous range
can be estimated over that range, or alternatively, over dis-
crete samples within that range. The latter method of esti-
mation is typically combinatoric in the model order and may
be computationally intractable. However, sparse reconstruc-
tion methods can be used to approximate the solution to some
combinatoric problems [2].

In sparse reconstruction we wish to determine the input
to an under-determined system under the assumption that the
input vector is sparse (has many more zero components than
non-zero components). The input vector can be estimated by
ℓp, 0 < p ≤ 1, regularized least-squares inversion. It has been
shown in the compressive sensing literature that if certainin-
tercolumn correlation properties are satisfied by the system

matrix, thenℓp, 0 < p ≤ 1, regularized least-squares inver-
sion error on the input vector can be bounded [2, 3].

In this work, we pose joint model order selection and
parameter estimation of an additive component model as a
sparse reconstruction problem. An additive model is the sum-
mation of a continuous parameter component function over
different parameters. We sample the parameter space, and
at each sample, evaluate the component function, forming an
under-determined system (dictionary) matrix. The parametric
model estimation problem consists of selecting a small num-
ber of columns from this dictionary.

In the next section of this paper, we formulate paramet-
ric model estimation of an additive model as a dictionary se-
lection problem. We then discuss the use of sparse recon-
struction to both select the model order and estimate param-
eters, while avoiding a combinatoric search, and we examine
ways of sampling the parameter space. We conclude with an
example demonstrating estimation performance for different
parameter sampling methods.

2. PARAMETER SAMPLING AND ESTIMATION

An additive parametric model is defined here as a linear com-
bination of functions of the formf(t, θ) ∈ C. The parameter
t ∈ R denotes the design parameter, an independent variable
of the measurement process, for example, time, andθ ∈ R

n

denotes the unobservable parameter, which is the parameter
vector that we wish to estimate.

We sample the additive parametric model atti, for i =
1, . . . , N ; then measurements are modeled by

yi =

M
∑

m=1

xmf(ti, θm) + ǫi, i = 1, . . . , N, (1)

whereM is a fixed unobservable model order;θm andxm

are the true unobservable parameters and amplitudes, respec-
tively for themth parametric function, (m = 1, . . . ,M ), and
whereǫi is Gaussian white noise.

We wish to estimate the model orderM , and parame-
ters{xm, θm}M

m=1. In general, this is a non-linear estimation
problem inθm. The approach we take is to samplef(ti, θ)



on a fine grid
{

θ̄k

}K

k=1
of θ and to select a subset of these

samples, so that a linear combination of the subset fits the
measurements well. We represent (1) as the linear system

y = Ax + ǫ,

where
a(θ̄k) = [f(t1, θ̄k), . . . , f(tN , θ̄k)]T , (2)

and
A = [a(θ̄1), . . . , a(θ̄K)], (3)

is the system dictionary;x = [x1, . . . , xK ]T is the sparse am-
plitude signal;y = [y1, . . . , yN ]T is the vector of measure-
ments, andǫ = [ǫ1, . . . , ǫN ]T is the additive noise vector. It is
assumed that the number of additive components in (1),M , is
much smaller than the number of columns in the dictionary,
K, (M ≪ K); hence, the selected subset should be sparse in
the number of dictionary columns. We also assume thatA is
normalized to have unit length columns.

The sparse estimated amplitude signal,x, is used to esti-
mate the model parameters. Define the ordered signalxk as
|xI1

| ≥ . . . ,≥ |xIK
|. The model order estimate,̂M , ampli-

tude estimates,̂xk, and unobservable parameter estimates,θ̂k,
are then given by

x̂k =
xIk

‖a(θ̄Ik
)‖2

,

θ̂k = θ̄Ik
,

M̂ = # non-zerox̂k k = 1, . . . ,K, (4)

where the amplitude signal is scaled to adjust for dictionary
normalization.

3. DICTIONARY SUBSET SELECTION

When estimating parameters by parameter sampling, accu-
rate selection of dictionary columns is important. There are
several methods of selecting a subset of dictionary elements.
Minimum subset selection is a natural method of column se-
lection that minimizes the cost function

J(x) =

(

1

σ2

)

‖y − Ax‖2
2 + µ‖x‖0, (5)

whereσ2 is noise variance;‖ · ‖0 counts the number of non-
zero entries in its argument, andµ is a constant. For different
values ofµ, minimum subset selection corresponds to differ-
ent information criterions of model order selection; for exam-
ple, if the noise is Gaussian, thenµ = 2 is used in Akaike
Information Criterion (AIC);µ = ln(N) is used in Bayesian
Information Criterion (BIC), andµ can be chosen to directly
penalize non-zero entries, as in Generalized Information Cri-
terion (GIC).

In general, minimization of (5) is combinatoric and in-

tractable. The use of‖x‖p =
(

∑K
k=1 |xk|p

)1/p

with 0 <

p ≤ 1, instead of‖x‖0, to measure sparsity, results in a cost
function that is tractable to minimize and also enforces so-
lution sparsity. Using this modified cost function, the am-
plitude parameter vector can be estimated byℓp regularized
least-squares inversion

x̃(λ) = argmin
x

‖y − Ax‖2
2 + λ‖x‖p

p, (6)

whereλ is a user determined sparsity parameter. Whenp = 1,
this optimization problem is often called basis pursuit denois-
ing [4, 5]. After solving (6), we threshold all components of
x̃(λ) that are more thanτ dB down from the largest compo-
nent ofx̃(λ):

xi(λ) =







0, if 20 log

(

max
k=1...K

x̃k(λ)

x̃i(λ)

)

> τ

x̃i(λ), otherwise
, (7)

where subscripts denote vector components. The amplitude
signal vector,x(λ), is used in (4) to estimate parameters.

The amplitude signal,x, and hence, the amplitude pa-
rameter estimate,̂x, are functions ofλ; hence,λ selection
is important to model order and parameter estimation perfor-
mance. One method of choosingλ is cross-validation [6, 7].
Cross-validation methods may be computationally expensive
or necessitate the collection of extra training data. We choose
λ such thatJ(x̂(λ)) is minimized. Thisλ selection method
can be viewed as minimizing (5) over a subset of amplitude
parameters parameterized byλ. The hope is that the subset
will include a solution close to the solution of the minimum
subset problem.

The envelope of the cost functionJ(x̂(λ)) is convex, but
the cost function itself has local minima as a result of the dis-
continuity of the‖ · ‖0 term. We use a tree-like grid search
to find an approximate minimum ofJ(x̂(λ)). At the current
stage of the search, the cost function is evaluated on a grid of
points within a bounded interval ofλ values. The two points
with the smallest cost are retained and denoted asλ1 andλ2.
The interval of next search stage is centered atλ1+λ2

2 and has
length|λ2 − λ1|, and the minimum from a grid of points on
this interval is searched for. The search stops after a user-
determined number of stages. The point with minimum cost
at the final stage is chosen asλ.

4. DICTIONARY SAMPLING

When forming a dictionary froma(θ), the unobservable pa-
rameterθ is sampled to form columns of the dictionary ma-
trix, (3). The choice of parameter spacing affects parameter
estimation performance. It is desirable to sample columns
as closely as possible inθ space to avoid high quantization
error. However, for computational purposes, the number of
columns in the dictionary matrix must be constrained; so,θ

cannot be quantized to an arbitrarily small number. Further-
more, asθ sampling becomes finer, intercolumn correlation



increases, and when (6) is employed, amplitude parameter es-
timates become less sparse, spreading around the true value.

If the unobservable parameterθ is constrained to a region
in R

n, this region could be divided into an equi-spaced grid,
and dictionary columns could be sampled on this grid. How-
ever, when estimating parameters in noise, average parame-
ter estimation error depends on both the component function
f and the location of the unobserved parameter that is esti-
mated.

We propose a grid sampling method based on Fisher In-
formation of the component function. For scalarθ (i.e. n =
1), this sample spacing is of the form

θ̄k+1 = θ̄k + ∆I , ∆I = c I
(

a
(

θ̄k

))−1/2
. (8)

Fisher information is denoted asI, andI−1 is the Craḿer-
Rao lower bound for the variance of an unbiased estimator of
θ; a(θ) is defined in (2), andc is a user determined constant
that determines the total sizeK of the sampled dictionary.

If we assume thatǫi is complex Gaussian white noise,
M = 1 in (1), anda(θ) is normalized, it is shown in the
Appendix thatc can be interpreted as a function of the local
intercolumn correlation of the dictionary matrix. Under this
interpretation, samples in (8) are spaced such that, locally, the
intercolumn correlation is approximately constant acrossθ.
For a fixed number ofθ samples, this method distributes sam-
ples more finely in regions of higher information. For vector
θ (i.e. n > 1), an analogous vector sampling approach to (8)
can be used based on an eigendecomposition of then × n

matrix,I(a(θ̄k)), which is also discussed in the Appendix.

5. EXAMPLE

In this section, we examine dictionary sampling and parame-
ter estimation of a decaying exponential model, defined as

yi =

M
∑

m=1

xme−αmti + ǫi.

The component function isf(ti, αm); variablesαm > 0 are
the unobservable decay parameters;ti are the design parame-
ters in units of time, andǫi is additive Gaussian white noise.
When the model order is1, we wish to estimate the additive
component function in noise (9), wherey = [y1, . . . , yN ]T ∈
R

N , x1 = x ∈ R, anda(α) = [e−αt1 , . . . , e−αtN ]T .

5.1. Dictionary Sample Spacing

In this example, we investigate the performance of the Fisher
information dictionary sampling method (8). This type of
sampling requires calculation of the Fisher information ofthe
additive component function in noise, given by

y = xa(θ) + ǫ, (9)

wherex is an amplitude scalar;y is the measurement vector,
andǫ is Gaussian white noise vector with varianceσ2. The
distribution of (9) is

pθ(y) ∼ N (xa(θ), σ2I), (10)

whereI denotes the identity matrix. The Fisher information
of (10) is well-known to be

I(a(θ)) =
|x|2
σ2

Ja(θ)HJa(θ), (11)

whereJa(θ) denotes the Jacobian ofa(θ), andH denotes
Hermitian transpose.

For the decaying exponential model,Ja(α) = [−t1e
−αt1 ,

. . . ,−tNeαtN ]T . Using (11), the Fisher information of the
component function model is

I(a(α)) =
|x|2
σ2

N
∑

i=1

t2i e
−2αti .

The Fisher information is a function ofα, and Fisher sam-
pling will not be equi-spaced. We note that in contrast to the
decaying exponential model, in a complex sinusoids in noise
model, where we wish to estimate unobservable frequency
parameters, Fisher information is not a function of frequency;
so, Fisher sampling is equivalent to equi-spaced sampling.

5.2. Estimation Performance

We now quantify parameter sampling estimation performance
using (4) and compare equi-spaced dictionary sampling to
Fisher information sampling. In the following simulationt
is sampled uniformly so thatti = ∆ti, where∆t = 0.1, and
the number of time samples isN = 32. Noise variance is
σ2 = 10−3; the model order isM = 1, and for purposes of
error analysis, we associate the largest magnitude estimated
amplitude parameter with the true parameter. Dictionaries
with 32 and256 α samples distributed over a range of[0.1, 5]
are analyzed. In theλ selection cost, (5),µ = 5; a value of
p = 0.9 is used in (6), and a thresholdτ = 40 is used in
(7) when estimating amplitude parameters. The optimization
algorithm solving (6) is initialized atAT Ay.

Whenp = 0.9, (6) is not a convex optimization problem;
however, the dictionaries that we consider have high intercol-
umn correlation, and usingp < 1 has been show to be bene-
ficial in reducingℓ2 estimation error in this case [3]. We note
that the proposed estimation method also estimates model or-
der; so, in addition to the largest magnitude estimated ampli-
tude component, there may be other non-zero estimated am-
plitude components spread about the true parameter. Another
error metric, such as the squared-difference between true and
estimated amplitude parameters, could be use to capture this
model order mismatch. For brevity, we do not investigate
this error here; however, empirical results from this work sug-
gest that lower amplitude squared-difference spreading error
is achieved forp = 0.9, than forp = 1.



Figure 1 shows the empirical root mean squared error
(RMSE) of the sampled parameter estimate,α̂, for Fisher and
equi-spaced sampled dictionaries of sizeK = 32 samples.
RMSE is calculated as the square-root of the average squared
difference between the true parameter and the estimated pa-
rameter with largest magnitude amplitude component. RMSE
is calculated for a set of100 α parameters drawn from a uni-
form distribution over[0.1, 5]. For eachα, 100 Monte-Carlo
realizations of the measurement vectory are generated.
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Fig. 1. RMSE(̂α) versusα for 32 sample dictionaries. Black
circles are from a Fisher information sampled dictionary, and
green diamonds are from an equi-spaced sampled dictionary.

The solid red line is the square-root of the Cramér-Rao
lower bound (CRB) for unbiased estimates ofα, and the solid
blue line is

√

CRB+ bias2; bias is defined as the distance be-
tween the trueα parameter and the closestα sample in the
dictionary. The RMSE approximated by the CRB appears
to show how bias quantization affects RMSE acrossα. For
Fisher sampling, the bias results in a maximum excess rela-
tive error that is constant in a log scale across the range of pa-
rameter values; whereas, this is not the case with equi-spaced
sampling. For both sampling cases, the RMSE ofα̂ appears to
be mostly above the RMSE approximated by the CRB. Em-

pirical RMSE decreases aroundα = 5; this is a boundary
effect, where the estimator is biased toward selecting the dic-
tionary end point. Although not shown in this figure, we also
note that as the number of dictionary samples increase, RMSE
appears to remain mostly above the RMSE approximated by
the CRB, and RMSE decreases in some regions ofα, while
it increases in others. We explore the effect of sampling on
error in more depth below.

Parameter sample spacing affects RMSE, which appears
to be directly related to model order mismatch. Figures 2(a)
and 2(b) show the mean estimated model order for eachα in
the preceding error plots and forK = 256 sample dictionar-
ies, respectively. At smallα in Figure 1, most of the RMSE
samples are greater for the equi-spaced dictionary than forthe
Fisher sampled dictionary. Points that have higher RMSE in
this region also appear to have larger model order mismatch.
In general, increases in mean model order appear to corre-
spond with increases in error and vice-versa.
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(a) K = 32 samples

0 1 2 3 4 5
1

1.05

1.1

1.15

1.2

1.25

1.3

1.35

1.4

1.45

1.5

α

M
od

el
 O

rd
er

(b) K = 256 samples

Fig. 2. Mean estimated model order versusα; the true model
order is1. Black circles are from a Fisher information sam-
pled dictionary, and green diamonds are from an equi-spaced
sampled dictionary.

We now demonstrate how RMSE is attributed, at least in
part, to model order mismatch by the dictionary section pro-



cedure. Consider the solution to the dictionary selection prob-
lem as a two-stage model order selection and parameter esti-
mation problem. First, a model order, which is the number of
non-zero entries in the amplitude vectorx, is chosen; if the
model order isL, we call the amplitude vectorL-sparse. An
estimate ofx is calculated as

x̂L = argmin
x:L-sparse

‖Ax − y‖2
2. (12)

The solution of (12) involves brute-force estimation of all
(

K
L

)

L-sparsex’s, which is tractable only for smallL. Denote the
estimates ofα from x̂1, x̂2, andℓp estimateŝx asα̂1, α̂2 and
α̂. Figure 3 showŝα1, α̂2 and α̂ parameter RMSE for256
dictionary samples. Again, the location of the largest mag-
nitude estimated amplitude parameter is associated with the
trueα parameter. On average, when the model order is over-
estimated, as in̂x2, error in theα estimate is higher than er-
ror when model order is correctly determined, as inx̂1. In
most cased, RMSE of̂α falls between the RMSE of̂α1 and
α̂2 estimates. Figure 3 taken together with the mean model
order in Figure 2(b), suggest thatα̂ RMSE can be approx-
imated by a mixture ofα RMSE for x̂L, with L ≥ 1 and
mixture weights given by the probability distribution of aL-
sparsêx solution. For example, at smallα and for a dictio-
nary size of256 samples, Fisher information sampling results
in mostly larger RMSE points than for equi-spaced sampling,
since Fisher sampling has larger mean model order.

The preceding discussion shows that non equi-spaced
sampling onα can be beneficial. However, model order and
parameter estimation performance can suffer if sampling is
either “too coarse” or “too fine”. The effect of sample spacing
on RMSE can be seen by comparingK = 32 andK = 256
sample dictionaries in Figures 1 and 3. Within some regions
of α, RMSE is improved by increasing the number of dic-
tionary samples; whereas, in other regions, performance is
degraded by increasing the number of elements. Figure 4
shows RMSE versusα sample spacing in an equi-spaced
dictionary,∆α, for a model with trueα = 0.257. The black
line is the RMSE approximated by the CRB, as defined in
Figure 1, and it shows the effect that bias has on RMSE. This
figure demonstrates that minimum RMSE is attained between
sampling extremes; furthermore, minimum RMSE for differ-
ent α may occur for different sample spacings. Ideally, one
could estimate the minimum RMSE sampling function from
the minima of curves such as Figure 4 for differentα, and a
dictionary could be sampled according to this function.

6. CONCLUSION

In this paper we have investigated the connection between pa-
rameter estimation of additive models and sparse reconstruc-
tion methods. The connection is made by sampling the con-
tinuous parameter space to obtain an under-determined ma-
trix (dictionary) of a linear system. One cannot, in general,
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(b) Equi-spaced Sampling

Fig. 3. RMSE versusα for 256 sample dictionaries. Black
circles are fromα̂ estimates and a Fisher information sam-
pled dictionary, and green diamonds are fromα̂ estimates and
an equi-spaced sampled dictionary. Magenta pluses are from
α̂1 estimates, and blue squares are fromα̂2 estimates. The
red line is the square-root of the Cramér-Rao lower bound for
unbiased estimates ofα.

obtain orthogonal or nearly orthogonal dictionary elements,
and we proposed a parametric model estimation method that
estimates model order and parameters by selecting a subset
of columns from the system dictionary. We utilizeℓp, 0 <

p ≤ 1 regularized least-squares inversion to select a subset
of parameters and avoid a combinatoric search. Two different
methods of sampling the parameter space are explored: equi-
spaced sampling, and Fisher information sampling. Parame-
ter estimation performance of the decay parameter in a decay-
ing exponential model demonstrated that neither equi-spaced
sampling, nor Fisher information sampling offer superior per-
formance over all parameter values. Parameter sampling that
is very fine or coarse results in model order overestimation
error, and increased RMSE. Error resulting from coarse sam-
pling is attributed, at least in part, to quantization bias,while
we conjecture that that error from fine sampling is an effect
of high intercolumn correlation. Simulation results suggest
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Fig. 4. RMSE versus∆α for α = 0.257, shown as blue
lines. Red broken lines are the square-roots of the Cramér-
Rao lower bound for unbiased estimates ofα.

that there is sample spacing that achieves minimum RMSE
for each parameter value, and hence, a minimum RMSE pa-
rameter spacing function. It may be possible to improve pa-
rameter estimation performance by sampling parameter space
using this minimum RMSE parameter spacing function.

7. APPENDIX

In this section, we show the relation between dictionary in-
tercolumn correlation and Fisher information. For simplicity,
we consider dictionaries formed from real component func-
tionsf and amplitude parameters in (1). A discussion for the
complex case is similar.

Define dictionary columnsa(θ) as in (2), and assume they
have unit length. The Taylor series linear approximation of
a(θ) evaluated atθ = θk is

a(θk) + Ja(θk)(θ − θk),

whereJa(θ) is the Jacobian ofa, and the approximation holds
for ‖θ − θk‖ small. Normalizing this Taylor series approxi-
mation gives the approximation

a(θ) ≈ a(θk) + Ja(θk)(θ − θk)

‖a(θk) + Ja(θk)(θ − θk)‖2

=
a(θk) + Ja(θk)(θ − θk)

√

1 + (θ − θk)T Ja(θk)T Ja(θk)(θ − θk)
. (13)

The last equality uses the fact that‖a(θ)‖2 = 1,∀ θ,
and hencea(θ)T Ja(θ) = (∇‖a(θ)‖2)

T
= 0, so 〈a(θk),

Ja(θk)(θ − θk)〉2 = 0. From (13), it follows that correlation
can be approximated locally as

〈a(θk), a(θk+∆θ)〉2 ≈ ‖a(θk)‖2 + 〈a(θk), Ja(θk)∆θ〉2
√

1 + ∆θT Ja(θk)T Ja(θk)∆θ

=
1

√

1 + ∆θT Ja(θk)T Ja(θk)∆θ
. (14)

We wish to minimizeθ sample spacing,‖∆θ‖2 such that
intercolumn correlation satisfies〈a(θk), a(θk+1)〉2 = ρ lo-
cally, where0 ≤ ρ ≤ 1. From (14), increasing the quadratic
term in the denominator decreases correlation; thus, the sam-
pling criterion is

θj+1 = θk + ∆θ, ∆θ =

√

1

ρ2
− 1

vmax√
λmax

wherevmax andλmax are the unit norm maximum eigenvec-
tor and eigenvalue ofJa(θk)T Ja(θk), respectively. As dis-
cussed in Section 5, the Fisher information of the component
functionf in complex Gaussian white noise is given be (11);
so,Ja(θk)T Ja(θk) is a scaled version of this Fisher informa-
tion matrix evaluated atθk. Whenθ is one-dimensional, the
maximum eigenvalue is a scaled version of the square-root of
Fisher information, and step size is inversely proportional to
the square-root of the Fisher information.
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