EE 816 - Lecture 7

. Introduction to independent scattering
. Average power
. “First order” multiple scattering

. Narrow beam result

We defined the extinction cross section oy of a single particle to
account for power lost due to scattering and absorption:

Plost = UtS (1)
where S is the incident Poynting flux on the particle

If we have more than a single particle we approximate that all
particles produce the same loss and obtain

Peosi = pUtSdV (2)

where p is the number density of particles and dV is a small
volume

Actually this argument only applies for spherical scatterers; for
non-spherical we have to worry about polarization coupling
effects

I. Independent Scattering

We begin our study of random medium theories with the
simplest possible approximation: many spherical particles
whose positions are totally random and independent

We'll also ignore any multiple scattering: “single scattering”
approximation

In this case, average scattered powers add everywhere except
forward direction since there are no phase addition or
cancellation effects on average

We will describe media in terms of a particle number density
and the scattering characteristics of single particles

This is a “discrete” scatterer approach

First we'll clarify attenuation in this medium...

Now consider a small region of space with cross sectional area
A and length dl; the total power incident at the front of the
region is P(0) = SA

The power exiting is P(dl) = SA — poSdV

Rewrite as
P(dl)— P(0) = —po:SdV = —po;SAdl (3)
S(dl) — S(0
S50 s (@
ds
= —poS (5)

Thus solving the diff. eqn we find that S(I) = S(0)e=r7¢ i.e.
the power attenuates with attenuation rate poy.

For a particle size distribution, we simply use the average value
of oy; for non-constant po; along the path, the total loss follows

o= J Pl

The “optical distance” 7 between two points is defined as
fol p(l)o(1)dl since this is determines the power attenuation



II. Average power

Consider the average scattered power when a volume scattering
medium is illuminated by a cw transmitter with gain Gy(1);
scattered power measured with an antenna with effective
aperture A,(O)

On a volume dV at range R; from the source, incident flux is

The average scattered Poynting flux at range Rs is
<|f6,n*>

< S, >= %sidv

Power received is < P, >= A,(0) < S, >= gGT(OA) <S>

Adding up the power from each piece of volume we obtain:

<P> _ XGi(1)Gr(0) .
Pt = /‘/dVWp < 0'171(0,7/) > (6)

III. First order multiple scattering

In the previous derivation we neglected the attenuation of the
incident field due to particle scattering

If we include it, we obtain the “first order” multiple scattering
approximation:

<P > P > )\QG )G-(O A n
/ Vi 3R2};2 )P < 0bi(0,1) > e
where 7 is the optical depth from the transmitter to dV and

~2 is the optical depth from dV to the receiver

This is called a multiple scattering approximation since the
attenuation caused by different particles is included in
computing scattering from a single particle

However it is still a very approximate theory, and applies again
only for small volume fractions, etc.

If we consider backscattering:

% = /Vd MP<0M(—%,%)> (7)

The above integrals are over all of space; however, the antenna
gains will both be non-zero only over some “common volume”
and the integral can be truncated to this volume

Note we neglected any mismatch or other losses

We also neglected attenuation in the medium; for the above
equation to be reasonable, we need poL << 1, where L is the
approximate “length” of the random medium

This is a reasonable model for scattering when a medium has
random spherical particles and a low fractional volume

Can also generalize to the case of non-spherical scatterers, but
we have to be more careful about polarization effects and
things get more complicated

IV. Narrow beam equations

Ishimaru next considers these equations when the antenna
patterns can be modeled as narrow Gaussian beams

He also approximates that the scatterer characteristics p and oy
are constant throughout the common volume since the beams

are narrow

For backscattering, he finds

P, _ NE = ARP% -
p = (2855x107) % (Gilio)] 91¢1/0 ARz e

Note typo in book eqn (4-18) page 76: V, = "g’l(fglg’l dR

Useful equation for getting some practical numbers for random
medium scattering; examples discussed include optical
scattering in water and microwave backscatter from rain

This is the basic theory used to study microwave scattering

from rain



Note the received power is falling off slower than the 1/R* of
our single particle equation

This is because the common volume grows with range, so more
scatterers are contributing

This is a typical characteristic of atmospheric, surface, or
volume clutter: amount of power received depends on the
illuminated area or volume

Therefore in many problems it makes more sense to talk about
a cross section per unit volume or unit area

Here we obtained a prediction of average powers very easily; in
other theories this will be much more of a challenge

Due to simplicity of this theory, Ishimaru goes on to study
more complex questions

I. Coherent and inccherent power
By coherent power, we mean a quantity proportional to
— 2
|< E >
Thus a “coherent” field retains its phase even when scatterers
are randomized

With totally random positions, only exists in forward scatter
direction if at all

By incoherent power, we mean a quantity proportional to
— — 2

<|E-< E>| >

An incoherent field does not have a definite phase; varies

randomly as scatterer positions vary

Both coherent and incoherent powers are important

With only one realization we cannot separate coherent and
incoherent
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EE 816 - Lecture 8

1. Review “coherent” and “incoherent” power
2. Moving particles: fundamental ideas
3. Time coherent and incoherent fields

4. Time correlated cross section for one particle
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I1. Moving particles: fundamental ideas

e So far we've been thinking about problems involving fixed
particles, and considering averages over different realizations of
the particle positions

e However now Ishimaru introduces another level of complexity:
particles whose position changes in time

e Thus even for one initial configuration of particles we can now
talk about a time series of measurements as the particles move:
a stochastic process!

e This allows us to define a second ensemble average over time

e We need to be careful about our averages; distinguish between

realization averaging and time averaging

e Clearly there can be some effects: moving particles cause
Doppler shifts
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ITI. Time coherent and inccherent fields

Since moving particles are causing Doppler shifts, i.e. frequency
spreading of our CW field, let’s write the received field as

v(7,t) = Re{u(T,t)exp(—iwot)} (8)
(T, ) A(T, t) exp(ig(T, t)) (9)

where u is called the “complex field”. Here the amplitude A and

phase ¢ modulations are assumed to be much slower varying in

time than wqg

We can now describe u as a time average part and a “fluctuating”
part:

u(m,t) = <u(Ft) > tuy (10)

for which <uy >=0
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Consider the time covariance between fields at a single point:

(Tl,tg) > (17)
(?1,t1 +T) > (18)

Ty(71,t1,71,t2) = <up(Fi,t1)u

k¥

rf(Tl,T) = <uf(?1,t1)u

where the second line applies to a random process that is
“stationary” in time, i.e. whose statistical properties do not change
in time. (Usually reasonable over some limited time interval)

We now have the time autocorrelation function of the fluctuating
field; the Fourier transform of this function is the temporal
frequency spectrum:

We(F,w) = 2 dr T4(7,7)e™™ (19)
f f

1 o0 .
ET) = o / do W (F, w)e " (20)

Thus Wy gives us a measurement of the amount of frequency
spreading of our modulated field about wg

Since I'f(71,7) =T'}(T1, —7), Wy can be shown to be positive and
real
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< u > is the time coherent part of  while uy is the time incoherent
part. Thus we can talk about coherent and incoherent intensities as

<I> = <|[u®|>=1I+1I (11)
I, = |<u>) (12)
Ir = <luf > (13)

We can also talk about a “correlation” function between complex
fields measured a differing times and positions:

F(Fl,tl;Fz,tg) = <u(71,t1)u*(72,t2) >= TC+Tf (14)
FC = < U(Fl,tl) > u*(Fz,tz) > (15)
Ty = < Uf(fl,tl)u?(fg,tz) > (16)

I' is called the “mutual coherence function” and I'y the
“covariance” by Ishimaru

We can also define correlations between intensities, etc.
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e This is our first encounter with a stochastic process, and the
description we are using is as complex a description as we will

encounter

e Again a stochastic process is a function (here a function of
time) for which each value in time is a random variable

e Thus we can discuss either time (set up particles then take a
series of measurements as the particles move) or ensemble (take
measurements for a large number of particle initial states)
averages

e The covariance we are discussing here is a second order
moment: I'y(71,7) =< ug(T1,t1)u}(71,41 + 7) > involving
fields at a single point but displaced in time

e Since the process is assumed stationary, we get the same
answer no matter what our starting point in time is

e It is fairly straight forward to show that this correlation
function is related to the temporal frequency spectrum through
a Fourier transform
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e Definition of temporal frequency spectrum: record fields as a
function of time as particles move; take Fourier transform of
time function to get a frequency spectrum and take magnitude
squared; average over many realizations

e Clearly this measures the average frequency content of a signal

e Again this is only a second order moment description of a
stochastic process; only a limited amount of information

e However in this problem it turns out that time averaged
quantities involve only the second moment of the stochastic
process

e Later we will consider stochastic processes as functions of space
to describe rough surfaces; again second order moments will
sometimes be found sufficient

e Even in this problem we can also consider scattered fields to be
a stochastic function of space; we can then discuss time, space,
and ensemble averages
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Thus 7; — T2 = V7, where 7 = t; — t5. Define a time correlated
cross section as

04(0,i,7) = limpysooRE < Ey(t1)EX (t2) > (23)
= 04(0,1) < exp(iks - V7) > (24)
where k, = k(i — O) and 04(O, 1) is the non-moving particle cross
section. Note the time correlated version can be complex.

Note < exp(iks - VT) > is a characteristic function for the V'
random variable. If we separate V=<V > +V;=U + V then

Ud(O, i, T) = Ud(é,%)X(EST) exp(iks - UT) (25)

thus we have obtained the time correlated cross section of a single
particle in terms of the statistical properties of its velocity

Ishimaru also discusses a rotational average for rotating
(non-spherical) particles
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II1I. Time correlated cross section for one

particle

Consider a slowly moving particle with veloctity V, illuminated by
a plane wave exp(k7 - 7). The scattered field at distance Ry and
time ¢; is given by

E () = f(gj) exp(ik(i — O) - 71 + ikRy) (21)

where 71 is the location of the particle at time t; = ¢, — R1/c.

At time 5 the scattered field is

Es(tg) = %{;E) exp(ik(% - O) “To + Z]CR()) (22)

where 75 is the location of the particle at time t5 = t3 — Ry /c.

Now 71 — 7o = ftt,l dt V (t) since the velocity in general can vary in
2

time. If we approximate the velocity as constant,

71— T = (t) —t5)V ~ (t; — t2)V for non-relativistic particles
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Given that we now have a field time correlation function, we can
compute the temporal frequency spectrum as

W,(0,i,w) = 2/ dr 04(0,1,7)e™T (26)

which provides a measure of the frequency spreading of the
scattered fields

Example: non-rotating particle moving with a constant velocity U.
Since V; = 0, we have

A

04(0,i,7) = 04(0,1)exp(iks-Ur) (27)

T
W,(0,1,w) = 204(0,1)0(w+ks-U) (28)
Plugging in ks = “2(i — O) we find a Doppler shift of

w ~

= —(1—-0).U 2
o (t-0)-Ue (29)
wHws = wp [1—(2—0)-?/0 (30)
which can be rewritten as w/we = —2sin(6/2)(Uy/c), where Uy is

N

the component of U along the direction 2 — O
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Another example: particle with average velocity U plus a normally
(Gaussian) distributed velocity fluctuation in each component with
variance 0%, then
7 _ 2\—3/2 T2 /942
p(Vy) = (2m07) "7 exp(=[V[*/207) (31)
x(ksT) exp(—|ks[*077%/2) (32)

and it can be shown that

2 (w+ks-U)?
=g XP(— =
|ks|?0% 2|ks|20%

WU(OAvng) = 20’d(OA7%) ) (33)
which shows that a Gaussian spread in frequency is obtained about
the Doppler frequency associated with U instead of the previous
delta function.

This illustrates “Doppler broadening” due to a randomness in
particle velocity
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I. Scattered field time correlaticn

functicn

Having considered the one particle case, we can now generalize to
many particles; again this is easy since we are assuming
independent scattering. We now talk about a correlation function
B, (1) for the voltage V (t) in the receiver as

B,(1) = <V(t1)V*(t2) >= C/V v %

where < obi(OA,g, T)>=4dn < ad(O, i,7) >, given by our previous
result

We can also compute the temporal frequency spectrum W, (w) by
taking the Fourier transform of this. It turns out we get just the

same equation as above but replace oy; with 4wWU(O,%,w) that we
found previously.
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p < opi(0,i,7) > e M

EE 816 - Lecture 9

1. Scattered field time correlation function
2. Spatial correlation functions

3. PDF of scattered fields
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Ishimaru next considers the case when it is known that particles of
differing sizes have differing velocities (for example raindrops). In
this case, the time correlated cross section averaged over particle
size must include these effects:

p<ow(0,i,7)> = / dD n(D) < 04;(0,1,7,D) > (34)
0

The example (for deterministic velocity particles) shows that a
drop size distribution can be recovered from Doppler spectrum
measurements

Notice we’re getting more and more random dimensions: particle
positions, particle sizes, time variations, but these are still
manageable in an independent scattering theory

It seems reasonable that time and ensemble average powers should
eventually become identical - an “ergodic” process

Our equations can also apply to the case of fixed particles and a
moving receiver with some small modifications
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I1. Spatial correlation functions

We can also talk about a correlation function between fields at
the same time measured at two points in space

This is important for “diversity” type receivers

Consider two receivers P; = (d/2,0,0) and P, = (—d/2,0,0).
Our derivation for received powers still applies as before except
now an additional phase shift is introduced

In the far field, the correlation function will contain a phase
factor ™ = exp(—kdO - &)

The spatial correlation between voltages in the two receivers is
then given by

* )‘2Gt(£)GT(OA) A4 —y1—y2+iv)
<V1V2 >—C/‘V/ dv Wﬂ<0’bi(o,l) >e
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II1. PDF of scattered fields

In the independent scattering theory, our total scattered field is
the sum of similar amplitude scattered fields from a large
number of particles

Individual contributions are also independent since we have no
multiple scattering effects

It can be shown that the pdf for a RV defined as the sum of a
large number of independent RV’s approaches to a Gaussian
pdf

This is the “Central limit theorem”

Thus we should expect both the real and imaginary parts of
the total field to be Gaussian distributed; both are given by a
sum of many RV’s

Also the real and imaginary parts are independent as well since
all the positions are random
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If we consider a transmitter located at the origin:

Gt (i) Gr(_i)

A2 o A e
< Vlvg* >= C/ av (471')3R4 p< Ubi(_i,i) > e*’Y1*’Yz+zkd(z-z)
14

Note as we integrate over volume, 7is changing: this is more or
less a Fourier transform of the antenna gain pattern evaluated
at something like kd

Wide antenna beams = narrow correlation function, also larger

d = lower correlation

Ishimaru considers an example involving a narrow volume
scattering layer
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It is clear the phase of the total field should be completely
random, i.e. uniformly distributed from 0 to 27

The amplitude of the field should have the pdf of v X2 +Y?2
where X and Y are the field real and imaginary parts and are
independent Gaussian RV’s

This pdf can be shown to Rayleigh; thus the amplitude of
scattered fields has a Rayleigh distribution

The Rayleigh distribution is the expected pdf of scattered field

amplitudes in random medium problems in almost all cases

Non-Rayleigh pdf’s indicate that something is not totally
random or that multiple scattering effects are becoming
important

Studies of measured pdf’s can given insight into the accuracy of

a given random medium model
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