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1 Basic Equations

Denote the spatial coordinates by z;; the velocity components by u;; the density by p and
the pressure by p. The continuity equation is

ap 0
where the Einstein summation convention is used for repeated indices. The conservation of
momentum gives

0 0
a (puz) + a—x] (p5z~j + puiuj — O'ij) =0 (11b)
where the viscosity stress tensor is given by
P — —0; — 0ij — 1.1
%is M(@xj+3xi 3 ’axk>+" 7 Oy, (1.1c)

The viscosity parameters, 1 and n are material properties of the fluid.
For the flow of air over water, the densities of the air and water may be assumed constants.
Then, (1.1a) implies the condition of incompressibility,

Ou;

= 1.2
ij 0 ( a)

and the viscous stress tensor (1.1c) takes a simpler form,

_ auz an

Consequently, (1.1b) may be written as

0 _ Op 0%u;
g (Pua) + g (Puits) = =

(1.2¢)



2 Interfacial conditions

Suppose there is a sharp interface between two fluids given by X;(&,7,t). Appendix A
contains a derivation of the conditions that must hold across the interface for a general
conservation law. This condition (A.7) must now be applied to the two conservation laws
(1.1).
For (1.1a),

n; (P1“§1) - P2“§2)) =n; % (o1 — p2) (2.1)
Here the normal n; points from region 2 to region 1. The superscripts indicate the limiting
values of quantities at the interface. From kinematics considerations, we require the normal
component of the velcoity to be continuous across the interface (otherwise the interface would
lose its definition of sharpness).

1 2 0X;
n; u§ ) = n; ug ) = n; —815] (2.2)
where the last equality follows by substituting the first equality into (2.1).
For (1.1b), we first add a surface force, the surface tension 7.
0 0
— (pu;) + = (pdij + pusu; — 0i5) = n;2Tko(n) (2.3)
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where k is the mean curvature, 1" the surface tension coefficient, and n is the normal distance
from the interface. Application of (A.7) gives

where we used the fact that

0X;
nj (Plugl)“gl) - qugmug'?)) =1, 8—15] (Plugl) - PzUZ@) (2.5)

(see (2.2)).
To complete the specification of conditions at the interface, we add the continuity of the
tangential speeds on physical grounds. Thus,

ug-l) =ul? = u§1) (2.6)

Notice that the inclusion of gravity effects, a body force, does not change the jump
conditions at the interface (see Appendix A).



3 Basic formulation

Here we express the equations of motion and the interfacial conditions in a specific form by
choosing x = (z,y, z) and u = (u, v, w). The equations of motion are:

Pt + puty + poty + pwu, = —py + i (Ugg + Uyy + Us,) (3.1a)
P+ puvy + puvy + pwv, = —py + f (Vg + Vyy + Vs2) (3.1b)
PWy + PUWy + PUWy + PUWW, = —P, + 2 (www + Wyy + wzz) - pPg (3‘1C)

with the incompressibility condition,
Uy + vy +w, =0 (3.1d)

Here we use subscripts to refer to partial differentiation with respect to the subcript variable.
Next, we represent the surface in the form,

X = ((z,y, h(z,y,1)) (3.2a)
which means we have made the choice £ = z and n = y. Then, (2.2) and (2.6) give us,
he + uDhy + v hy, = w (3.2b)

where we have used the components of the normal are determined after (C.6).
Since the components of the stress tensor are

o11 = 2 iy (3.3a)
02 = 2 vy (3.3b)
o33 = 2 uw, (3.3¢)
012 = 091 = pu(uy + vy) (3.3d)
o135 = 031 = p(u, + wy) (3.3e)
023 = 039 = (v, + wy) (3.3f)

we find

J1+ B2+ b2 % = 2 gty — hy (uy + vs) + (u; + wy) (3.4a)

U+ 02+ 82 28— _p (a4 v,) — 2hy vy + (v, + W) (3.4b)
"

J1+ R+ 02 % = —hy (s + wg) — hy (v, + w,) + 2w, (3.4c)



Using these results, (2.4) becomes

g (0 = p) + 2, [ — ppu®] + by [ (D + 00 — o + o))

3.5
— [ (@) +wl) = po(ul + wP)] = —2h, T (3:52)
—hy (P = p?) + by [ (uf) +0) = pa(u? +vP)] + 2hy (o) — pv)] (3.5b)

— [ (W + wi) = (v + wl?)] = —2h, Tk '
(P =) + by [ (ul + w) — pa(ul? + w?)] (3.5
5e
oy [ (00 + ) = (0 + )] =2 [l — ppw®] = 2T
By substituting (3.5¢) into (3.5a) and (3.5b), we may replace this set with

(02 =1) i (a4 089) = iy 2+ 02)] 4+ o (o480 = s (42 + o)

+hghy [ (Ugl) + w( )) P (Ug )+ wg(f))] + 2h; [ (u(xl) —wM) — o (u? — w;(f))} =0
(3.6a)

(h2 = 1) [ () + wl) — pa(v® + wP)] + hohy [ (u? +w) — pa(ul? + w?)]
2hy [ (vg?) = wl) = pa(vg? = wP)] + by [ (ufP +0fY) = pa(uP +0{?)] =0

(3.6b)
(P = 0P) + hy [ (ul) +wl)) = po(ul?) + w?)]
(1) 4 @) 4 @ M _ w® (3.6c)
+ hy [pa (0 + i) — pa (v + wiP)] — 2 [pwl) — paw?] = 2Tk
A Jump conditions
Consider the general conservation equation
0A 0B,
=Cé(n)+ F Al
T+ G = OB+ (A1)

valid in a region that contains an interface. The normal n is the distance along the normal
from an interface given in parametric form as X;(&,n,t). The quantities C' and F' represent
surface and body forces respectively.

Multiply by the smooth test function ¢ and integrate over a spatial region D that includes
the interface D and over a small interval of time.

// (¢—+¢> )d dt = /8D¢Cdet+/DqﬁFdxdt (A.2)

After integrating by parts,

// ( —+BJ gj) dxdt:—/aDqSCdet—/quFdxdt (A.3)
j
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Figure 1: An illustration of the surface

The test function ¢ is chosen to vanish on the boundary of D. In the sense of distributions,
(A.3) is what we mean by (A.1). Note that (A.3) allows jumps in value for A and B;. We
seek such weak solutions by using (A.3) and breaking up the region of integration.

The form of (A.1) suggests the divergence of the vector (Bi, Bo, B3, A) in the space
(21,22, r3,t). In this extended space, the moving interface is a stationary surface I, sepa-
rating two regions, {; and €2, as shown in figure 1. Away from the interface, we assume the
solutions are smooth, so we may rewrite the integrals as divergences.

0 ) 0 0
/ (Aa—f + B; B—Z) dx dt = /Q (—(¢A) + 7J_(¢Bj)) dx dt (A.4a)

/ (A ‘Zf +B, a:i) dx dt = / ( 964+ aij (¢Bj)) dxdt  (A.db)

The divergence theorem as described in Appendix B allows these integrals to be written as

/ (at(¢A) 88'(¢B ) dx dt = //aD ( %) Njd¢dndt  (A.5a)
/Qz ( (pA) + (¢B ) dx dt = //w ( 2)88t ) N; d€ dndt (A.5b)

where the integration over the boundaries other than I" are assumed to vanish, if necessary,
through an appropriate choice of ¢. The superscripts 1,2 refer to the limiting values along
0D and N is the vector normal as defined in (B.3c),(B.8d). The result has been written for
the case where the normal points from €25 to €2;.

Since the integral over the combined region €2; 4+ {25 must vanish, we find

//(9D¢[(BJ('2)_BJ('1)) 3;;' (A® — A0 )} N, dé diydt =

/ qﬁCAd{—“dndt—/ ¢ Fdxdt (A.6)
oD



where we have used the result dS = A d€dn as derived in (B.4). This result (A.6) must be
true for any choice of ¢. In particular, choose a family of test functions of the form

r-on()
9

where € can be made arbitrarily small. This means the volume integral of the body force F’
will vanish, while the surface integrals still provide a non-trivial result. Thus,

w (o8- 57) - G- am)] = &

B The divergence theorem

Suppose there is a closed region of space () in n dimensions. Let the surface 02 be given in

parametric form X;(&;,...,&, 1)- The divergence theorem stated in this space is
iy w= [ | Fads; B.1
/ / axz R de / /BD ( a)
where 9X. 9X.
ds; = ARt dfl ~d&n_q (B.1b)

61,]1, Jn-1 ag 85
The permutation symbol ¢; ; . is the one associated Wlth the vector product.

As an illustration, consider n = 3, and let X; = X, Xo =Y and X5 = Z. Also, & =¢
and & =n. Then,

oY 0Z 07 9Y
07 0X 0X 07
=== - — — B.2
15:= (5 3y~ 3¢ 7)€ (B.2b)
0X oY 0Y 0X
To compare with a direct geometrical approach, we first determine the tangent vectors,
0X 0Y 07
= (5 5 %) (B
0X J9Y 07
Y el B.
& (577’877’377) (B:30)
then
oty o (P02 _0ZOVY (070X _0X 0z
Pe ¢ dn  9E On oE on  9¢ on
0X oY 0Y 0X
(% 3 5 ) ©®)



Let
A = ||t; X to] (B.4)

then the elemental surface area is dS = A d€dn and the outward normal to the surface is

n= (t1 X tg)/A Thus,
0X; 0X,
Freijn—2 2K gy _/ Fin; dS B.5

/8D 7k o¢ on oD (B5)

Now let us consider a surface integral in space-time with coordinates (z,v, z,t) . Let the
surface by given as X (&,n,t), Y (&,n,t), Z(&€,n,t) and T'(t). In other words, the surface has
a parametric form in terms of the variables &, n and ¢. The divergence theorem takes the

form
ory 0F, O0F; O0G
- F. dS. B.
/(81‘ + By + 5% + 5 )da:dydzdt /an zd.S'Z-f—/aQGd&; (B.6)

where the index 7 runs over 1,2,3, and

oY 0Z 0Z dY
07 0X 0X 07
0X oY 0Y 0X
= (== _ - = B.
dSs3 (85 rRRT: 577) d€é dndt (B.7c)
ss,_ [OX (907 _0z9v\ oV (0X 0z 070X
T ot \ag an o on ot \oc anp  0¢ an (B.74)
LOZ (Y OX X OY] o |
ot \ 9 an  9E o 7
If we define N = t; X ty as given in (B.3c), we may write (B.7) as
dS; = Ny d€dndt (B.8a)
dSy = Ny d€ dndt (B.8b)
dSs = N3 d€ dndt (B.8c)
0X 8Y 0z
S (B.8d)
and (B.6) can be written as
// (aF ) dx dt = // ( ) N; d€ dndt (B.9)
amz oD



C Curvature

Assume a surface is known in parametric form X (§,n), Y(&,n) and Z(&€,7n). Two tangent
vectors to the surface are
t1 = (X§7 vaa Zf) (C'la)
62 = (X, Yy Z) (C.11)

where we have used subscripts to indicate partial deribatives. The normal to the surface is
given by

n= 1 Xt (C.1c)
[[£1 % to
Define
E=X}+Y?+Z; (C.2a)
F=XX,+Y: Y, + Z: 2, (C.2b)
G=X+Y'+ 7 (C.2¢)

Then, D = ||t; X t3|| may be determined from

||t1 X t2||2 = FG — F2
=Y R+ ZEY + ZE X+ X272+ XZY + VEX]
= 2YeY, Ze 2y — 2X Xy Ze Zy — 2X e XYY, (C.3)

To obtain an expression for the mean curvature, we also need the following quantities:

DL = Xee (Ye Zy — Ze Yy) + Yee (Ze Xy — Xe Z) + Zee (Xe Yy — Ye X) (C.4a)
DM = Xy (Ye Zny — Ze Yoy) + Yoy (Ze Xy — Xe Zy) + Zey (Xe Yy — Ye Xy) (C.4b)
DN = Xnn (YE Zn - Zf Yn) + Ynn (ZE Xn - Xf Zn) + Znn (Xf Yn - YEXn) (C-4C)

From Stoker’s book on differential geometry, the mean curvature x is given by

_ EN —2FM +GL

2K Fo (C.5)
For the specific choice of surface representation,
X = (&n,h(&m) (C.6)



we have

which leads to

2Kk =

t1 = (1,0, he)
ty = (0,1, hy)
E =1+
F = hehy,
G=1+h,
EG-F’=D>=1+h+h’
Dn = (—hg, —hy, 1)

DL = hg
DM = he,
DN = h,,

(1+ hg) hoy — 2hehyhen + (1 + hg) hee

(1+ hZ + h2)3/2



