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Abstract

Shape analysis requires invariance under translation,
scale and rotation. Translation and scale invariance can
be realized by normalizing shape vectors with respect to
their mean and norm. This maps the shape feature vec-
tors onto the surface of a hypersphere. After normalization,
the shape vectors can be made rotational invariant by mod-
elling the resulting data using complex scalar rotation in-
variant distributions defined on the complex hypersphere,
e.g., using the complex Bingham distribution. However, the
use of these distributions is hampered by the difficulty in es-
timating their parameters, which is shown to be very costly
or impossible in most cases. The purpose of this paper is
twofold. First, we show under which conditions the classi-
fication results obtained with complex Binghams are iden-
tical to those obtained with the easy-to-estimate complex
Normal distribution. Second, we derive a kernel function
which (intrinsically) maps the data into a space where the
above conditions are satisfied and, hence, where the Normal
model can be successfully used. This results in a simple,
low-cost algorithm for representing and classifying shapes.
We demonstrate the use of this technique in several exper-
imental results for object and face recognition. Compar-
isons to other statistical shape representation/classification
approaches demonstrate the superiority of the proposed al-
gorithms in classification accuracy and computational time.

1. Introduction

In shape analysis one would ideally like to have a rep-
resentation that is invariant to translation, scale and rota-
tion. One typical way to address this problem is using least-
squares (LS) fitting methods, where the goal is to find that
transformation of the original shape that best approximates
one of the sample shapes; e.g., Procrustes analysis [2]. A
much sought after alternative is given by the properties in-
herent to the complex domain, C

p. Here, translation, scale
and in-plane rotation invariance can be easily achieved by

means of a simple mean-norm-normalization step followed
by the modelling of the data using a complex probability
distribution function (pdf) with the symmetric property,1

such as the complex Bingham CB(A), with A the param-
eter matrix. The advantage of this approach (as opposed to
its real domain counter part), is that shapes do not need to
be aligned with respect to their rotation parameter, freeing
ourselves from intensive computations. Unfortunately, the
lack of exact solutions for the estimation of the parameters
of complex pdfs make these algorithms impractical. More-
over, the high cost associated to the optimization alterna-
tives for the estimation of the parameter matrix [6], make
the approach unattractive.

In this paper, we show that, in general, one can use
the zero-mean complex Normal distribution CN(Σ) in
lieu of the complex Bingham CB(A). We will show
that these properties correspond to a set of distributions
(herein) termed spherical-homoscedastic [3]. By defining
kernel functions which map the original data distributions
to spherical-homoscedastic ones, we can derive simple, low
computational cost algorithms for shape analysis and clas-
sification that are invariant to translation, scale and rotation,
and are modelled using an easy-to-estimate pdf. We will
further demonstrate that by using a scalar rotation invariant
kernel, we can actually work with even simpler real distri-
butions in the kernel-space. This final, key results will fa-
cilitate the design of a simple algorithm that can outperform
all the others tested.

The rest of this paper is organized as follows. In section
2, we summarize the use of the complex domain as an ap-
propriate tool for shape analysis and present the difficulties
associated to estimating the parameters of complex Bing-
hams. In Section 3, we introduce the concept of spherical-
homoscedastic shapes. Section 4 presents the kernel ap-
proach. Examples and experimental results are in Section
5.

1A complex pdf f has the symmetric property if f(z) = f(zeiθ) for
all θ, where z ∈ Cp.



2. Shape Analysis in the Complex Domain

Kendall’s shape representation has been used by several
authors to make shape descriptions invariant to translations
and scales [2, 4, 9]. In this representation, the features of
the vector u represent the complex coordinates of a set of
points sampled from the shape contour.

2.1. Kendall’s representation

To make shapes invariant to translation, Kendall’s shape
representation [4] uses a classical mean-normalization step
(i.e., where all feature vectors have zero mean). This is
achieved with a simple multiplication of each feature vector
u ∈ C

p with the (p − 1) × p Helmert sub-matrix H,


h1 −h1 0 . . . . . . 0 0
h2 h2 −2h2 0 . . . 0 0
...

...
...

...
. . .

...
...

hp−1 . . . . . . . . . . . . hp−1 −(p − 1)hp−1


 ,

where hj = −(j2 + j)−1/2. Note that this process will
project the original feature vectors u ∈ C

p to C
p−1.

Scale changes are eliminated by normalizing the norm
of each resulting shape feature vector Hu to have unit
length. This maps the data onto the surface of a (p-2)-
dimensional complex hypersphere CSp−2. More formally,
z = Hu/‖Hu‖ ∈ CSp−2, with the resulting vector z ∈
CSp−2 referred to as the preshape.

2.2. Complex Bingham

To be rotation invariant, we need to describe our sample
preshapes z using a pdf that carries the following property
f(z) = f(zeiθ), ∀θ ∈ [0, 2π]. This is so, because multi-
plying with eiθ describes all possible planar rotations of our
preshapes defined in CSp−2. This property is the bases of
the complex Bingham distribution [5] given by

f(z) = C−1
CB(A) exp(z∗Az), (1)

where CCB is a normalizing constant which guarantees that∫
CSp−2 f(z) dz = 1, and z∗ is the complex conjugate of the

transpose of z (i.e., z∗ = z̄T ).2

To estimate the parameters, we proceed as follows.
Since A is a (p − 1) × (p − 1) Hermitian parameter ma-
trix, its spectral decomposition can be written as A =
QΛQ∗, where Q = (q1,q2, . . . ,qp−1) is a matrix whose
columns qi correspond to the eigenvectors of A and Λ =
diag (λ1, . . . , λp−1) is the diagonal matrix of correspond-
ing eigenvalues. For a random set of unit vectors Z =
(z1, . . . , zn) sampled from the complex Bingham distri-
bution the log-likelihood of the parameters is written as
L(Q,Λ) = n tr(SQΛQ∗) − n log(CCB(Λ)); where S =

2Note that f(zeiθ) = C−1
CB(A) exp(e−iθz∗Azeiθ) =

C−1
CB(A) exp(z∗Az) = f(z).

n−1 ZZ∗ is the sample autocorrelation matrix and Z is a
(p − 1) × n complex matrix with each of the n columns
corresponding to a sample shape feature vector on CSp−2.
Since the tr(SA) is maximized when the eigenvectors of S
and A are the same, the maximum likelihood estimate of Q
(denoted Q̂) is given by the eigenvector decomposition of
the sample autocorrelation matrix S = Q̂Λ̂SQ̂, where Λ̂S

is the eigenvalue matrix of S.
Unfortunately, a similar procedure cannot be used to es-

timate Λ. This is because to compute Λ, one requires to
first estimate the normalizing constant, which includes the
generally impossible task of integrating the pdf over the
nonlinear complex hypersphere CSp−2. Although Kent
[5] expressed the normalizing constant as a function of
the eigenvalues, cCB(Λ) = 2πp

∑p
j=1 aj exp(−λj), where

a−1
j =

∏
i�=j(λi − λj), this formulation cannot be used in

practice because of the numerical instabilities given when
some eigenvalues are (almost) equal [6].

We are thus to content ourself with approximations that
are not guarantee to be correct all the time. A saddlepoint
approximation to the normalizing constant of the complex
Bingham distribution is given in [6]. This result allows us
to define the following optimization problem to estimate Λ,

Λ̂ = arg max
Λ

n tr(Λ̂SΛ) − n log(ĉCB(Λ)), (2)

where Λ̂ is the estimated eigenvalue matrix, and ĉCB(Λ) is
the saddlepoint approximation defined in [6].

2.3. Complex Normal

In what follows, we will show that generally one can
substitute the complex Bingham pdf CB(A) by a complex
zero-mean Normal distribution CN(Σ) and obtain the same
classification results to those that would have been gener-
ated with the use of a complex Bingham. The pdf of a
zero-mean multivariate complex Normal distribution (i.e.,
z ∼ CN(Σ)) is given by

f(z) = C−1
CN (Σ) exp(−z∗Σ−1z), z ∈ CSp−2,

where Σ is a (p − 1) × (p − 1) positive-definite complex
Hermitian matrix and CCN (Σ) = πp−1 det(Σ) is the nor-
malizing constant. Note that the eigenvectors of the sample
covariance matrix Σ̂ are the same as those of A. This is
because the maximum likelihood of Σ = S, since the dis-
tribution is zero mean.

The main advantage of the complex zero-mean Gaussian
over the complex Bingham is the easiness associated to pa-
rameter estimation. If we have n samples in a class dis-
tribution on a (p − 2)-dimensional complex hypersphere,
CSp−2, the zero-mean class covariance matrix can be es-
timated with np2 scalar multiplications and p2 additions.
The normalizing constant of the complex Gaussian can be



obtained by calculation of the determinant of the covari-
ance. The most efficient algorithm developed to date, has
an upper-bound complexity of p2.376 [1]. This means that
our algorithm has a polynomial time complexity of degree
≤ 2.376.

On the other hand, to compute an approximate result for
the parameters of complex Binghams, we need to calculate
the eigenvectors and eigenvalues of S and the optimization
procedure defined in (2). An eigenvalue decomposition is
already of O(p3). Adding, an optimization routine, such as
the sequential quadratic programming (which requires solv-
ing a quadratic programming subproblem at each iteration),
leads to a complexity of order 4.

It is clear that the use of complex Gaussians facilitates
the computational burden. Furthermore, as we will prove
next, the use of Gaussians can guarantee an optimal esti-
mate, which is rarely the case with approximations.

3. Spherical-Homoscedastic Shapes

In the rest of this paper, we will make the assumption
of equal priors, simplifying the Bayes decision rule to the
comparison of the likelihoods.

The likelihood of an observation z to belong to a class
can be computed as

d2
CN (z) = − log f(z) = z∗Σ−1z + log(CCN (Σ)) (3)

for complex Normals, and

d 2
CB(z) = −z∗Az + log(CCB(A)) (4)

for complex Bingham distributions.
In planar geometry, we say that a set of r Gaussians

{N1(µ1,Σ1), . . . , Nr(µr,Σr)} are homoscedastic if their
covariance matrices are all the same (i.e., Σ1 = · · · = Σr),
where µ1, . . . , µr are the means of the distributions. Ho-
moscedastic Gaussian pdfs are relevant, because their Bayes
decision boundaries are given by hyperplanes.

However, when all feature vectors are restricted to lay on
the surfaces of a hypersphere, the definition of homoscedas-
ticity given above becomes too restrictive. For example, if
we use zero-mean Gaussian pdfs to model some spherical
data that is complex symmetric about its mean, then only
those distributions that are exactly identical, can be consid-
ered homoscedastic. This is illustrated in Fig. 1. Although
the three classes shown in this figure have the same covari-
ance matrix up to a rotation, only those that are identical
(i.e., Class 1 and 3) are said to be homoscedastic. Nonethe-
less, the decision boundaries for each pair of classes in Fig.
1 are all hyperplanes [3]. Furthermore, we will show that
these hyperplanes (given by approximating the original pdfs
with Gaussians) are generally the same as those obtained
using Bayes on the true underlying distributions. There-
fore, we define a more general type of rotational-invariant
homoscedasticity.

Class 1=Class 3

Class 2
S1

Figure 1. Assume we model the data of three classes laying on S1

using three zero-mean Gaussian distributions. In this case, each set
of Gaussian distributions can only be homoscedastic when they
are the exact same distribution. In this figure, Class 1 and 3 are
homoscedastic, but classes 1,2 and 3 are not. Classes 1, 2 and 3
are however spherical-homoscedastic.

Definition 1. [3] Two pdfs (f1 and f2) of the same form
are said to be spherical-homoscedastic if the Bayes decision
boundary between f1 and f2 is given by one or more hyper-
planes and the variances defining the two distributions are
the same.

Our main goal in the rest of this section, is to demon-
strate that the linear decision boundaries (given by Bayes)
of a pair of spherical-homoscedastic complex Bingham dis-
tributions are the same as those obtained when these are
assumed to be complex Gaussians. We start with the study
of the zero-mean complex Gaussian distribution.

Theorem 2. Two zero-mean complex Gaussian dis-
tributions, CN1(Σ) and CN2(R∗ΣR), are spherical-
homoscedastic if R is a complex Hermitian rotation matrix
defining a planar rotation in the subspace spanned by any
two of the eigenvectors of Σ, say v1 and v2.

Proof. The Bayes classification boundary between these
pdf can be obtained by making the ratio of the log-
likelihood equations equal to one. Formally,

− log CCN (Σ) − z∗Σ−1z =

− log CCN (R∗ΣR) − z∗ (R∗ΣR)−1 z.

Since CCN (Σ) = CCN (R∗ΣR) we can simplify the
above equation to yield z∗Σ−1z = z∗R∗Σ−1Rz.
Now, let the spectral decomposition of Σ be VΛV∗ =
(v1, · · · ,vp−1) diag(λ1, · · · , λp−1) (v1, · · · ,vp−1)

∗.
This allows us to write Σ−1 in an open form as

p−1∑
i=1

λ−1
i (z∗vi)2 =

p−1∑
i=1

λ−1
i (z∗R∗vi)2

In addition, we know that the complex rotation matrix R
defines a rotation in the (v1,v2)-plane. This means that
R∗vi = vi for i �= {1, 2} (i.e., the eigenvectors orthogonal
to those defined by a planar rotation will not vary), which
allows us to simplify our equation to

λ−1
1

[
(z∗v1)2 − (z∗R∗v1)2

]
= λ−1

2

[
(z∗R∗v2)2 − (z∗v2)2

]
. (5)
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Figure 2. Shown here are two orthonormal vectors, v1 and v2,
and their rotated versions, R∗v1 and R∗v2. We see that R∗v1 +
v1 = 2u cos

(
θ
2

)
, R∗v2 + v2 = 2w cos

(
θ
2

)
, R∗v1 − v1 =

2w cos
(

π
2
− θ

2

)
and v2 − R∗v2 = 2u cos

(
π
2
− θ

2

)
.

Assume that R rotates the vector v1 θ degrees in the
clockwise direction yielding R∗v1. Similarly, v2 becomes
R∗v2. From Fig. 2 we see that

v2 − R∗v2 = 2u cos

(
π

2
− θ

2

)
, v2 + R∗v2 = 2w cos

(
θ

2

)
,

R∗v1 − v1 = 2w cos

(
π

2
− θ

2

)
, R∗v1 + v1 = 2u cos

(
θ

2

)
,

where u and w are the unit vectors as shown in Fig. 2.
Therefore,

v2 + R∗v2 = (R∗v1 − v1) cot
(

θ

2

)
,

v2 − R∗v2 = (R∗v1 + v1) tan
(

θ

2

)
.

If we use these results in (5), we find that

λ−1
1

[
(z∗v1)2 − (z∗R∗v1)2

]
= λ−1

2

[
(z∗v1)2 − (z∗R∗v1)2

]
.

The two possible solutions to this equation provide the
two hyperplanes for the Bayes classifier,

z∗(R∗v1 + v1) = 0, (6)

z∗(R∗v1 − v1) = 0. (7)

Therefore, CN1 and CN2 are spherical-homoscedastic.

Theorem 3. Two complex Bingham distributions, CB1(A)
and CB2(R∗AR), are spherical-homoscedastic if R is a
complex Hermitian rotation matrix defining a planar rota-
tion in the subspace spanned by any two of the eigenvectors
of A, say q1 and q2.

Proof. Making the ratio of the log-likelihood equations
equal to one yields

− log(CCB(A)) + z∗Az =
− log(CCB(R∗AR)) + z∗R∗ARz. (8)

Since the normalizing constant of a complex Bingham dis-
tribution depends only on the eigenvalues, CCB(A) =
CCB(R∗AR). Furthermore, since the rotation is defined
in the subspace spanned by q1 and q2, and A = QΛQ∗,
we can follow the proof of Theorem 2 to show that the two
hyperplanes defining the Bayes decision boundary are

z∗(R∗q1 + q1) = 0, (9)

z∗(R∗q1 − q1) = 0. (10)

This means that CB1 and CB2 are spherical-
homoscedastic.

We are now in a position to prove that the decision
boundaries obtained using two zero-mean complex Gaus-
sian distributions are the same as those defined by two
spherical-homoscedastic complex Bingham pdfs.

Theorem 4. The Bayes decision boundaries of two
spherical-homoscedastic complex Bingham distributions,
CB1(A) and CB2(R∗AR), are the same as those obtained
when modelling CB1(A) and CB2(R∗AR) with the two
zero-mean complex Gaussian distributions, CN1(Σ) and
CN2(R∗ΣR), with Σ = S.

Proof. Since the data sampled from a complex Bingham
distribution is symmetric with respect to the center of co-
ordinates, its mean will be an all zeros vector, (0, . . . , 0)T .
Hence, the sample covariance matrix will be equal to the
sample autocorrelation matrix S = n−1 XX∗. In short,
the estimated Gaussian pdf of CB1(A) will be CN1(S).
This means that the m.l.e. of the orthonormal matrix Q
(where A = QΛQ∗) is given by the eigenvectors of S.
As a consequence, the two (zero-mean) complex Gaus-
sian pdfs representing the data sampled from two spherical-
homoscedastic complex Bingham distributions, CB1(A)
and CB2(R∗AR), are CN1(S) and CN2(R∗SR).

Following Theorem 2, CN1(S) and CN2(R∗SR) are
spherical-homoscedastic if R is spanned by any two eigen-
vectors of S. Since the eigenvectors of A and S are the
same (vi = qi for all i), CN1(S) and CN2(R∗SR) are
spherical-homoscedastic. Moreover, the hyperplanes of the
spherical-homoscedastic complex Bingham pdfs CB1(A)
and CB2(R∗AR), Eqs. (9 - 10), and the hyperplanes of the
spherical-homoscedastic complex Gaussian pdfs CN1(S)
and CN2(R∗SR), Eqs. (6 - 7), are also the same.

This result allows us to introduce a very important con-
cept: that of spherical-homoscedastic shapes.

Definition 5. Two shape feature vectors zi ∈ CSp−2 and
ẑi ∈ CSp−2 are called spherical-homoscedastic shapes if
zi ∼ CB(A) and ẑi ∼ CB(R∗AR), where R is defined
by two eigenvectors of A.



Next, note that the more two shape feature vectors devi-
ate from this spherical-homoscedastic definition, the more
the decision boundary between them will deviate from the
classification hyperplanes derived above. This means, that
(in general) as the distributions (describing the shape data)
deviate from spherical-homoscedastic, the classification er-
ror will increase. Therefore, our final goal is to make our
data as close as possible to the spherical-homoscedastic def-
inition introduced in this section. This is to be addressed
next.

4. Kernel Spherical-Homoscedastic Shapes

We will now employ the idea of the kernel trick to define
algorithms that are nonlinear in the original space, but linear
in the kernel one. This will be used to tackle the general
spherical-heteroscedastic case as if the shape distributions
were linearly separable spherical-homoscedastic.

Key to this process is to realize that by using rotation
invariant kernels, we can drop the requirement of working
in the complex domain, since this was precisely done to gain
rotation invariance.

One such kernel can be derived as follow,

k(x,y) = exp
(
−‖x − y exp(−iθxy)‖2

2σ2

)
,

where x,y ∈ CSp−2, σ is the kernel parameter to be opti-
mized, and θxy = ∠(x∗y) defines the angle between x and
y. We see that the kernel defined above is invariant to any
rotation of y, since ‖x− y exp(−iθxy)‖2 = x∗x + y∗y −
x∗y exp(−iθxy)− exp(iθxy)y∗x = 2− 2‖x∗y‖. We also
note that our kernel carries an inherent mapping resulting in
a kernel space that is also spherical, i.e. k(x,x) = 1.

Since the data is already rotation invariant in the kernel
space, we can now model the data with real Bingham distri-
butions, Bi(A), instead.

Let two spherical-homoscedastic Bingham distributions
be B1(A) and B2(RT AR), R a planar rotation. Since two
spherical-homoscedastic Binghams can be represented with
Normals, we can derive our classifier, following the real
counterpart of (5). That is, x will be classified in the first
distribution, B1, if the following holds

λ1

(
(xT q1)2 − (xT RT q1)2

)
+ λ2

(
(xT q2)2 − (xT RT q2)2

)
> 0.

Using the result shown in Theorem 2, where we expressed
q2 as a function of q1, we can simplify the above equation
to

(λ1 − λ2)
(
(xT q1)2 − (xT RT q1)2

)
> 0.

Therefore, if λ1 > λ2, x will be in B1 when

(xT q1)2 > (xT RT q1)2.

This result can be stated in compact form as

|xT q1| > |xT RT q1|. (11)

The relevance of (11) is that, a test feature vector x is
classified to that class providing the largest inner product
value. We can now readily extend this result to the multi-
class problem. For this, let B1(A) be the distribution of
the first class and Ba(RT

a ARa) that of the ath class, where
now Ra is defined by two eigenvectors of A, qa1 and qa2 ,
with corresponding eigenvalues λa1 and λa2 and we have
assumed λa1 > λa2 . Then, the class of a new test feature
vector x is given by

arg max
a

|xT qa1 |. (12)

Our next step is to derive the same classifier in the kernel
space. From our discussion, we require to find the eigenvec-
tors of the covariance matrix. The covariance matrix in the
kernel space is ΣΦ

a = Φ(Xa)Φ(Xa)T , where Xa is a ma-
trix whose columns are the sample feature vectors of class
a, Xa =

(
xa1 ,xa2 , . . . ,xana

)
, and na is the number of

samples in class a.
This allows us to obtain the eigenvectors of the covari-

ance matrix from ΣΦ
a VΦ

a = VΦ
a ΛΦ

a . These d-dimensional
eigenvectors VΦ

a = {vΦ
a1

, . . . ,vΦ
ana

} are not only the same
as those of AΦ

a , but are sorted in the same order too.
Unfortunately, vΦ

ai
may be defined in a very high di-

mensional space. A usual way to simplify the computa-
tion is to employ the kernel trick. To derive this solution
recall we only have na samples in class a, which means
rank(ΛΦ

a ) ≤ na. This allows us to write VΦ
a = Φ(Xa)∆a,

where ∆a is a na × na coefficient matrix, and the above
eigenvalue decomposition equation can be rewritten as

Φ(Xa)Φ(Xa)T Φ(Xa)∆a = Φ(Xa)∆aΛa.

Multiplying both sides by Φ(Xa)T and cancelling terms,
we can simplify this equation to

Ka∆a = ∆aΛa,

where Ka = Φ(Xa)T Φ(Xa) is the Gram matrix.
From our last result above, we directly see that V̂Φ

a =
Φ(Xa)∆a. However, the norm of the vectors V̂Φ thus ob-
tained is not one, but rather ΛΦ

a = ∆T
a Φ(Xa)T Φ(Xa)∆a.

To obtain the (unit-norm) eigenvectors, we need to include
a normalization coefficient into our result,

VΦ
a = Φ(Xa)∆aΛa

−1/2,

where VΦ
a = {vφ

a1
, . . . ,vφ

ana
}, and vφ

ai
∈ Sd, and d is the

dimensionality of the kernel space.
The classification scheme derived in (12) can now be ex-

tended to classify φ(x) as

arg max
a

|φ(x)T vφ
ai
|,



Kents’ Hybrid complex Bingham complex Normal Kernel SH
Recognition Rate 79.66 86.95 87.5 91.59

ETH Training Time (in seconds) 1.06 18.34 0.95 55.59
Testing Time (in seconds) 0.05 0.02 0.02 0.03

Recognition Rate 90.47 91.75 95.47 96.61
COIL Training Time (in seconds) 6.12 109.12 4.85 241.53

Testing Time (in seconds) 25.01 2.99 2.98 0.36
Table 1. The average recognition rates obtained on the ETH-80 and COIL-100 datasets using the leave-one-object-out and 9-fold cross-
validation, respectively.

where the index i = {1, . . . , na − 1} defining the eigenvec-
tor vφ

ai
must be kept constant for all a.

This final result, can be written using a kernel as

arg max
a

∣∣∣∣∣∣
na∑
l=1

k(x,xl)δai
(l)√

λφ
ai

∣∣∣∣∣∣ , (13)

where ∆a = {δa1 , . . . , δana
}, and δai

(l) is the lth coeffi-
cient of the vector δai

. The simplest algorithm that can be
implemented is by assigning i = 1, i.e., classification based
on the first basis vector of the class distributions in the ker-
nel space. This is the implementation that we will test next.

5. Experiments

Our first experiment will test the classification capabili-
ties of the proposed algorithms in an object categorization
problem. We use the shape vectors of the eight categories in
the ETH-80 dataset [7], i.e., apples, pears, tomatoes, cows,
dogs, cars, cups and pears. Each of these categories con-
tains 10 different objects (e.g., 10 cars) photographs at 41
orientations. The contour shape of each object silhouette is
sampled with 100 equidistant points, and mean and norm
normalization are applied. We then used the leave-one-
object-out procedure for testing. This means that, at each
iteration, we select the 41 images of one of the objects as
test set and use the rest for training. This process is repeated
80 times (one for each of the objects that can be left out).

We tested four different algorithms. The first is Kent’s
hybrid model [5], which is one of the most used approaches
to represent and classify shapes. It first maps the spherical
data to the tangent hyperplane that best describes the train-
ing data and, then, uses a Gaussian to estimate the projected
data. Our second algorithm, uses the parameter approxima-
tion algorithm of Kume and Wood [6], given in Eq. (2), to
fit the training data with a complex Bingham distribution.
The third algorithm, uses the complex Normal fit presented
in Section 3, which provides optimal results whenever the
data is spherical-homoscedastic. Our final algorithm, uses
the kernel approach defined in Section 4, which employs
a rotation invariant RBF kernel and the (real) classifier de-
rived in Eq. (13). This last algorithm is referred to as kernel
SH, where SH stands for spherical-homoscedastic.

These results are summarized in Table 1. In these exper-
iments, we further aided Kume and Wood’s optimization
by removing the noisy bases of the data by keeping 99%
of the data variance as provided by a principal components
analysis (otherwise the algorithm did not converge). The
resulting classification rate was superior to that of Kent’s
hybrid model, and comparable to our Normal fit (as stated
by our theory). However, we see that our algorithm was
much faster in both, training and testing (since the polyno-
mial complexity in our algorithm is of a much lower order,
as shown in Section 3).

We also note that the kernel approach provides even bet-
ter classification results. This is because we could optimize
the parameters of our rotation invariant RBF kernel to make
the data more spherical-homoscedastic. The optimization of
the kernel was done using the classical leave-one-sample-
out strategy on the training set. The best fit was given at
σ = .1. However, this result does come with an increase of
the computational time required to optimize the kernel.

In our tables, we also provide the time required to train
each algorithm using a leave-one-object set, and the test
time required to test the 41 images left out.3 Clearly, the
algorithm described in Section 3, which uses complex Nor-
mal distributions, is the fastest in both, training and test-
ing. Kents’ hybrid model is the second fastest, but provides
the lowest classification rate. As anticipated, the kernel ap-
proach carries the highest computational time in training,
since we need to run a leave-one-sample-out procedure on
the training set to optimize the parameter of the kernel.

Our second experimental results utilize the COIL-100
object dataset [8]. This database consists of 100 object
classes, each containing 72 images. These images are pho-
tographed at intervals of 5 degrees apart, providing the 72
samples per class. We carry a 9-fold cross-validation test.
Here, the set of samples in each object class is randomly di-
vided into 9 groups. At each iteration, one of these groups
is used for testing, while the rest are combined to create
the training set. This is repeated for each of the 9 possible
groups that can be used for testing. The average recognition
rates for each of the four algorithms described above are in

3Computational times is provided in seconds, obtained with Matlab
code in a Pentium 4 at 3GHz.
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Figure 3. Here we show the dominant eigenvector of the complex sample autocorrelation matrix, v1, calculated from the mean-norm
normalized face shapes with different expressions, fear and happy. We also show the ±1.5

√
λ2v2 deviations from v1.

Table 1.
The pattern observed in the ETH-80 results repeats itself.

Kent’s hybrid model provides the lowest classification accu-
racy, followed by the approximation to the complex Bing-
ham, the complex Normal algorithm presented in Section
3, and the kernel SH approach derived in Section 4 (where
the kernel parameter was, once more, optimized using the
leave-one-sample- out strategy on the training set, resulting
in σ = .01). Although, the kernel method provides higher
recognition results than those obtained with complex Nor-
mals, this comes with an extra cost in the training stage.
When this is not an issue, the kernel method will be pre-
ferred. When training time is relevant, the complex Normal
approach will be the most attractive alternative, since this
provides the best complexity-to-accuracy ratio.

The experimental results reported thus far addressed the
problem of classification. We now show an example for the
representation of facial expressions. Here, we use the shape
extracted from two distinct expressions – fear and happy.
The representation is given by 70 landmarks, 7 to represent
the chin line and 63 uniformly distributed over the contours
of the eyes, brows, mouth and nose. The first eigenvec-
tor v1 of the complex Normal pdf that best describes this
data correspond to the Procrustes mean shape. The second
eigenvector v2 can then be used to deform this mean shape
with regard to some of the shape parameters of the face. As
shown in Fig. 3, v2 is mostly associated to changes of the
eyebrows and slight changes of the mouth and chin.

6. Conclusions

Defining algorithms that provide invariance to transla-
tion, scale and in-plane rotation is essential for the efficient
analysis and classification of shapes. While Procrustes-
based methods have been attractive, theoretically, those
based on the properties provided by the complex scalar-
rotation-invariant distributions defined on the complex hy-
persphere (e.g., Bingham) would be preferred. Unfortu-
nately, the difficulty associated with the parameter estima-
tion of these distributions, has made this approach unattrac-
tive. In this paper, we have demonstrated that we can substi-
tute the estimate of the complex Bingham distribution with
that of the complex Normal, which can be estimated using
low computational cost methods. Our second goal was to

use the idea of the kernel trick to map the original data into
a space where the equivalency between Bingham and Nor-
mals is optimized. This resulted in higher recognition rates.
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