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I. THEOREM 1 PROOF

The problem is defined as !
R(b, P,a;) = maxE [R,]
P(h)
subject to: P(h) > 0,
E[P(h)] < P,
PR < b] < aq, (D

In the proof of the optimal power control, we assume that
b is fixed. 2 Since the channel gain vector h is a well defined
random variable, and P(h) is a function of channel gains only,
then if we fix the power policy P(h), we know for sure that,
for some h, the main channel rate constraint is satisfied, that
is, R > b. We define the service set of a power policy P(h)
as follows.

Hy(P(h) : {h: Ry, > b}

Also, when the main channel rate constraint is not satisfied,
channel outage is declared. Note that, the problem (1) is
equivalent to

max E [Ry]
P(h)
subject to: P(h) > 0,

1 — aq, (2)

To solve the problem, we use the lagrangian,

R(b, P,ay) = max i J(P(h)) 3)

where the lagrangian J(P(h)) is
J(P() = [ RE i
— A U P(h)f(h)dh — P}

o [ /h . fin - al] 4

1(1) is similar to the problem (2) considered in [2], where a point-to point
fading link is considered, and average channel rate is to be maximized the
same constraints, but the two problems differ by the objective. In our setting,
average secrecy rate is maximized, and the power allocation is a function of
channel vector, instead of a single channel.

Note that, in the actual problem of finding R(b, P, a1), the optimal b is
found by an iterative algorithm.

where f(h) is the probability density function of channel
gains, which we assume is well defined. Note that, the third
term in (4) makes the problem challenging, as the integral
is over the region (h ¢ M), which is a function of the
power control policy, hence if we take derivative of J(P(h))
with respect to P(h), discontinuity will arise. To simplify the
problem, we use the fact that H,(P) is a function of P(h),
and
!
arg max J(P(h)) =arg max J'(P(h))
st. Phe Hy) >1—ay )

where

7)) = [ Rip)an
)\ Up(h)f(h)dh _p 6)

It can be shown that, for fixed o, there is a one to one
correspondence between A and P, hence we assume that A
is constant in the next parts.
Lemma 1: For fixed )\, define
P;(h) = J'(P(h
1(h) arg max (P(h))
stP(RM >b)>1—- o

and
Py(h) = max J'(P(h
»(h) argp(}?)xg (P(h))

)

stRl. >b, Vheg
PheG)=1-o (7)

where G is a region of channel gains. Then, P; = P, that is,
for any h, P;(h) = Py(h).
Note that, G C H,(Pz), since there is no converse statement
about h ¢ G, as for some h ¢ G, R" > b might hold.
Proof: The constraint set of both problems are identical.

If P(R", > b) > 1 — «y, then there exists a region G such
that R" > b, forall h € G and P(h € G) = 1 — ay. Also,
if R?, > b for all h € G where P(h € G) = 1 — «, then
P(R! >b) >1—aj. ]

The procedure could be summarized in a two-step approach,
as follows.

1) For any arbitrary G, find
Pg(h) = "(P(h
g (h) argm(a}?)(J( (h))

st RM >bVheg (8)



Note that, in this case, there is no constraint on G, as in
7.

2) Using the result of step 1, we find P»(h), which is the
optimal solution since P; = P,, and P; is the solution
to (1).

We start with step 1.

Lemma 2: Let 3 = 2°*1/h,, and

1 32

R VST

€))

then, for P > Py, Pg(h) is unique for each arbitrary G, and
is equal to

o I {{hm < A2°} U {1/h, < T(h)}}, then,

20 — 1
Py(b) = Pro(h) = =

(10)

o Otherwise,

(1)

where A is determined according to the average power con-
straint, by solving the equation E[P(h)] = P. Note that, if all
other parameters are fixed, then there is a one-to-one relation
between A and P, and it can be easily shown that A\ — 0 as
P — oo.
We define P;,,(h) and P,¢(h) to be the power allocations
used in (10) and (11), as we use those allocations in the
preceding parts. P;,,(h) is actually called channel inversion
power allocation, whereas P, ¢(h) is called the waterfilling-
like power allocation.

Note that, we can combine (10),(11) in a more compact
form, as

Pg(h) = ow(h) + [Pim)(h) - ow(h)]+1(h € g) (12)

Proof: This is a standard variational optimization prob-
lem, and the proof is very similar to the proof in [2]. Firstly,
note that, if h € G, then the minimum main channel rate has
to be b, as

R" =log(1 + P(h)hy) >b,Vh e g

Hence, there is a minimum power constraint,
b

P(h) > ,Vheg (13)

m

P,,in is the minimum average power required to satisfy the
minimum main channel rate constraint. P,,in is found as

2t 1
g hm

Prin = f(h)dh

Therefore, for any P < Poin, problem (8) QOGS not have a
solution. Define non-boundary points h € G. as the set in

which the minimum power constraint (13) is not active, such
as

20 —1

gcz{heg:P(h)> }U{hgéQ:P(h)>0}

m

Also, we define the boundary points h € G, as

b _
%:{hng%M:th}

First, we focus on the solution in the nonboundary set.
Since the optimal solution must satisfy the Euler-Lagrange
equations,

So, we have for h € G, we get the following condition

hm he

[P0 1+hpm

whose solution yields

P(h) =

1 11 2+4 11 L1
2 he  hm A\he hm he = hm
Further, showing that the optimal solution satisfies the Karush
Kuhn Tucker(K.K.T) equations in the boundary set, which is

+

dJ'(P(h))

P < 0h#

hom, _ he
1+ hnP) 1+ hP(h)

—A<0 (14)

Note that in boundary points, the main channel constraint is
active. Hence, the power control policy in the boundary is,
P) = QZ’l Placing P(h) in equation (14), the region in
which channel inversion is used is found. For h. = 0, we get

By < A20 (15)
Also, solving for nonzero h., we find the results (10),(11). =
Now, we explain part 2. The problem is to find P(h),
given that parameter A is fixed. To proceed, we need to further
simplify the lagrangian (6), for the case where P(h) = Pg(h),
where Pg(h) is the solution to (8).
First, to clarify that the achievable secrecy rate R is a function
of power, we introduce a new notation for achievable secrecy
rate.

Ry(P(h)) = [log(1 + P(h)hy,) — log(1+ P(h)he)] "

So, Rs(Pys(h)) corresponds to the achievable secrecy rate
given that waterfilling-like power allocation in (11) is used.



Then, we simplify the lagrangian
TRy = [ [RE = APm)] f)an
+/_ [R" — AP(h)] f(h)dh
g
— / [Rs(Puws(h)) — APy s(h)] f(h)dh
+/g{[Rs(Pm(h)) — Ry(Puy ()"

= X [P (b) = Pyp()]* } f(h)dh (16)

Note that, after this simplification, the first term does not
depend on G.
Lemma 3: The solution to (7) is

Py(h) = Pg(h)
where G is
G = {B: [Ro(Pony (1)) = Ro(Puy ()]
X [Piny(h) — Pyy(h)]t > k} (17)

where k is a constant that is found by iteratively solving the
problem until P(h € G) = 1 — 3. So, according to lemma 1,
this is the optimal solution to problem (1).

Proof: Note that (7) is an extension of (8), where the
arbitrary region G is constrained such that P(h € G) is
constant. Note that, for any constant G, the solution to (8)
is Pg(h), hence the power allocation function that maximizes
(17) is Pg(h), where G satisfies P(h € G) =1 — ay.

Define ¢(h) =  [Ry(Pinu(h) — Ry(Pus(h)]" —
A [Pino(h) — Py ¢(h)] ™. Then,

G = argmas /g £(h)f (h)dh

Note that, this problem resembles the bin packing problem.
Denote the optimal region in (17) as G;. Then, assume that
some other region Gz is optimal, where P(h € G;) = P(h €
G2) = «. Then,

J'(Pg, (h)) = J'(Pg,(h))
= [ &(h)f(h)dh — ; ¢(h)f(h)dh

g1
- / £(h) f(h)dh — / ¢(h)f(h)dh
G1\G2 G2\G1
>0 (18)
since
/ f(h)dh = / f(h)dh
G1\G2 G2\G1
and

§(h)|neg, > €&(h)lneg,, Vh

by definition. Hence, this contradicts our assumption that G
is optimal. ]
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