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Fig. 10. The average 2D reconstruction error after 25 iterations with the noise term as specified in the plot.
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Fig. 11. (a) One image in the wooden toy sequence. (b) The 3D structure of the object recovered by the DP-based projective SFM algorithm.

sequence (wooden object), the 2D locations of all feature points are recovered at pixel accuracy. The
precision of the projective recovery is clear in this case from the figure too. In the second sequence, the
RMSE and the MAE between the recovered and the given data is0.6479/11.9946.

VI. CONCLUSIONS

Many problems in computer vision, pattern recognition and related areas reduce to finding that low-rank
matrix that best fits an original data matrix with noisy and missing entries. A classical example is the
SFM problem, where the 3D shape and motion of the object need to be recovered from a sequence of 2D
images. In SFM, many of the points are generally imprecisely detected (noisy), while others are occluded
in some of the frames.

In this paper, we have shown that the missing and noise problems can be simultaneously addressed by
first dividing the data matrix into an appropriate set of submatrices with no missing elements and, then,
using a criterion that determines which of these submatrices are less affected by the noise term. Our key
result was to provide a formal proof for the relation between the effect of noise in a submatrix and the
similarity of its column vectors. That is, when the vectors given by the columns of one of our submatrices
are separated by a large angle (say, close to90◦), additive noise has a limited influence. However, when
the same noise is added to a submatrix with similar column vectors, the resulting subspace will be more
different from its original noise-free version than the sway observed in submatrices with very distinct
column vectors. The reason for this is grounded in the fact that dissimilar measurements do not get
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Fig. 12. (a) One of the images in the model house sequence. (b) The recovered 3D structure of the scene.

affected as much by a relatively small error term as do very similar ones. Note that in the latter case the
dimensions of the subspace of the noisy matrix that correspond to the error term have a deviation from
the original basis vectors similar to that seen in the original bases. In this case, it is unclear which small
variations (between vectors) correspond to the noise term and which define the underlying subspace.

We have then shown how we can employ this formulation and a noise model to derive an upper-bound
for the effects of noise in each of the submatrices. The derived criterion, referred to as DP (for Deviation
Parameter), has been shown to be a very consistent and reliable criterion for estimating low-rank matrices
from synthetic and real data. In particular, we have shown how the criterion can be successfully applied
to the problems of affine and projective SFM. In these cases, our criterion was able to work under large
occlusions (about 40%) and noise terms (with variances around 5).

The criterion presented in this article is however very general and can be employed in any other problem
where a low-rank fitting step is required. This is the case, for example, in the problem of face and object
recognition, in optical flow, and in the modeling and classification of microarray data in bioinformatics.
Further research will determine how the proposed criterion compares to previously defined approaches in
these other domains. Extensions of this approach should also include other estimates of the upper-bound
and extensions to other types of noise.
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