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ABSTRACT matrix, thené,, 0 < p < 1, regularized least-squares inver-

We consider the relationship between parameter estimatigtion €rror on the input vector can be bounded [2, 3].

of an additive model and sparse inversion of an under- !N this work, we pose joint model order selection and
determined matrix (dictionary) in a linear system. The dic-Parameter estimation of an additive component model as a
tionary is constructed by sampling parameters of the aedit sparse reconstru_ctlon problem. An additive model is t_hesum
model. Parameters and model order are estimated using r ation of a continuous parameter component function over
ularized least-squares inversion. We investigate ecaieap Ifferent parameters. We sample the parameter space, and

and Fisher information inspired parameter sampling method?t €2¢h sample, evaluate the component function, forming an
for dictionary construction, and present an example gjanti Under-determined system (dictionary) matrix. The paramet
ing parameter estimation error performance for the differe M0del estimation problem consists of selecting a small num-
sampling methods. These results indicate that estimagion p P€" Of columns from this dictionary.

formance is degraded by sampling the parameter space either In the ne>§t se_ct|on of this paper, we formulalte. paramet-
too finely or too coarsely. ric model estimation of an additive model as a dictionary se-

o _lection problem. We then discuss the use of sparse recon-
Index Terms— Parameter estimation, Model order esti- stryction to both select the model order and estimate param-

mation, Sparse reconstruction eters, while avoiding a combinatoric search, and we examine
ways of sampling the parameter space. We conclude with an
1. INTRODUCTION example demonstrating estimation performance for differe

parameter sampling methods.
In this paper, we examine the relationship between param-

eter estimation of an additive model and sparse reconstruc- ,  pARAMETER SAMPLING AND ESTIMATION
tion. Parametric model estimation problems typically con-

sist of two parts: model order selection and estimation ef th An additive parametric model is defined here as a linear com-
value of each parameter in the model. In this context, paramyination of functions of the fornf (¢, ) € C. The parameter
eters are estimated for a fixed model order and then a mOdglE R denotes the design parameter, an independent variable
order selection cost is evaluated using this model and is paf the measurement process, for example, time,aadR™
rameter estimates; the model with the lowest cost is the egtenotes the unobservable parameter, which is the parameter
timated model [1]. Parameters that span a continuous ranggctor that we wish to estimate.
can be estimated over that range, or alternatively, over dis \\e sample the additive parametric model atfor i =
crete samples within that range. The latter method of estit . N; then measurements are modeled by
mation is typically combinatoric in the model order and may
be computationally intractable. However, sparse recoostr M )
tion methods can be used to approximate the solution to some Yi = Z T f(ti,0n) + &, i=1,....N, (1)
combinatoric problems [2]. m=1

In sparse reconstruction we wish to determine the inputvhere M is a fixed unobservable model ordé,;, and x,,
to an under-determined system under the assumption that thee the true unobservable parameters and amplitudesgcrespe
input vector is sparse (has many more zero components théimely for the m?* parametric function ¢ = 1, ..., M), and
non-zero components). The input vector can be estimated lwheree; is Gaussian white noise.
£,,0 < p <1, regularized least-squares inversion. It has been We wish to estimate the model ordéf, and parame-
shown in the compressive sensing literature that if ceftain  ters{z,,, Gm}M In general, this is a non-linear estimation

m=1"

tercolumn correlation properties are satisfied by the asyste problem iné,,,. The approach we take is to samglg;, 9)



on a fine grid{t%}f:1 of 0 and to select a subset of thesep < 1, instead of||z||o, to measure sparsity, results in a cost

samples, so that a linear combination of the subset fits thiinction that is tractable to minimize and also enforces so-

measurements well. We represent (1) as the linear system lution sparsity. Using this modified cost function, the am-
plitude parameter vector can be estimated/pyegularized

y= Az +e, least-squares inversion
where _ _ - #(\) = argmin|ly — Az + A%, (6)
a(ek) = [f(t170k)a7f(tNa9k)] ) (2) z
and where) is a user determined sparsity parameter. Whentl,
A=la(b),...,a(0k)], (3) this optimization problem is often called basis pursuitaen

ing [4, 5]. After solving (6), we threshold all components of

|s.the sy;tem dictionary; = [y, ;zxc]" is the sparse am- Z(A) that are more than dB down from the largest compo-
plitude signaliy = [y1,...,y~]|T is the vector of measure- nent ofi(\):
ments, and = [ey, ..., ey is the additive noise vector. Itis '
assumed that the number of additive components in\{1)is i ) L max i (X)
much smaller than the number of columns in the dictionary, ,,()) = 0, T 20log (z(/\)> =T )
K, (M < K); hence, the selected subset should be sparse in #i(\), otherwise
the number of dictionary columns. We also assume thest
normalized to have unit length columns. where subscripts denote vector components. The amplitude
The sparse estimated amplitude signalis used to esti- signal vectorz()), is used in (4) to estimate parameters.
mate the model parameters. Define the ordered sigpak The amplitude signalg, and hence, the amplitude pa-
lz1,| > ...,> |x1,|. The model order estimatd/, ampli- rameter estimatei, are functions of\; hence,\ selection
tude estimates;,, and unobservable parameter estimatgs, is important to model order and parameter estimation perfor
are then given by mance. One method of choosings cross-validation [6, 7].
. Cross-validation methods may be computationally expensiv
T = ¢, or necessitate the collection of extra training data. Weosho
. la(®z)]2 A such that/(z())) is minimized. ThisA selection method
Or = 01, can be viewed as minimizing (5) over a subset of amplitude
N = # non-zera,, k=1, K, 4) pgra_\meters param_eterized hy The hope_ is that the _Sl_Jbset
will include a solution close to the solution of the minimum
where the amplitude signal is scaled to adjust for dictipnar subset problem.
normalization. The envelope of the cost functioh(z(\)) is convex, but
the cost function itself has local minima as a result of ttee di
3. DICTIONARY SUBSET SELECTION continuity of the|| - || term. We use a tree-like grid search

to find an approximate minimum of(z(\)). At the current
When estimating parameters by parameter sampling, accﬁlage of _th(_a search, the (_:ost function is evaluated on qgrid 0
rate selection of dictionary columns is important. There ar POINts within a bounded interval of values. The two points
several methods of selecting a subset of dictionary elesnentWith the smallest cost are retained and denotethamnd A,.
Minimum subset selection is a natural method of column sel e interval of next search stage is centere*g¢* and has

lection that minimizes the cost function length|A2 — Ay, and the minimum from a grid of points on
this interval is searched for. The search stops after a user-
J(z) = <2> ly — Az + pllzlo, (5) determllned numper of stages. The point with minimum cost
o at the final stage is chosen as

whereo? is noise variancej] - [|o counts the number of non-
zero entries in its argument, apds a constant. For different 4. DICTIONARY SAMPLING

values ofu, minimum subset selection corresponds to dif“fer—Wh formi dicti f 9) th b bl
ent information criterions of model order selection; foasx ertl ‘;rm'”g a II%I?N?W ronfr( ), eft:rr:o dgetrva € pa-
ple, if the noise is Gaussian, then= 2 is used in Akaike rameterv Is sampled o form columns ot the dictionary ma-

Information Criterion (AIC);u = In(V) is used in Bayesian trix, (3). The choice of parameter spacing affects paramete

Information Criterion (BIC), and: can be chosen to directly est|n|1at|c:n perform%rlwc% Itis d:eswab!g :19 iamplet_coltgmns
penalize non-zero entries, as in Generalized Information C as closely as possible mspace 1o avold high guantization
: error. However, for computational purposes, the number of
terion (GIC). . - . .
columns in the dictionary matrix must be constrained;éso,

In general, minimization of (5) is combinatoric and in- . o
¢ ®) cannot be quantized to an arbitrarily small number. Further

1/p
tractable. The use dfz|, = (Zszl Iwklp) with 0 < more, as# sampling becomes finer, intercolumn correlation



increases, and when (6) is employed, amplitude parameter esherex is an amplitude scalaj is the measurement vector,
timates become less sparse, spreading around the true valuand e is Gaussian white noise vector with variancg The

If the unobservable parametgis constrained to a region distribution of (9) is
in R™, this region could be divided into an equi-spaced grid,
and dictionarg/ columns could be sampled or? thispgrid. I-?ow- po(y) ~ N(wa(9),0°1), (10)
ever, when estimating parameters in noise, average paramghere/ denotes the identity matrix. The Fisher information
ter estimation error depends on both the component functiogf (10) is well-known to be
f and the location of the unobserved parameter that is esti-

2
mated. Z(a(8)) = %JG(Q)HJa(e), (11)
We propose a grid sampling method based on Fisher In- g
formation of the component function. For scafefi.e. n =  where J,(0) denotes the Jacobian aff), and H denotes
1), this sample spacing is of the form Hermitian transpose.
For the decaying exponential modél,(«) = [—t;e~ "
Oh1 =0 +Az, Ar=cZ(a (@k))_l/Q. (8) ...,—tye*~]T. Using (11), the Fisher information of the

component function model is
Fisher information is denoted & andZ ! is the Cranar-
. . . 2 N
Rao lower bound for the variance of an unbiased estimator of T(a(a)) = 2] Z 120—2at;
0; a(0) is defined in (2), and is a user determined constant / ’

that determines the total siZ€ of the sampled dictionary. ) ) o ] )
If we assume that; is complex Gaussian white noise The Fisher information is a function ef, and Fisher sam-

M = 1in (1), anda(6) is normalized, it is shown in the pling vinI not be equli—spaced.'We note that in con.tras.t to the
Appendix thatc can be interpreted as a function of the localdecaying exponential model, in a complex sinusoids in noise
intercolumn correlation of the dictionary matrix. Undeisth Model, where we wish to estimate unobservable frequency
interpretation, samples in (8) are spaced such that, jp¢aéé ~ Parameters, Fisher information is not a function of freqen
intercolumn correlation is approximately constant acrass SO Fisher sampling is equivalent to equi-spaced sampling.
For a fixed number of samples, this method distributes sam-

ples more finely in regions of higher information. For vector5.2. Estimation Performance

0 (i.e. n > 1), an analogous vector sampling approach to (8
can be used based on an eigendecomposition ofithen
matrix, Z(a(6})), which is also discussed in the Appendix.

Me now quantify parameter sampling estimation performance
using (4) and compare equi-spaced dictionary sampling to
Fisher information sampling. In the following simulation
is sampled uniformly so that = A.i, whereA; = 0.1, and
5. EXAMPLE the number of time samples i§ = 32. Noise variance is
% = 10~3; the model order is\/ = 1, and for purposes of
In this section, we examine dictionary sampling and parameerror analysis, we associate the largest magnitude estimat
ter estimation of a decaying exponential model, defined as amplitude parameter with the true parameter. Dictionaries
with 32 and256 o samples distributed over a rangd@ft, 5]
M ot are analyzed. In tha selection cost, (5} = 5; a value of
vi= D wme "t e p = 0.9 is used in (6), and a threshotd = 40 is used in
m=t (7) when estimating amplitude parameters. The optimimatio
The component function ig(#;, o, ); variablesa,, > 0 are  algorithm solving (6) is initialized atl” Ay.
the unobservable decay parameteérsire the design parame- ~ Whenp = 0.9, (6) is not a convex optimization problem;
ters in units of time, and, is additive Gaussian white noise. however, the dictionaries that we consider have high ioterc
When the model order is, we wish to estimate the additive umn correlation, and using < 1 has been show to be bene-
component function in noise (9), whege= [y, ...,yn]? € ficialin reducingé; estimation error in this case [3]. We note
RN, 2y =2 € R, anda(a) = [e=o%, ..., e~ N]T, that the proposed estimation method also estimates model or
der; so, in addition to the largest magnitude estimated iampl
tude component, there may be other non-zero estimated am-
plitude components spread about the true parameter. Anothe
In this example, we investigate the performance of the FFisheerror metric, such as the squared-difference between tdie a
information dictionary sampling method (8). This type of estimated amplitude parameters, could be use to captre thi
sampling requires calculation of the Fisher informatiothef model order mismatch. For brevity, we do not investigate
additive component function in noise, given by this error here; however, empirical results from this warg-s
gest that lower amplitude squared-difference spreadiray er
y =za(f) + e, (9) s achieved fop = 0.9, than forp = 1.

5.1. Dictionary Sample Spacing



Figure 1 shows the empirical root mean squared erropirical RMSE decreases aroumd = 5; this is a boundary
(RMSE) of the sampled parameter estimatgfor Fisher and  effect, where the estimator is biased toward selectingite d
equi-spaced sampled dictionaries of size= 32 samples. tionary end point. Although not shown in this figure, we also
RMSE is calculated as the square-root of the average squaradte that as the number of dictionary samples increase, RMSE
difference between the true parameter and the estimated pappears to remain mostly above the RMSE approximated by
rameter with largest magnitude amplitude component. RMSEhe CRB, and RMSE decreases in some regions, afthile
is calculated for a set afo0 « parameters drawn from a uni- it increases in others. We explore the effect of sampling on
form distribution over{0.1, 5]. For eachy, 100 Monte-Carlo  error in more depth below.

realizations of the measurement vegjare generated. Parameter sample spacing affects RMSE, which appears
to be directly related to model order mismatch. Figures 2(a)
1° : : : : and 2(b) show the mean estimated model order for eaich

the preceding error plots and féf = 256 sample dictionar-

ies, respectively. At small in Figure 1, most of the RMSE
samples are greater for the equi-spaced dictionary thahdor
Fisher sampled dictionary. Points that have higher RMSE in
this region also appear to have larger model order mismatch.
In general, increases in mean model order appear to corre-
spond with increases in error and vice-versa.
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Fig. 1. RMSE) versusa for 32 sample dictionaries. Black %1-25’° ° oo f’
circles are from a Fisher information sampled dictionang a s 12 . o 0o © ;> ° .
green diamonds are from an equi-spaced sampled dictionary. 115 o b & 2% 8o o By
110 9% ° o°“;—
1.05¢ °
The solid red line is the square-root of the CEarRao % 1 2 3 ) 5
lower bound (CRB) for unbiased estimateswpfind the solid ‘
blue line is\/ CRB + biag’; bias is defined as the distance be- (b) K = 256 samples

tween the truex parameter and the closestsample in the ) )

dictionary. The RMSE approximated by the CRB appear&9- 2. Mean estimated model order versushe true model

to show how bias quantization affects RMSE acrassFor order '.Sl.' Black circles are from a Fisher mformatlon sam-
Fisher sampling, the bias results in a maximum excess rel&l€d dictionary, and green diamonds are from an equi-spaced
tive error that is constant in a log scale across the ranga-of pS@mpled dictionary.

rameter values; whereas, this is not the case with equiespac

sampling. For both sampling cases, the RMSE appears to We now demonstrate how RMSE is attributed, at least in
be mostly above the RMSE approximated by the CRB. Empart, to model order mismatch by the dictionary section pro-



cedure. Consider the solution to the dictionary selectiobp

lem as a two-stage model order selection and parameter esti-
mation problem. First, a model order, which is the number of
non-zero entries in the amplitude vectaris chosen; if the
model order isL, we call the amplitude vectdi-sparse. An
estimate of: is calculated as

&t = argmin|| Az — y||2. (12)

x:L-sparse

The solution of (12) involves brute-force estimation of(gfl)
L-sparser’s, which is tractable only for small. Denote the
estimates ofv from £, 2, and/,, estimates asa?, &% and
a. Figure 3 showsi!, 42 and & parameter RMSE fo256
dictionary samples. Again, the location of the largest mag-
nitude estimated amplitude parameter is associated with th
true o parameter. On average, when the model order is over-
estimated, as ii2, error in thea estimate is higher than er-
ror when model order is correctly determined, astin In
most cased, RMSE af falls between the RMSE af' and
&2 estimates. Figure 3 taken together with the mean model
order in Figure 2(b), suggest tha&tRMSE can be approx-
imated by a mixture ofy RMSE for £%, with L > 1 and
mixture weights given by the probability distribution offa
sparset solution. For example, at small and for a dictio-
nary size o256 samples, Fisher information sampling results 0 1 2 3 a 5
in mostly larger RMSE points than for equi-spaced sampling, !
since Fisher sampling has larger mean model order.

The preceding discussion shows that non equi-spaced o i
sampling o can be beneficial. However, model order andF19- 3. RMSE versusy for 256 sample dictionaries. Black

parameter estimation performance can suffer if sampling iSI'CleS are froma estimates and a Fisher information sam-
either “too coarse” or “too fine”. The effect of sample spacin pled dictionary, and green diamonds are fr@rmstimates and

on RMSE can be seen by comparifig= 32 and K = 256 ar11 qui—spaced sampled dictionary. Magenta} pluses are from
sample dictionaries in Figures 1 and 3. Within some region§ €stimates, and blue squares are fréfnestimates. The

of a, RMSE is improved by increasing the number of dic-red !lne is the_ square-root of the CrarrRao lower bound for
tionary samples; whereas, in other regions, performance [Piased estimates of

degraded by increasing the number of elements. Figure 4

shows RMSE versusr sample spacing in an equi-spaced

dictionary,Ac, for a model with truex = 0.257. The black  obtain orthogonal or nearly orthogonal dictionary elersgnt
line is the RMSE approximated by the CRB, as defined irand we proposed a parametric model estimation method that
Figure 1, and it shows the effect that bias has on RMSE. Thigstimates model order and parameters by selecting a subset
figure demonstrates that minimum RMSE is attained betweegf columns from the system dictionary. We utilizg, 0 <
sampling extremes; furthermore, minimum RMSE for differ-), < 1 regularized least-squares inversion to select a subset
enta may occur for different sample spacings. Ideally, oneof parameters and avoid a combinatoric search. Two differen
could estimate the minimum RMSE sampling function frommethods of sampling the parameter space are explored: equi-
the minima of curves such as Figure 4 for differentand a  spaced sampling, and Fisher information sampling. Parame-

(b) Equi-spaced Sampling

dictionary could be sampled according to this function. ter estimation performance of the decay parameter in a decay
ing exponential model demonstrated that neither equiespac
6. CONCLUSION sampling, nor Fisher information sampling offer superier-p

formance over all parameter values. Parameter sampling tha
In this paper we have investigated the connection between pe very fine or coarse results in model order overestimation
rameter estimation of additive models and sparse recanstruerror, and increased RMSE. Error resulting from coarse sam-
tion methods. The connection is made by sampling the corpling is attributed, at least in part, to quantization biakijle
tinuous parameter space to obtain an under-determined mae conjecture that that error from fine sampling is an effect
trix (dictionary) of a linear system. One cannot, in generalof high intercolumn correlation. Simulation results susjge
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Fig. 4. RMSE versusAa for a = 0.257, shown as blue
lines. Red broken lines are the square-roots of the €ram
Rao lower bound for unbiased estimatesgvof

We wish to minimized sample spacing|Ad||, such that
intercolumn correlation satisfigs (6x), a(6k+1))2 = p lo-
cally, where0 < p < 1. From (14), increasing the quadratic
term in the denominator decreases correlation; thus, tne sa
pling criterion is

]. Umax
001 =0, +A00, A== —1
I p? vV Amax

wherevmax and Amax are the unit norm maximum eigenvec-
tor and eigenvalue of ,(6;)7 J,(6}.), respectively. As dis-
cussed in Section 5, the Fisher information of the component
function f in complex Gaussian white noise is given be (11);
s0,J,(0x)* J.(0) is a scaled version of this Fisher informa-
tion matrix evaluated at,. When# is one-dimensional, the
maximum eigenvalue is a scaled version of the square-root of
Fisher information, and step size is inversely proportidoa

that there is sample spacing that achieves minimum RMSEhe square-root of the Fisher information.

for each parameter value, and hence, a minimum RMSE pa-
rameter spacing function. It may be possible to improve pa-
rameter estimation performance by sampling parameteespac
using this minimum RMSE parameter spacing function. [1]

7. APPENDIX 2]

In this section, we show the relation between dictionary in-
tercolumn correlation and Fisher information. For simipfic

we consider dictionaries formed from real component func-
tions f and amplitude parameters in (1). A discussion for thg3]
complex case is similar.

Define dictionary columng(6) as in (2), and assume they
have unit length. The Taylor series linear approximation of
a(0) evaluated afl = 6, is

(4]

a(Ok) + Ja(0r) (0 — O),

whereJ, (0) is the Jacobian af, and the approximation holds
for ||6 — 6%]| small. Normalizing this Taylor series approxi- [5]
mation gives the approximation

a(0) ~ a(Ok) + Ja(0k) (0 — Ok)
la(0x) + Ja(01)(0 — Ox) |2
_ a(&k) + Ja(ek)(g — Gk)
VI+ (0 =0T T (01)7 Ja(0)(0 — 0r)

The last equality uses the fact thga(0)||2 1L,V 90,
and hencex(0)7J,(0) = (V]a(d)]2)" = 0, so (a(6y),
Ja(0r)(0 — 0;))2 = 0. From (13), it follows that correlation
can be approximated locally as

 Nal0)ll2 + (a(0), Ja(01) AD)s
V1+ AT T, (0,)T T, (01) A0

1
T /1t DO, (00)T Ju(00) A0

(13) [6]

[7]

<a(9k), a(9k+A9)>2

(14)
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