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Stochastic Discrete-Time Nash Games
with Constrained State Estimators

A. R. Kian,' J. B. CrRuz, Jr.,> AND M. A. SiMAAN®

Abstract. In this paper, we consider stochastic linear-quadratic dis-
crete-time Nash games in which two players have access only to noise-
corrupted output measurements. We assume that each player is con-
strained to use a linear Kalman filter-like state estimator to implement
his optimal strategies. Two information structures available to the play-
ers in their state estimators are investigated. The first has access to one-
step delayed output and a one-step delayed control input of the player.
The second has access to the current output and a one-step delayed
control input of the player. In both cases, statistics of the process and
statistics of the measurements of each player are known to both players.
A simple example of a two-zone energy trading system is considered to
illustrate the developed Nash strategies. In this example, the Nash
strategies are calculated for the two cases of unlimited and limited trans-
mission capacity constraints.

Key Words. Stochastic linear-quadratic systems, nonzero-sum dis-
crete-time Nash games, optimal Nash strategies, estimator-controller,
stochastic dynamic programming, Nash equilibrium.

1. Introduction

Stochastic Nash games in which the players have access only to noise-
corrupted output measurements have been of interest since the late 1960s.
Rhodes and Luenberger (Refs. 1,2) studied linear-quadratic Gaussian
(LQG) continuous-time zero-sum stochastic games with output measure-
ments corrupted by additive independent white Gaussian noise. They
considered a saddle-point solution to this problem under the constraint that
each player is limited to a linear state estimator for generating his optimal
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controls. Saksena and Cruz (Ref. 3) extended these results to nonzero-sum
Nash games and derived a method for obtaining a near-equilibrium limiting
solution for the Nash strategies under a multimodel situation. They also
studied stochastic control of singularly perturbed linear systems with mul-
tiple decision-makers possessing different observations under a multimodel
situation. In all of the above-mentioned research works (Ref. 1-3), the
authors assumed that the separation principle holds.

In this paper, we investigate discrete-time nonzero-sum LQG Nash
games with constrained state estimators and two different information
structures. In the first information structure, we assume that, at each stage,
each player has access to his output measurements and his own control
input at the previous stage. In the second information structure, we assume
that, at each stage, each player has access to his output measurements at
the current stage and his own control input at the previous stage. We show
that, for these two information structures, the separation principle does not
hold; therefore, the controller and estimator are interrelated and cannot be
determined separately. In each case, we derive an algorithm for calculating
the optimum estimators and controllers for the closed-loop Nash solution.
The results are applied to a simple energy trading system with two generat-
ing firms as players.

2. Problem Formulation
Consider a two-player discrete linear game described by the following
difference equation:
Xps1 = Apxi+ Biup + Bl + wy, k=0,1,...,N—1, (1)

where x; is the state vector and uy, u; are the control vectors of players 1,
2 respectively. We will assume that players 1 and 2 have noisy measurements
of the form

yi = Cixp+ vt (2a)
Vi = Cix+ vz (2b)

The dimensions of xy, up, uz, yi, vi are nx 1, m'x1,m*x1,p' x1,p*x1
respectively and the matrices A4, B}, Bi, Ci, Cz all have proper dimen-
sions. The random disturbances wy, v}, v in (2) are assumed to be indepen-
dent, white, zero-mean, and Gaussian with covariances

covi{w,} = W, (3a)
cov{u,'(} = N}(, (3b)
cov{vi} = Ni. (30)
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For simplicity, it is also assumed that both players know that the initial
state x, is a Gaussian random vector (uncorrelated with wy, vz, vz) with
mean X%, and covariance

covi{xg} =Tp. 4)

Consider the following discrete-time additive quadratic cost functions
for players 1 and 2:

J (s ug, Ui

N-1
= Ewk{wa}vaJr Y (XQ;xi+u; Ri'u; +ufR}2u?)}, (5a)
i=k
Ji(Xpe, e, u)
r A2 Nt U p2l,,0 4,2 p22, 2
:Ewk XNQNxN+ z (x,-Ql-x,--f-u,-R u; +u; Ri ul') > (Sb)
i=k

where the matrices Q}, 07, R}', R7, R}*, R;' are all symmetric and positive
semidefinite for je [0, N]. These represent costs-to-go functions from an arbi-
trary initial state x, at stage k. We assume that the admissible controls are
linear in the state estimates and that each player is restricted to use an n-
dimensional linear estimator to generate his state estimate at each time step.
We consider the following two information structures:

Type A: X ={yi_1,uj_} forplayeri,i=1,2and k=1,...,N—1.
Type B:  Xi={yi,up_,} forplayeri,i=1,2andk=1,...,N—1.

In both cases, there are no observations at k = 0. As mentioned earlier, both
players know all the expected values and covariances of all the noises and
the initial state.

3. Closed-Loop Nash for Information Structure Type A

For the information structure X;= {yi_i, up_,} for player 1 and
Xi={yi_1,uz_,} for player 2, we consider a state estimator for player 1 in
the form

X1 = FeXi+ Gelyi — Crfil + Dy, (62)
and for player 2 in the form

Kt = FiXi+ Gilyi — Cixi]+ Divi. (6b)
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The objective function of player 1 is the conditional expectation
E{J}(xx, ue, uz)| X4}, and the objective function of player 2 is the con-
ditional expectation E{J;(xt,ur,uz)|X%}. The matrices Fi, Gy, Di, the
initial condition X4, and the closed-loop control law (%) are to be selected
by player 1, and the matrices F2, G2, D?, the initial condition X3, and the
closed-loop control law uz(x7) are to be selected by player 2, such that

E{J (X, i, uz) Xit, (Ta)

Xy =E{Ji(xe, i, i)

E{J7(x, ui i)

XY= E{7(x, up , up)| Xz ). (7b)

The pair of inequalities in (7) defines the closed-loop Nash equilibrium
pair {u; (X3), ur (%)} for the information structure

Xi:{y;;*lsui*l}a 1:132

The admissible controls in (7) are assumed to be linear in the state estimates
for all ke[0, N —1],

= Lixi,  i=12 ®)

where X} for i=1,2 are the state estimates obtained from (6) and L} for
i=1,2 are m'x n bounded closed-loop gain matrices to be determined so
that (6) and (7) are satisfied.

We provide algorithms for computing the Nash-optimal feedback
gains Li,i=1,2, the matrices Fy, Gy, Di, Fr, Gr, Di, and the initial con-
ditions X, X5 in the state estimators equations (6). Consider the following
set of coupled recursive equations in Kj, Li, M;, Si:

Kiy=0Y, i=1,2, (9a)
Ki= Qi+ LiRIL)+ LiRi Ly
+ (A +BiLi + BiL7) Ki 1 (Ax + BiLi + BiLY),
i,j=1,2,i#j,andk=0,...,N—1, (9b)
where
Li.=—(R{+ Bi K.\ B 'BiKio \(Ar+ Bi.L1.Sh) (10)
and

. _{1+(Mf,’j —Mx (ML -MYY!', i j=1,2,i#j,andk=1,...,N—1,
/=
I, j=1,2andk=0.
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In the above expression, M, is a symmetric nonnegative-definite matrix
defined as follows:

M, = E{m;m;}, my = [xp, X , X% | (12)

X = X — X, i=1,2. (13)
and satisfying the following recursive equation:

My =AM+ M. A+ B.N. B+ W, (14a)
with boundary conditions

XoXo+To Ty Ty
M(): ro r() r() , (14b)
T Iy T

where
ML MY} MP
M,=|M;" M M2, (15)
MP M M7

(A, +BiLi+BiL; -B,Li -BIL;
Ay=|A+ BiL; - F; Fi. —G.Ci -BiL; . (16)
| A+ BiLy —F;  -BiLp F; - GiCi
0 0
B.=|Gi. 0 |, (17)
0 G:
N, = Ni 0 (18)
k — 0 N/% s
W, 0 0
W,=0 W, 0 | (19)
0 0 Wi

Assume that the solution matrices K, K7, Ly, L7, M,, S}, Si for the above
set of equations exist and are bounded for all k€[0, N —1]. Furthermore,
assume that the matrices MY — MY, ML — M are invertible for all
ke[l, N—1], and that each player knows the objective function and the
system dynamics of the other player. In other words, the matrices Q;, O7,
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R, RZ, R, R:', Ay, By, Bi, Ci, Cx, Ni, Ni, W, are known to both
players. We have the following theorem.

Theorem 3.1. Given the linear system described by (1)-(4), the quad-
ratic cost functions given by (5), the estimates of x;,, at time k+ 1 as given
by (6), and the definition of a Nash equilibrium solution as given by (7), if
there exist sequences of bounded matrices K, Li, My, Si, for i=1,2 and
k=0,1,..., N—1, satisfying (9)—(19), then the feedback controls in (8) are
Nash-optimal strategies where the matrices L; are given by (10) and the
optimal matrices Fy, F, Gy, Gz, Di, D, M, and initial conditions (X, X3)
in the state estimators equations (6) are given by

Fj.= Ay + BILESE, (20a)
Gi=M}' CL(NY)™, (20b)
Dy = By, (20c)
Fi= A+ BiLi Sk, (21a)
Gi=MPCR(ND™, (21b)
Dji = Bz, (21c)
%o = X0 = %o. (22)

Furthermore, the optimal conditional expectations of the cost-to-go func-
tions at time k are given by

E{Ji (X, e, ul)| X}
. . N_l .. .. P ..
= E{x. Kixi| Xic} = Y (tr{ P, M}, } +tr{P}, M, })

m=k

N-1 .
+ Y E{w,K,1Wnt, i,j=1,2,i#j,andk=0,...,N—1, (23a)
m=k
with terminal condition
E{JN(xw)| X} = E{xy Ovxn| XN}, i=1,2, (23b)

where

Pi=L{R{+BiKi.,B)Li,, i=1,2, (24)

Pl=L{(R]+ B;K} ., B})L}, ij=1,2, i#]. (25)
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Remark 3.1. We note that the closed-loop Nash control laws
w = L%, (26a)

up = LiXp (26b)

do not satisfy the separation principle. As it can be seen from equation (10),
the calculations of the optimal control gains (L;, Lz) depend on the compo-
nents of the matrix M, which is related to the estimation error covariance
matrix. Also, the estimator equations (21)-(22) depend on the controller
gains. Thus, the controller and estimator cannot be separated. However, we
should note that, if the measurements y; = yf. in (2), then the matrices
Si and Sz in (11) will converge to the identity matrix and the controller
gains will not depend on the state estimation errors. However, the estimator
equations will still depend on the controller gains.

Proof of Theorem 3.1. First, we show that the estimator-controller
for player 1 given by expressions (6a), (20), (22), (26a) is unbiased for all
kel[0, N—-1],

E{x(| X1} = %k (27

A similar argument applies for the estimator-controller of player 2. By sub-
stituting (26) in the system difference equation (1), we have

Xio1 = (A + BiLi + BRLY)xi — BALi %5 — BRLi %5 + wy.. (28)

By subtracting (6a) from (28), using (20c) [note that, using (20c), the esti-
mation error dynamics will not be a function of optimal control u;], and
after some algebraic manipulations, we have

fho1 = (Au+ BILE — F)xi + (Fr — GLCD%p — BiLIXE — Grog+ wy. (29)

Similarly by subtracting (6b) from (28), using (21c) [note that, using (21c¢),
the estimation error dynamics will not be a function of optimal control
uz], and after some algebraic manipulations, we have

Fo1= (At BULL~ Fyx + (B~ GRCDR ~ BILLS, - Gid+ . (30)
Now, we form the composite vectors my, v, defined by
mp. =[x, 8, % ) (31
Up = [v,'(', U,f']. (32)

From (28)—(30) and (16)—(19), we have

My 41 = /ikmk —Bkvk-i- I- Wi . (33)
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From the above expression, we can derive equation (14a) with boundary
condition (14b) when M, is defined by (12). If we consider (14)—(19) to write
the components M}, and M}, after some algebra and the use of (20a)
and (20b), we have that, for all ke[0, N —1],

M =ML =AM - M+ M = M A (34)

where A, and A, are known matrices. By choice of the initial condition
(14b), My' = M7, we conclude that

M =My, forall ke[0, N —1].
Moreover, since M, is a symmetric matrix, we have
M =M =M. (35)

From the definition (12) of M, and equation (35) for all k[0, N — 1], we
have

E{x(xt = %)} = E{(x = 205k — %)} = E{(x = £)xi }, (36)
which implies
E{(x; — X)Xy = MY =M =0. (37)

Thus, each component of the error x, — X is orthogonal to each component
of X;. Therefore, using standard estimation theory, given M [obtained from
(14)] and X}, the vector X, can be regarded as the best estimate of x; for
all ke[0, N —1]. That is,

E{x;| X} = X
Similarly, it can be shown that

M =MP=M?P, forall ke[0, N—1],
which implies that

E{x:|X7} =%,

By a procedure analogous to the above, given M, [obtained from (14)]
and X}, we seek the matrix S; such that the best estimate of X7 (given
X}) for all ke[0, N—1]is

E{X| X1} = Sixh. (38)
By standard estimation theory, we require that
E{(X = SkX)(Six)'} =0, (39a)

or

E{X{% }ST — St - E{5i % }S7 = [E{Xi%4 } —Si - E{¥%4 }]- S =0, (39b)
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or
E{[(%F = xi) +x] - %} = S E{dc ) =0. (3%)
Let us calculate

E{(8% —x)%% } = E{(xx — £D)(x — 50} — E{(xx — X0}

=M -MP, (40)

E{xi %% } = E{[(x — %) + $2)%% }

= E{(x — X)Xk } +E{xkxk = E{xkxk 1, (41)
E{xkxk }
= E{(xx — 2000 = X0} = E{(xx = £0x7 } = E{x0(x — %)} + E{xicx7: }
=M M -MY ML =MP - M. (42)
Atk=0,

E{xo| X0} = X = %o, (43a)

E{X3|X¢} = %6 = Xo. (43b)
Thus,

Se=1

From (39)-(42), we have

j_{I+(MQ—M£9)><(M2°—M?f)", i,j=1,2,i#zjandk=1,...,N—1,
““lI, j=1,2andk=0.
(44)

Using (20)—(22), (26), (38), the difference equation (6a) for X; may be writ-
ten as

E{xc 1| X0} = AcE{x,| X1} + Biup + B E{u; | X3}
+ M CLNY [ — CRE{X:| X3}, (45)

with initial condition given by (43a). Similarly, we can show that, given M,
[obtained from (14)] and X7, the best estimate of X, (given X%) for all
ke[0, N—1] is given by

E{%|XZ} = Skt (46)
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Using stochastic dynamic programming and using mathematical induction,
the closed-loop Nash control gains for players 1 and 2 are calculated as
follows:

min E{J (X, ue, wi) | X5}

i
Uk

= min E{Jj1(Xr 1) + X Qi + U R{y + uf Rt | X},

e
i,j=1,2,i#j,and k=0,... ,N—1. 47)
We will present the proof for playerl. A similar procedure can be fol-
lowed for player 2. We have that
= E{xX Qkxy + up R up + X7 L RELi X7

+ (Apxi + Brug + BRLiXe + wi) Kio (A Xic + B + BrLe 55+ wi) | X i}

N-1 N-1
+ Y EW,Kpoiwnt— Y (tr{P) M, } +tr{P)M;}), (48)

m=k+1 m=k+1

min E{J,{,(xk, up, u,zc*) X}(}
1

Uje

=min E{u; (R} + By K} + 1 BOur + up BL KL . 1 (Axxy + BRLEX7)
1

ug

+ (Aexi + BileJe/%)’ K/l+ 1 BII<H11<|X11<}

+ E{(Axxx+ BRLE XD K 1(Axxi + BELi 570 + X7 LE RCLi 57 | X3 )
N—-1 N-1

+ Y EW, KW — Y (tr{Py M)y +tr{P); M7 }). (49)
m=k m=k+1

Now, setting

aE{J}C(X/\’) ullca ui*

Xi}/ou =0

leads to

up =—(Ri' + By Ki o\ B ' BLKji o X [Ax E{x|X )} + BLLLE{%}
=—(R' + By Ki 1 Bi) "' Bi Ky 1(Ay + Bi Li Si)%i
= L Xk (50)

X}

Similarly, for player 2, setting
OE{T 7 (e, i, ui)| X7 }/9ui = 0
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leads to
uip =—(Ri>+ BYKi 1 BR) ' BE Ki o (Ar+ BiLiS 5%
= Li%}.
Denote
up = LiXg = Li(x — %),
up = Li X3 = Li(x — %0).
By substitution of (52)—(53) into (48) and using (24)—(25), we have
E{J (e, wi s ui )| X}
= E{x/(Qi+ L Ri' Li + LY R L
+ (A + BiLi + BiLy) Ki o ((Ap+ BiLi+ BRL))x | X1}
+ E{£; L{ (BY Kiv 1 Bi+ ROHLi %1}
+ E{X; Li (BY Ki o\ Bi + RO LiSR )
— 2 E{x{.L; (B Ki 1 Bi+ R Li %k
~2 E{x{.Li (B K¢\ Bi + ROL{%L}

N-1
+ 2 E{W;1I<}}‘l+l‘/‘}m}
m=k

N-1
- Y (WP M) +tr{PY MY

m=k+1
= E{xX Kixi| X3} +tr{P} M} } +tr{ P> M7}
—2tr{ P M)y =2 tr{ P M}

N-—-1

+ Z E{W;nK;lerlM)m}

m=k
N-1

- Y (t{Pu M, +tr{P M),

m=k+1

181

(5D

(52)
(53)

(54)

which completes the proof for player 1. A symmetrical argument proves the

results for player 2.

O

Although the optimum cost-to-go at time k separates into three groups
of terms, the first group is not just the conditional expectation of a term
that is analogous to the deterministic case, because the Riccati equation for
K} ., depends on the estimation error covariances. The second group of
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terms looks like the contribution of the estimation error covariances, but
the controller gains affect the estimation errors. The third group relates to
the covariance of the process noise, but the weighting matrix Kj ., is not
the same as in the deterministic case. The separation principle does not hold
in this case.

The linear strategy pair (u; ,uz ) [given by (26)] will be the unique
closed-loop Nash strategy for the above stochastic discrete-time linear-
quadratic game if the matrices My, Fy., F, Gy, Gr exist and are bounded
for all ke[0, N — 1]. This requires that the matrices L, Lz, K}, K; exist and
are bounded for all ke[0, N—1]. Moreover, the matrices My — My,
ML — M should be invertible for all ke[1, N —1].

4. Closed-Loop Nash for Information Structure Type B

- We now consider the second type of information structure, X P =
{Vi,up -} for player i, i = 1, 2. In this case, instead of (6), we use the follow-
ing form of the state estimators:

Xpv1= (Fllc - Gllc+lcll\'+1Ak))€11<+ G11c+1y11c+1 +(D/l< - G11\»+1C11<+1Bllc)ull\», (55a)

)ei+l = (FI% _Gi+1C/%+1Ak))ei+ G/%+1y1%+1 +(Di —G/%+1C1%+IB§)M/%, (SSb)

where the matrices A4, ,B; are the same as given in equation (1), the matrices
Fi, Ft, Gii1, Giyy, Dy, Di are the same as given in equations (20)—(21),
and the matrices C),, Cr,, are the same as given in equation (2). The
closed-loop Nash strategies for this information structure lead to the same
algorithms for the controller and estimation matrices as the ones obtained
earlier. However, note that the actual optimal estimator equations resulting
from (55) are not the same as the optimal estimator equations resulting
from (6).

5. Numerical Computation

A suggested iteration for the calculation of matrices Ki, K¢, Li, Lz,
Sk, Sk, My, k=0,...,N—1,in (9)—(19) is given as follows:

Stepl. Set S;=Si=Lk=0,...,N—1.

Step 2. Calculate K, Kz, Ly, Ly, k=N—1,...,0, backward in time
using equations (9) and (10).

Step 3. Start Iteration 1. Calculate the matrix A,,k=0,...,N—1,
forward in time using equation (16).



Step 4.
Step 5.

Step 6.
Step 7.

Step 8.
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Calculate My, Sj, Sz, k=0,..., N—1, forward in time using
equations (14) and (11), respectively.

Solve for K;, K¢, Ly, L, k=N—1,...,0, backward in time
using equations (9) and (10). This is the end of Iteration 1.
Start Iteration 2 by repeating Steps 3 to 5.

Compare the matrices K., Ki, L., Li, Si, Si, M,
k=0,..., N—1, of Iteration 2 with those of Iteration 1.

If the differences are zero (or smaller than a predetermined
error criterion), stop the iteration loop.

Else, repeat the above procedure for Iterations 3, 4,..., m,
where the results of Iteration m satisfy the condition of Step
8, or m is the maximum number of iterations allowed.

6. Simple Application

In this section, we present a simple example of a two-zone energy trad-
ing system, shown in Fig. 1, as an application of the proposed Nash solu-
tion. In this example, two electric energy-generating firms, labeled G1 and
G2, are trying to sell energy in a day-ahead (24 hour ahead) energy market.
They try to minimize their electricity production costs in the Nash sense.
The firms should satisfy the system demand D, at each trading hour k. The
market rules require both firms to bid for all 24 trading hours at once.
Therefore, the optimization horizon for both firms is 24 hours (N = 24). Itis
assumed that, at each hour k, both firms have quadratic cost-to-go functions

of the form

N-1
J (X, q}(): 0.1x% + > {O.I(q})z},
i=k

N-1
Ji(xe, q0)=0.1xx+ ¥ {0.15(¢7)*},
i=k

QUELE

i=

1 2
T2

v

Fig. 1. A two-zone energy trading system.

D1
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where x; represents the residual demand at hour k, and where ¢, and g;
represent the bid quantities for firms G1 and G2 respectively at hour k. The
term 0.1x7% represents the no-load cost for each firm. The system dynamics
is described by the energy balance equation

Xk+|:Xk+Dk_q;l\»_qi+Wk, k:1,2,...,24.

We will assume that each firm has a noisy measurement of the system
demand at each trading hour k. That is,

1 _ 1
Vi = Xp + Uk,

2 2
Vi = Xp + Uk

In the above two expressions, wy, vy, v are independent, white, zero-mean,
and Gaussian noises with covariances

W, =1.0, Ni=0.5, N?=0.8,

respectively. Furthermore, the initial demand x, at k£ = 0 is assumed to be a
Gaussian random process with mean X, =0.5 and covariance T, = 0.085.
Finally, assuming that the bid prices (marginal costs) p; and p; for both
firms are given by the expressions

p,lc = O.Zq,L, p,zc = 0.3qi,

the total profits for each firm over the 24 hour time horizon can be calcu-
lated as

N-1
T1=% (pr-qx) = Jo(To, gi),
k=0
Nt o o 2 2%
Te2= % (Pi - qi) —Jo(Fo, qic)-
k=0
The system parameters that are needed to calculate the Nash bid quantities
and prices for each firm for k[0, N — 1] are

Ak:1> Bflc:B/%:_la C}(:Ci:la

Oyv=0~v=0.1,  Qi=0i=0,

R =0.1, R¥=0.15, RZ=RI'=0.
The Nash strategies are calculated for two different cases:

Case 1. No transmission capacity constraint,
Case 2. Transmission line T}, has a limited capacity.
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The system demand, player 1 estimate of the system demand, player 2
estimate of the system demand, and the Nash strategies for both firms in
Case 1 (no transmission constraint) are shown in Fig. 2. The Nash strategies
include bid quantities (in MW) and bid prices (in $ per MW) for both firms.
Similar results are shown in Fig. 3 for Case 2 (transmission line capacity
limit of 80 MW). The simulation results of Case 2 show that, for the peak
demand hours (8 to 20), firm G1 cannot sell more that 80 MW, due to the

N

200 \ 1
100

01 I I 1 1 L 1
2 4 6 8 0 12 14 16 18 20 22

time (hour)

L ! ! 1 ~

Fig. 2a. Simulation results for Case 1: System demand (solid line), Player 1’s estimate of

system demand (dashed line) and Player 2’s estimate of system demand (dot-dashed line) all

in MW. (Note that the three plots are almost identical, so they appear superimposed as one
plot on the figure).

100 | /P:*“._._Hﬂ_‘_ph\ .
N

a0, e

1 1 1 1 |

2 4 6 8 10 12 14 16 18 20 22

time {hour)
Fig. 2b. Simulation results for Case 1: Player 1 bid quantity (g, solid line) and Player 2 bid
quantity (g7 , dashed line) in MW.

25 T T T T I L T T T T T
20 J
15+ .
10 :'-—| I 1 I I 1 1 L 1 1 L =
2 4 6 8 10 12 14 16 18 20 22
time (hour)

Fig. 2c. Simulation results for Case 1: Player 1 bid price (Bidy, solid line) and Player 2 bid
price ( Bidz, dashed line) in $ per MW.
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Fig. 3a. Simulation results for Case 2: System demand (solid line), Player 1’s estimate of

system demand (dashed line) and Player 2’s estimate of system demand (dot-dashed line) all
in MW. (Note that the three plots are almost identical, so they appear superimposed as one
plot on the figure).
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Fig. 3b. Simulation results for Case 2: Player 1 bid quantity (gi , solid line) and Player-2’s
bid quantity (g7, dashed line) in MW.
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Fig. 3c. Simulation results for Case 2: Player 1 bid price ( Bid}, solid line) and Player 2 bid

price ( Bidz, dashed line) in $ per MW.

transmission line capacity limit. This will cause an increase in the average
energy price in zone 2 during the peak demand hours. The average energy
price goes up from $24.00 per MW in Case 1 (no transmission constraint)
to $36.00 per MW in Case 2 (with transmission constraints) during peak
demand hours. On the other hand, the average energy price in zone 1 will
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drop to $16.00 per MW. Therefore, the average congestion price of trans-
mission line T}, can be calculated as the difference between the zone 1 and
zone 2 average energy prices ($36.00 —$16.00 = $20.00 per MW).

The expected profits for the two firms in Case 1 are

e = $21,684.00, T = $13,761.00.

The ratios of total cost to no-load cost for both firms in Case 1 are
re1 =21.7, rea = 14.5.

The expected profits for the two firms in Case 2 are
e = $15,222.00, e = $25,899.00.

The ratios of total cost to no-load cost for both firms in Case 2 are:

rg1 =16.9, re» = 32.0.

7. Conclusions

In this paper, a solution for the stochastic LQG nonzero-sum Nash
games with constrained state information is presented. It is assumed that
each player is limited to a linear Kalman filter-like estimator to generate his
optimal controls. The optimal control laws (u; , u; ) that solve the above
stochastic discrete-time Nash game do not satisfy the separation principle.
As it can be seen from equation (10), the calculation of the optimal control
gains (L, L) depends on the components of matrix M, which is related
to the estimation error covariance matrix. Therefore, the controller and esti-
mator cannot be separated. However, we should note that, if the measure-
ments y; = y; in (2), then the matrices S, S7 in (11) will converge to the
identity matrix and the controller gains will not depend on the state esti-
mation errors. However, the estimator equations will still depend on the
controller gains.

A simple example of a two-zone energy trading system is considered to
illustrate the developed Nash strategies. In this example, the Nash strategies
are calculated for the two cases of unlimited and limited transmission
capacity constraints.

The simulation results show that transmission capacity constraint
(Case 2) could cause a decrease in expected profits of player 1. On the
other hand, the expected profits of player 2 would increase during peak
demand hours upon the existence of transmission congestion. The linear
strategy pair (u ,u; ) [given by (26)] will be the unique Nash strategy
for the above stochastic discrete-time linear-quadratic game if the solutions
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for the matrices M,, Fi, Fi, Gy, G+ exist and are bounded for all
ke[0, N—1]. This requires that the solutions for the matrices L;, Lz, K,
K exist and are bounded for all k€[0, N—1]. Moreover, the matrices
MY =M, MY — M}* should be invertible for all ke[l, N —1].
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