Laminar Flow

Greg Baker
June 16, 2004

Contents
1 Boundary layers 1
2 Parallel flow 2
2.1 Uniform Flow Initially Throughout . . . . . . ... .. .. ... ... .... 2
2.2 Initially at Rest with Accelerated Flow in the Far-Field . . . . . . . ... .. 4
2.3 Bounded flow in the Air, Initially at Rest . . . . . . . ... .. .. ... ... 6
2.4 Bounded Flow in the Air, Uniform Flow Initially . . . . . .. ... ... ... 8
3 Stability of Parallel Flow 8
3.1 Standard Analysis . . . . . . . . .. 9
3.2 Alternate Approach — Boundary Value Problem . . . . ... ... ... ... 10
3.2.1 Two-Dimensional Flow . . . . . . .. .. ... .. ... ........ 12
3.3 Solid Boundary . . . . . . ... 12
3.4 Interface Between Immiscible Fluids . . . . . . . . .. ... ... ... .... 13
4 Stability with No Base Flow 15
4.1 Standard Approach . . . . . . ... 15
4.2 Alternate Analysis . . . . . . . .. 19
4.3 Analysis of the Dispersion Relation . . . . . .. ... ... ... ... .... 25
4.3.1 No Air . . . . . . e 25
4.3.2 Full Relation . . . ... . .. ... ... .. 28
4.4 The Physical States . . . . . . . . . .. 30
4.5 Asymptotic Approximations . . . . . .. .. ... 39
A Harrison’s Form 50

1 Boundary layers

In the presence of viscous effects, boundary layers will form at the interface. We will study
their formation under the simplifying assumption that the interface is flat. Subsequently, we
will study the influence of small perturbations.



2 Parallel flow

Let us first consider the response of the flow if the wind is suddenly turned on. In other
words, we consider a flat interface (z = 0), and the wind and water speeds are purely
horizontal: u = (u(z,t),0,0). The region above the interface contains air and variables will
be designated with a superscript of (1). The water below the interface will have its variables
designated with a superscript of (2).

From the notes on the basic equations, we find the following system of equations. In the
air, z > 0,

prugt) = pyull) (2.1a)
PV +p1g =0 (2.1b)
while in the water z < 0,

pous” = ppu? (2.2a)
P + pag =0 (2.2b)

At the interface z = 0 (h = 0),
ut) = 4@ (2.3a)
put? = pou? (2.3b)
p) = p@ (2.3¢)

We may solve (2.1b) and (2.2b), and pick the constant of integration so that the pressure
vanishes at the interface, ensuring that (2.3c) is satisfied.

pY + prgz =0 (2.4a)

We may solve (2.1a) and (2.2a) by applying the Laplace transform,
U0 (2, 5) = / a2, e dt (2.50)
0
U (2, 5) = / u@(z,t)e  dt (2.5Db)
0

Before we can proceed, we must decide on the initial low and on the behavior in the far-field.

2.1 Uniform Flow Initially Throughout

The simplest case is to assume

uM(z,0) = Uy, for 0 <z < o0 (2.6a)
u?(2,0) =0, for —oo < 2 <0 (2.6b)



Then, after introducing the kinematic viscosity v = u/p,

sUW — Uy = 1nUY (2.7a)
sU? = 1,U? (2.7b)
which have the solutions,
g = Yoo g oot (2.8a)
S
U® = BeVs/v22 (2.8b)

where we have chosen the solutions that decay away from the interface.

To determine the constants A and B, we apply the Laplace transform to the interface
conditions (2.3a) and (2.3b). At z =0,

v =y® (2.9a)
p UL = pp U (2.9b)
which leads to the equations,
Y= ia=p
s
[s [s
—py/ — A =pa/— B
4 vV
and their solutions,
___Us
(1+R)s
RU
B—= 7>
(1+R)s

where

o

P22

R= (pl’”“f (2.10)

Finally, the inverse Laplace transform gives

U, z
W=y, — —>erf 2.11
" 1+Rerc<2m> (2.11a)
RU z
@ _ W e 2.11b
! 1+Rerc( 2\/1/215) (2.11b)

From Batchelor’s book, the values of the physical parameters are given in Table 1. As
a consequence, R = 0.0044, which means the velocity of the water at the interface is very
small. Also, the length of the boundary layer in the air is longer than that in the water. As
t — 00, the flow becomes uniform near the interface of speed

RU,

2.12
1+ R (2.12)



water air

p 1.0 gm/cm? 1.2 x 1073 gm/cm?
g 1.1x 1072 gm/(cm sec) 1.8 x 1074 gm/(cm sec)
v 1.1 X 1072 cm? /sec 0.15 cm?/sec

T 74 gm/sec?

Table 1: Physical parameters

2.2 Initially at Rest with Accelerated Flow in the Far-Field

For numerical studies, we may wish to turn the wind on slowly. So now assume that the
wind speed far from the water surface is acclerated to a constant speed as

uM (00) = U [1 — exp (—at)] (2.13)

and that the air is at rest initially. There must be a horizontal pressure gradient to generate
the rate of change of the air speed at z = co. Thus, (2.1a) must be replaced by

prul = —pO + pyul) (2.14)

Equation (2.1b) is still valid, so

(1) _

p —p192 + p1p(z,t)

Substitute into (2.14);
ugl) = —p, + rrul)

1)

Since u(!) is only a function of z,t, p, = f(t), or

W= —pigz+ pr f(t)x (2.15)

b
The Laplace transform applied to (2.14)) gives
sUV = —F + U

where F'is the Laplace transform of f. The solution with bounded behaviour for large z is

U :—E—i-AeXp (—,/iz) (2.16)
S 121

The Laplace Transform of (2.13) implies

U 1_ 1 _ Usox
“\s s+a s(s+a)

as z — 0o. Consequently,

Usox B
F = “oia O f=—aUxexp(—at) (2.17)




Since there is a horizontal pressure gradient in the air at the interface, the pressure in
the water must also have a horizontal pressure gradient. By solving (2.2b), and ensuring
continuity of the pressure at the interface, we obtain

p? = —pagz + pif(t)w (2.18)
which means (2.2a) must be replaced by

pou? = —p?) + ppu? (2.19)
Applying the Laplace transform leads to the solution, bounded at z = —o0,

p

F
~2 = 4 Bexp (Miz) (2.20)
P2 S vV

The matching conditions, (2.9), are the same, so

U@ —

Uso Uso
704“1 mia
s(s+ a) p2 8(s+ )

nfEam

R <1_&) Usar
1+R p2) s(s+ )

_i<1_ﬂ) Uxa
1+R p2) s(s+ )

+B

and their solutions are

Thus,
Uy 1 p1 s
vt = ==~ 11— (1-2 — = 2.21
e w (e n)e ()] eaw
Uooa P1 R P1 S
U@ — 12 |2 2.21b
s(s+ ) {P2+1+R ( Pz)exp< V2Z)} ( )

A result from Appendix V in Carslaw and Jaeger proves useful: the function

F(s) = —— exp (— fx) (2.22a)

S—a

has the inversion

+ M} } (2.22b)



Thus, the inversion of (2.21) is

W = U [1 = exp(—at)] — % (1 _ %) [erfc <2jy_lt) _
exp(—at) R {exp(i\/m z) erfe (2 N ivat ) H (2.23a)

2) — 'OlU 1— t +£<1_&)[f<_ )_
U P [1 — exp(—at)] TR P erfc NG,

exp(—at)ﬁre{exp(i\/%z)erfc< QM—l at)H (2.23b)

The complementary error function with complex arguments may be evaluated by splitting
the integral in its definition into two parts, along the real axis and up in the direction of the
imaginary axis. Thus,

2 2 Y 2
erfe(z + iy) \/,/ e P dp — \/—Le e eP” [cos(2xp) — isin(2zp)| dp (2.24)
0

Curiously, the speed at the interface settles to a constant value,

RUoo Uoo P1
— 2.25

different from the previous case (2.12). While a pressure gradient is acting, the water is
accelerated up to a constant speed far from the interface and the result above reflects the
additional conribution.

The bad news is that the initial motion of the fluids is still non-uniform in z: A boundary
layer still forms instantaneously, which complicates the choice of initial conditions for any
numerical method.

2.3 Bounded flow in the Air, Initially at Rest

Now imagine a flat plate above the interface (z = L) which is set into motion spontaneously
with speed Up. The equations are the same as (2.1 — 2.3) but the flow in the air is now
subject to the boundary condition, u(z = L) = Uy, and there is no initial motion. Thus,
(2.8a) is replaced by

U — Ae=Veln = | coV/sv = (2.26)

At the interface, we must have

A+C =8B
—-RA+ RC =B
which means
A=-QC
where 1—R
0=_"" 2.2
1+ R (2.27)



At the upper boundary,

Ae™ s/v1 L + Ce s/v1 L — 2
s
which gives the solution,
. 0
s Qexp(—+/s/v1 L) —exp(y/s/v1 L)
1
o=t
5 Qexp(—y/s/v1 L) —exp(\/s/v1 L)
B UL Q-1

s Qexp(—+/s/vn L) —exp(y/s/v1 L)

Finally, we may write the solution in the form,

Uy P [W(z—L)] — Qexp [—\/5/71(2—1—[/)}

v = 2.28a
§ 1 — Qexp(—24/s/11 L) ( )

, UL ) exp [\/s/ygz—\/s/yl L]
U@ = (2.28b)

s 1 —Qexp(—24/s/11 L)

An analytic inversion is not known, but we can approximate the solution for small times,
specifically, for vt < L2

U(l) — ﬁ |:ew/s/1/1 (2—L) _ Qe—w/s/ul (z+L):| Z Qne—2n s/v1 L
S
n=0

- Qn 2 1)L - Qn+l 2 1)L
:ULZ?Q s/v1 [z—(2n+1)L] _ULZ - e~V s/v1 [z+(2n+1)L]
n=0 n=0

o [@n+ D L—2 < f[z+(2n+1)L
:ULZ:Q erfc[ N —ULQ;Q erfc N (2.29a)

L—z z+ L
~ f — Qerf 2.29b
UL {(w—t) (w—t)] (2.290)

Similarly,

o

v U 1-9)Y O s/ TE— @)L ]
n=0 §
(2n+1)L z
=Ur(1— Q"er 2.29
L Z [ \/l/lt 2\/1/2t:| ( C)
z
~ Ur(l — Q)erf — 2.29d
2 Jerfe (2\/1/115 2\/1/215) ( )

Curiously, there is no boundary layer near the interface.
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2.4 Bounded Flow in the Air, Uniform Flow Initially

This case differs form the previous one in that the air below the plate (at z = L) is also set
into motion initially. The solution may be written as

U(l) _ 2 + Ae—w/s/ul 74 Cew/s/ul z
S
U(Q) _ Be\/s/yg z

After applying the boundary and interface conditions,

% 1 1 €xp (‘\/5/712> — exp [\/3,/7(2_[/)}

v = 2L — . (_2\/5/7L) (2.30a)
por_ U R [Vew (225 L) e (vl 2) o

s 1+ R 1—Qexp(—2WL)

Making the same approximation as above, we obtain

UL z+2nL 2(n+ 1)L — =z
W=y, - =L " lerfe | —— fc | —————— 2.31
u L 1+R;0 [erc N + erfe N (2.31a)

~Up — —* erfe < - ) (2.31D)

u® = UL S o {erfc (\;’V% . 2;@) + erfe (“i;%ﬂ . 2\/2@)} (2.31¢)

~ UL ke <—i) (2.31d)

which is the same as (2.11).

3 Stability of Parallel Flow

Since the boundary layer is growing in time, the notion of stability depends on what is sought.
We shall ask what happens to a small perturbation, and develop the linear equations. We
write the perturbed flow as u = (u(z,t) + 4, 0,w), and the perturbed pressure as po(z,t) —
pgz + p. The presence of pg is to accommodate any acceleration in the motion far from the
interface. The incompressibility condition is simply

Uy + 0y + 1w, =0 (3.1a)

while the momentum equations become

1Y (ﬁt + utly + wuz) = —p, + 1% (ﬁm + ayy + ﬁzz) (3-1b)
P (@t + U@x) = —py + p (@m + Uyy + @ZZ) (3'1(3)
Y (wt + uww) =—p.+ (www + wyy + Tf)zz) (3‘1d>



By introducing the representation,

i =U(k,l,z, t)el ket (3.2a)
o=V (k1,2 t)elkety) (3.2b)
W= W(k,1, z,t)elket) (3.2¢)
p = P(k, 1,z t)e!*ktt) (3.2d)

the stability of a general perturbation may be constructed through the Fourier transform.
After substitution into (3.1), the following system is obtained for the Fourier coefficients of
fixed mode numbers k. (.

p (Up +ikulU + Wu,) = —ikP + p [U., — (k* + %) U] (3.3a)
p(Vi+ikuV) = —ilP + p [V.. — (K 4+ 1?) V] (3.3b)

p (W +ikuW) = =P, + p [We, — (K> + I*) W] (3.3¢)
kU +ilV + W, =0 (3.3d)

In general, we must solve this system by numerical means. It contains all the difficulties
associated with solving the nonlinear system, in particular, the need to treat the pressure
appropriately.

3.1 Standard Analysis

The standard approach is to invoke a separation of time scales. Since the diffusive time scale
is very slow for very small viscosity, the profile is imagined to be frozen at some time 7. For
the linearization to be valid, we require v7 >> )\, where \ is a typical length scale of the
perturbation. With this assumption, we apply the Laplace Transform to the system (3.3).
Let U = L{U}, etc. Thus,

p(sU — F +ikuld + Wu,) = —ikP + [UZZ — (k‘2 + 12) L{] (3.4a)
p(sV =G +ikuV) = =P + pu [V.. — (K> + %) V] (3.4b)
p(sW — K +ikuW) = =P, + p [W.. — (> + 1*) W] (3.4c)
KU +ilV + W, =0 (3.4d)

where I, G, K are the initial profiles for U, V, W. There are assumed to satisfy the incom-
pressibility constraint,
ikF+ilG+ K, =0 (3.4e)

This system (3.4) constitutes a boundary value problem in the variable z. Standard analysis
follows the approach of reducing the system to a single high-order pde for a single unknown
variable. One way to achieve this is to use (3.4a), (3.4b) and (3.4d) to derive a relationship
between P and W, which is subsequently substituted into (3.4c). Multiply (3.4a) by ik and
add it to (3.4b) multiplied by il with the result,

p(—sW, + K, — ikuW, + iku, W) = (k* + )P — p [szz — (k‘2 + 12) Wz} (3.5)



Differentiate (3.5) with respect to z and substitute into (3.4c) multiplied by k? + % with the
result,

—p (s + iku) DWW + piku,. W + uD*W = —pD. K (3.6a)
where
d2 2 2
D, =— — (K> +1 .6b
=~ (K +0) (3.6b)

This is a fourth-order differential equation, unfortunately with variable coefficients. We need
four boundary conditions.

3.2 Alternate Approach — Boundary Value Problem

In contrast to the standard approach, let’s write (3.4) as a first-order system. Define
y1:u7 y2:u27 y3:V7 y4:V27 ?Js:W; yGIWZ7 y7:P (37>

Then (3.4) may be written as

A — By + .
. r (3.8a)

where

e

I
cCoocoo o
cCoocooX O
cCoocor~ oo
coR oo OO
O coococ oo

0
0
0
0 (3.8b)
0
p
0

oo o X" O oo

and

n o

SO OO OO

(3.8¢)

oo Whooo
coocoo—~Oo O
I

ocolhooon o
— o, OO0 OO

—.

=

~

B

O O OO

We have introduced

S = s+iku+v(k* + 1) (3.8d)
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and

r=1 -G (3.8¢)

The last equation could be written differently, but the conclusions are the same — the matrix
A is singular.

To overcome this difficulty, we will drop yg, and manipulate the last three equations.
Differentiate the last equation to obtain

Substitute into the second to last equation to obtain
dyr _ dys . .
P pSys + pK = —ipkys — iplys — pSys + pK (3.9b)

Redefine yg = y;, then (3.8a) still holds but with

1 0 0 00 0]
0 v 00O 0
001060 0
A= 000 v 0 0 (3.10a)
00001 0
(00000 1/p]
[0 1 0 0 0 0]
S 0 0 0 wu, ik/p
0 0 0 1 0 0
B=1"9 0 s 0 0 i (3.10b)
—ik 0 —il 0 0 0
| 0 —ivk 0 —ivl =S 0 |
and
0
—F
r= _(g (3.10¢)
0
K

Boundary conditions must be added to determine the solution.

11



3.2.1 Two-Dimensional Flow

The simpler case of two-dimensional flow carries all the important behavior of the system.
Drazin and Reed give a transformation that reduces the three-dimensional flow to a two-
dimensional flow. The easiest for us is to simply set ¥V = [ = 0. Then, (3.6a) becomes

— (s +iku) DWW + iku, W + vD*W = —D.K (3.11a)
with
d2
D,=— —k° 3.11b
T (3.11b)
The system (3.10) becomes
100 0
0 v O 0
A= 00 1 0 (3.12a)
000 1/p
0 1 0 0
B S 0 w, ik/p
B=| . o o % (3.12b)
0 —ivk =-S5 0
and
0
r= _FO (3.12¢)
K
3.3 Solid Boundary
There is one case we can solve analytically, namely, u = 0. Then, (3.11a) becomes
—sD,W +vD*W = —-D,K (3.13)
A particular solution, W® | satisfies,
a 2 »)
As a specific example, let
K=—-Cze™ (3.15)

where C' and m will depend on & in order for the Fourier series of the initial vertical velocity
to converge. Also, the choice (3.15) ensures D,K # 0. A particular solution to (3.14) is

z 2mu

®) = Ce™™ 3.16
W (Vm2—uk2—s+(1/m2—yk:2—s)2) ¢ (3-162)

12




To this, we must add homogeneous solutions, but only those with negative exponents:

W = Ae™h* 4 BemVrki+s (2/VY) (3.16h)

where A and B are determined by the requirement that W(0) = W,(0) = 0. In particular,

2muvC
(vm? — vk? — s)

C B 2vm?C —kA—VszjLSB—O
vm? —vk? —s  (vm? — vk? — )2 N B

s +A+B=0

which leads to

Y Ly
A_(\/uk2+s—\/?k:) VVE2 + 5 +/vm ¢ (3.17)

v(k—m)?+s
B = v C 3.17b
(Vvk? + s — \Jvk) (vm? — vk? — s)? Vv ( )
These results are valid provided k # 0, m # k and s # 0.
The inversion formula involves the Bromwich contour. We may shift the contour to the
left provided we pick up the contributions from any poles. By looking at (3.17), we find
poles at

s=0 and s=v(m?—k? (3.18)

The first pole is associated with non-trivial homogeneous solutions, while the second is
associated with the nature of the initial conditions. The location of the poles, s; say, give
the growth rates for exponential grow of the solutions, exp(s;t). Unfortunately, the solution
is not valid for s = 0; instead the homogeneous solution must be written in the form (Az +
B)exp(—kz). The point, though, is that we look for non-trivial homogeneous solutions,
which will require certain choices for s — actually, eigenvalues for the linear boundary value
problem. This step is equivalent to seeking solutions of the form,

W = WestHike (3.19)

instead of using (3.2c) with the Laplace Transform. As a result, we establish necessary
conditions for instability. The form (3.19) is the standard form for a normal mode analysis
(with s usually written as o, the growth rate). The procedure, then, is straightforward; we
seek non-trivial homogeneous solutions to (3.11), even when u # 0, a calculation that must
be done numerically in general.

3.4 Interface Between Immiscible Fluids

The linear equations (3.1) must hold in both the air and the water. Their solutions are
connected through the linear version of the interface conditions. The height of the interface

13



h is now the small parameter. Quantities at the interface have the expansions;

uM (h) = u(0) + uM (0)h + a1 (0)

w(l)(h) — 12)(1)(0)

u® (h) = u(0) + u'?(0)h + a2 (0)
w(z)(h) _ Ug(Z)(O

uM (h) = u,(0) + ) (0)h + 4l (0)
uM(h) = ul(0) + ul) (0)h + a4l (0)
w (h) = w{(0)

wM (h) = w{)(0)

u? (h) = u,(0) + ul (0)h + 4’ (0)
u® (h) = u?(0) + ul? (0)h + 4 (0)
w? (h) = w(0)

w? (h) = wP(0)

PV (h) = py — prgh + pM(0)

p@(h) = py — pagh + @ (0)

The continuity of the velocity imposes the equations,
utV(0)h + @M (0) = u? (0)h +a®(0), @M (0) = @®(0) = @
The motion of the interface is governed by
hy + u(0)hy = 0D
The linearized versions of the balance of stresses at the interface are is
g (w2 (0)h + 4l (0) + w<1>(0)) = ug ( 2(0)h + u<2 (0) + @ (0))
(p2 — p1) gh+p" (O) - A(2 (Mlu ,LL2U(2)(0))
-2 <u1w<1><o> uzw§2)( >) = Thm
By invoking the assumption (3.2) (with [ = 0) and including
h = H(k,t)e"
we obtain upon substitution into (3.21)
uM(0)H + UM (0) = uP(0)H + UP(0)
H, + iku(0)H = W1 (0) = WP(0)
i (uD(0)H + UM(0) + kW M(0)) = po (w2 (0)H + UL (0) + 1kW@(0))
(p2 = p1) gH + P (0) = P2(0) + ik H (pnu(0) — p2uf(0))
— 2 (W(0) — Msz( '(0)) = —K*TH

(3.21¢)

(3.21d)

(3.22)

(3.23a)
(3.23b)
(3.23¢)

(3.23d)

Altogether, we must solve (3.3) in both the air and water, subject to the interface conditions

(3.23).
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4 Stability with No Base Flow

The only case we can solve in closed form is when the base flow vanishes, u(z,¢) = 0. Then,
we may assume solutions have the form,

U U
S A (4.1)
H H
The equations of motion (3.3) in the air become
proUdV) = —ikPW + iy (UL — KPUW) (4.2a)
proWt = —pWU 4y (W — kPw) (4.2b)
kU™ + W =0 (4.2¢)
while in the water, they are
proU® = —ikP® + i, (UD — KPUP) (4.2d)
paoW® = —PP 4 (WZ(? — PW®) (4.2¢)
kU + WP =0 (4.2f)
The interface conditions (3.23) become
UL (0) =u?(0) (4.3a)
oH = W<1>( ) — W<2>(0) (4.3b)
i (UM (0) + kWM (0)) = pa (UP(0) + EWP(0)) (4.3¢)
(p2 = pr) gH + P (0) = PP (0) — 2 (ulw (0) - HzW(z (0)) = —K*TH (4.3d)

4.1 Standard Approach

We may solve these equations be following the standard approach. First, seek P in terms of
W (we drop the superscripts for this calculation and simply return them when the results is
known). Multiply (4.2a) by ik and use (4.2¢) to replace —ikU by W,. Thus,

KPP = —poW. + u (W... — K*W.) (4.4)
Differentiate (4.4) and substitute into (4.2b) to obtain

()] () o as

The solutions we require decay away from the interface.

WW = Aexp(—kz) + Bexp (—\/0 + 11 k? \/%) (4.6a)
W® = Cexp(kz) + Dexp (x/a + vok? %) (4.6b)

15



Here the square roots must be taken with positive real parts. (¢ may be complex).
The constants A, B, C and D are determined by (4.3). From (4.3b), we have

A+B=C+D (4.7a)

By using (4.3a) with (4.2c) and (4.2f), we conclude W (0) = W (0). So

B D
—kA — o+ 11k? \/—171 = kC + /0o + 1rk? \/—172 (4.7b)

After substituting (4.2¢) and (4.2f) into (4.3¢c), we find
i (WE(0) + WD (0)) = 2 (WD (0) + K2W(0))

Thus,
201 k%A + py (a + 2V1k2) B = 2usk*C + ps (O’ + 21/2k2) D (4.7¢)

We proceed in several steps to evaluate (4.3d). Consider
E*P — 2uk*W, = —poW., + ... — 3uk*W.
where we have used (4.4). Then, using this result in (4.3d),

(W (0) — W2 (0)) + [(p2 — p1) 0 + 3 (2 — 1) K] WD (0) =
— [(p2— 1) gk* + K'T| H

where we have used Wéz)(O) = Wél)(O). Finally, after multiplying by ¢ and using (4.3b), we
have

B
[(p2 = p1) gk* + K'T] (A+ B) — o [k‘gA + (0 + V1k2)3/2 7}

(1)
— o [(p2—p1) o +3(p2 — ) K] [k‘A + Vo +vk? %} = (4.7d)
3 232 D
(V%) k C+ (U_'_VQk ) / (]/2)3/2:|

Before solving (4.7), it is convenient to define

Ql =0+ 1/1]{32 (48&)
Qo = V0 + 1rk? (4.8b)

From (4.7a), D = A+ B — C. Substitute into (4.7b).
C:_\/E/{J—FQzA_\/E(h—F\/WQz B (4.92)

k= k=0

which also means,

2«/1/2]{7 w/Vlk—FQl \/ 2
D=—"~~—_A+ B 4.9b
V2 k= Vi k— Qs /U1 ( )
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Now substitute (4.9) into (4.7c).
£1 |:21/1]€2A + (1/1]{52 + Q%) B} = P2 |:21/2]{52C + (1/2]{52 + Qg) D]

=PA+ Q@B
where
P = ﬁ [—20ak? (Vo ke + Q) + 2y/Dn k (1oh? + Q)]

= —2P2\/Ek92

and
P2 2
= —2u0k Q Q
Q \/W(\/Ek—92)|: Vg (\/E 1_'_\/% 2)

—I—\/I/g (1/2]{32 + Q%) (\/1/1 k‘ + Ql)}
(v
= P2 ]/_2 [\/Vlk(\/ygk—gg)—Ql (\/VQ]{;—"QQ)]
1
Finally, we write (4.7¢) in the form
RA+SB=0
where
R = 2[)11/1]{32 - P
= 2[)11/1]{32 + 2[)2\/V2 ]{ZQQ
S = pio+2p1k* — Q

1%
= p1 (0 + 211 k?) +PzQ1\/V—i (Vo k + Q) — pay/1o k (Vo k — ()

The last equation (4.7d) may be written in the form
UA+VB=0

where

U= (ps—p1) gk*> + Tk* — pyov,k* — ok [(pg —p1) o+ 3 (pava — p111) k:z}

pook
+ m [ok? (Vi k + Qo) — 203]
= (p2 — p1) gk* + Tk* + ok [0 (p1 + pa2) + 2p11k? + 2par/v2 kQs]

V= (ps— p1) gk + Tk* — L2 03

(p2 — p1) gk~ + N 1
o)

- \/V—l [(p2 = p1) 0 + 3 (pava — pr11) K]

1

B pao Qs ik + n paovek® /Us Q4 + /1
\/ 1 \/1/2]{7—92 \/ 1 \/VQ]{;_QQ
o
= (po — p1) gk* + Tk* + T [Ql (2ﬂ11/17€2 - /)2V27€2)

+ pQ\/E/{ZQng + pg\/Z/{: (O’ + 1/2]{72 + \/EkQQ)}
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(4.10b)
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(4.11a)

(4.11b)

(4.11c)



A nontrivial solution occurs for (4.10a) and (4.11a) when

US—-VR=0

(4.12)

Unfortunately, the algebra is very tedious, and is best broken up into several parts. First,

let’s write the result in the form,
US—VR=|(po—p1) gk +Tk'] X +Y

where

1%
XZPl(U+2V1k2)+P2\/V—j91 (Q2 + V2 k) — pa/va k (Vi kb — Q)

—2p11/1k‘2 —2p2\/Zk‘QQ
1%
=P10+p2w/y—2 Q2+ /12 k) (1 — /11 k)
1
Py (Q+ oK) + pay /e (Do + /o k)

== o

Vi (o )

The expression for Y can be further written as

Y —

\/(;_1 (ao® + Bo +7)
where

a=pi(p1+p2) 1k

B = ps (p1 + p2) 1k + (3p1p2 — p3) V11 V1 K7
+ pa (p1 + pa2) /12 KU + 4pivy /vy KP
— p2 (p1 + p2) V/r1 vak?

v=4 (/)1P2V1V2 - p% (V1>2) k491
+4 (ﬂl@%\/ﬁ\/@ — ﬂ%\/ﬂ%\/@) k',
+4 ((P2)2 VoN/Vy — P1/)2V1\/E) k382
+4 ((mn)’ Vor — ppaviy/vn o) K°

Now let’s simplify ~.

v = =4 (11 — para) (U — or k) (pav/va K2 + prink?)

4 (Pll/l - PzV2) 3 4
= — 1y kE°Q k
01+ i k (P2 ) 2 + P11 ) o
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(4.13a)

(4.13b)

(4.13¢)

(4.13d)

(4.13e)

(4.13f)



Thus, v should be absorbed with the term containing 3. Combining those terms,

Bo+ v = {[p2 (o1 + p2) 1ok + piy/v2 k] (Q1 — /o1 k)

+ prpav/Va ki Qs + 3p1pa/tn 1 K + dpivi/ir K

_4&1:1 \—/;1222) (poy/7s K2 +p11/1k‘4)} o
(p1 + p2) pavak® + p3/v kS 52

QU+ ik
L PP (o +vik? + /o1 k) /2 kS 5
0t ok
+ [3p1p2\/ﬁ\/gk2§22 +4p%1/1\/ﬁk3} o

4(P1V1 - P2V2) 3 4
— k°Q k
O+ ok (P2\/V2 2+ i ) o

This time terms with o have appeared. Finally, combining all the terms,

1
2 — / /

(p1 + pz)p2V2k2 + pgvug kQs + p1po/1e kQQ} o?

+4 [01P2V1\/V2 E*Qa + prpay/vr /v K210

+ p%le/Vl ]{7391 + p%u%k‘l

- (/)1V1 - P2V2) P2/ V2 k3Q2 - (/)1V1 - P2V2) P1V1]€4} U}

- ﬁﬂ [(pr+ p2) o7 (0 + Vi k)

oo/ (R + Vi k)] 0%k
+4 [pl\/ﬂﬁl + pgl/gk] [pg\/EQg + prll{?] 0'/{32}

Finally, then, o must satisfy the equation,

[PIE (Q+ VITR) + po/Tr (2 + /7 )
X [(p2 = p1) gk + Tk + (pr + p2) 0]
+4 (pl\/EQl + nggl{Z) (pQ\/EQQ + prll{Z) ck=20 (414)

4.2 Alternate Analysis

A different approach to the analysis in the previous section is to take advantage of (3.12)
which may now be written as

0 1 0 0

dy |Q*/v 0 0 ik/(pv) _

dz |-k 0 0 0 | YEA (4.15)
0 —iprk —pQ? 0
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where Q? = o+vk?. This system must be solved in the air and water with decaying solutions
away from the interface and subject to the interface conditions (3.23).

The solutions to (4.15) take the form y = Y exp(Az), where A is an eigenvalues of the
matrix in (4.15). The eigenvalues are determined through the vanishing of the determinant
of A — A\I. After some tedious algebra,

Q2
det(A — \I) = <A2 — —) (N —&?) (4.16)

v

For decaying solutions in air, we pick A = —k, —Q/4/v, while in water, we pick A =

k, /vt
The eigenvectors may be determined by standard row operations on the matrix A — AI.
The most useful intermediate row reduced form is

Aki 0 A2 0
0 ki A2 0
0 0 pA(Q2—122) &2 (4.17)
0 0 p(2—-vA) A
For A = —Q//v and Q//v, the eigenvectors are
Qv /v
-2 /v -2 /v
a = ki/ ay = ki/ (4.18a)
0 0
respectively. For A = —k and k, they are
—ki —ki
k% —k?i
b, = I by = i (4.18b)
po po
The solutions, then, may be written as
y1 = Aaje UV | Bh ek (4.19a)
ya = Cane™*/V"2 4 Dbyet* (4.19b)

where the constants A, B, C, D are determined by enforcing the interface conditions (4.3).
First, (4.3a) implies

Ql . Q2
A—ikB = —
VvV V2

C —ikD (4.20a)

Second,
ikA+ kB =ikC — kD = o'H (4.20b)

' As before, we consider k > 0.
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Third,

2 2
P11 8 A+ik’B + ik (kA + kB)} = palsy [—& C —ik*D + ik (ikC — k:D)} (4.20c)
121 Vg
Finally,

[(p2 — p1) g+ TK*] H + p1oB — pso D

. Q Q .\
+ 2ik |ip11/1 (ﬁ A— lkZB) — P22 (-\/E C - ll{iD):| =0 (420d)

Equations (4.20) constitute a linear system for A, B, C, D, H with a coefficient matrix

NNy —ik SN ik 0
i —i

1 1 0
0 0 ik —k —0
—p1 (0 + 2v1k?) 2p111ik? po (0 + 2u5k?) 2pa1oik? 0
2p11/l/1 lk‘Ql P1 (O' + 21/1]{?2) 2p2\/l/2 1]{?92 —pP2 (O’ + 21/2]{?2) [(pg — Pl) g + Tk’2]
(4.21)
Interchange the first two rows and perform the first step of Gaussian elimination.
i 1 —i 1 0
0 _(Ql/w/l/l —k‘) i(Ql/\/Vl —FQQ/N/I/Q) _(Ql/\/l/l —l—k‘) O
0 0 ik —k —0
0 P10 (43 Q44 0
0 52 as3 Q54 Q55
where
asz = (p2 — p1)io — 2 (o1 — pars) ik®
Ay = p10 + 2 (p11 — pain) k?
aro — lpl (O' + 21/1]{32) - 2p1\/V1 1]{591
as3 = —2p2+/V2 kQy — 2p14/11 592)
asq4 — —p21 (O' + 2V2]€2) - 2p1\/V1 1]{591
as5 = 1 [(pg — p1) g+ Tk?z]
Next, use the second row to eliminate the variable B.
i 1 —i 1 0
0 _(Ql/w/l/l —k)) i(Ql/\/Vl —|—QQ/VI/2) —(Ql/\/l/l +/€) 0
0 0 ik —k —0
0 0 b43 b44 0
0 0 bs3 bs4 bss
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where

e (f ) (B 5
= —io |py —k)+p +k 2 — k) (pare — pr1n) ik

(35 ) o (B ] (1)
() (o
) K

0 )
= 2p,0k + 2 —k v v
P1 <\/W (022 P11
bsz = —a53< h —/f) —ia52< h L )
N NN
0 ) Q, (Ql Qg)
=2 —k Vy — PV k‘——l— o +
(ﬁ (Pzz P1 1) \/E P1 \/ﬁ \/E
k) o ()
bsy = —a —k|+a
54 54(\/W 52 \/W
. Q1 Ql i .12 Q1 _ .
“”{’”Qﬁ )“’2(M b)) o <r ) (o =
. Q
555=—I< : —k‘) [(p2 — p1) g + Tk’]

N

Next, use the third equation to eliminate C'.

—_

i 1 —i 1 0
0 —(/yor —k) i(U/ymr +Q/yim) — (/v +k) 0
0 0 ik —k —0
0 0 0 Cq4 Cy5
_0 0 0 Cs4 C55_

where

Cqq4 = ikb44 + /{Zb43

ot () o ()

Ca5 = by
Cs4 = 1kbsy + kbss

s (30) (8 ) oo () (30

55 = (} —k) (o1 — p2) gk + TH?] + p1o® (} N })

o Qs
20k —k —
+ 20 ( — )(p2V2 p1v) —
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The final step creates an upper triangular matrix,

i 1 —1 1 0

0 —( /I — k) (/I +QfyTr) — (/T +E) O

0 0 ik —k —0 (4.22)
0 0 0 Cy4 Cy5

0 0 0 0 dss |

where
ds5 = C44C55 — C54Cap
ot (== 4) + o (- 9) o ()
= —ick —k|+ —k g —k
[’” <f S N

O Q, o Sh Q,
20k —k —
+ 20 < o )(P2V2 p1v1) 7 + o ( o + 7 )}+

[ (1)~ ()t (3 0) (3 -9)
X {102 po (\j; —k) +p (\/Q% +k)} + 2iok?® (parva — p111) (\/Q% —k)}

and

G = (p2—p) gk + Tk

Multiply out the last expression. The result R is

0?2 Q Q 2
R —ic%k 2(—2—k2)—2k (—1—k:)— 2( ! —k:)
{pl %) pip2 \/W P \/W

. Q
+ 2i0%k? (p21/2 — ,011/1) <F11 — k:) S

2 [ 2
+4iak54(pgug—p11/1) <\/W —k:) (ﬁ —k)

where
02 Q Q Q Q
S = —2—k2)+ ( - —k:)( 2—/<:)+ k( 2—!{:)— k( : —k)
P1 ( Vo P2 o 7 P1 T P2 T
By collecting expressions together, we obtain
ok (G =)+ (o =) (G ) oo
dss = —iok -k |+ —k — k)G +iockU
55 [ﬂl <\/Z P2 N N
+2i02k2( Uy — V) i —k V—i—4iak4( vy — 1/)2 & —k (% —k
P22 — P11 o P22 — P11 o Ty
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where
o) ot (i o) o (G v o) ()
= — —k —k |+ + + 2k | + —k
(ﬁ P1\/E Plpzﬁ Nz Pzﬁ
k) -2 ()
YV =2,k — k) —2pk —k
P1 (M P2 N

Now cancel the common term,
0 )
—ick —k
(vm
with the result,

R

0 Q
— 20/{:(p21/2 — pll/l)V — 4]{:3(,021/2 - P11/1)2 (\/% — k‘) <\/% — k‘)

2 2 1 2 2 1
- _ o 2% _

Next, multiply by
04 Q9
k k

where

and use the result

to obtain

- O 2 2
0155—0{017/1(\/W +k)+P2V2 (M +k¢)}g+0-’4

— 20°k(pavs — pr11) B — 40%k* (pavs — ,017/1)2

where

Ql Ql Q2 Q1 Q2
A:a2y( +k)+ v y( +k)( +k)( + +2k:)
P11 o p1V1p2V2 o Ty o Ty
Q
+opyvs <—2 + k‘)

V2
Ql QZ
=2 k k) —2 k k
b= 2o (m* ) o <m+ )
Since

(20) (o) (B e)-
() 2 () (o) ()
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we find

A=0c(p1+ p2) {pll/l (% + k:) + pavsy (% + k)]

) ()
+ 4p1v1 pank +k +k
,011P22<\/W NS

By dropping o and absorbing the first term of A with W, we obtain

Q Q
d55 = |:pr1 (\/% —|—]€) "‘/727/2 <\/% +k?):| (g+ (p1—|—p2)0'2) +40’]€C

where

o Q1 Q2 Ql Q2
C = piparak <\/W +k:) (\/E +k:) (pava — prir) {pwl (\/ﬂ +k> pala (M +k>}

— k? (P2V2 - PlV1)2
Q Q
= (pIVI 711 + ﬂszk) (027/2—% + /)1V1]€)

This result agrees with (4.14).
The case k£ = 0 must be treated separately. However, it produces no interesting results.
The system (4.5) becomes

y = Ay

o O O

0

dy |o/v

dz | 0
0

O O O
o O O O

The third equation implies W) = W®) = 0 (applying the far-field boundary conditions),
which means ¢ = 0 by (4.3b). Thus, the first two equations become U,, = 0 and UM =
U? = 0 again by the far-field boundary conditions. Finally, the last equation gives P, = 0
which is satisfied by any choice of constant for the pressure in the air and water.

4.3 Analysis of the Dispersion Relation

The dispersion relation (4.14) involves several physical parameters and may contain many
solutions. Even with the material parameters held fixed, there may be many branches of
solutions as the wavenumber k is varied. It is best to build up an understanding of the various
solutions by invoking some simplifying assumptions. The first obvious one is to remove the
influence of the air by setting p; = v; = 0.

4.3.1 No Air

With p; = v; =0, (4.14) becomes

1/2]{?292

e S 4.2
Qg—l—\/ﬂk‘g 0 (4.23)

T
o’ +gk+—k+4
P2
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which may be simplified by multiplying the numerator and denominator of the last term by

0y — /73 k.

T
0'2 + gk’ + —k'g + 41/2]{3292(Q2 — A/ V2 k‘) =0 (424)
P2
Since 0 = Q32 — 1»k?, we obtain a quartic in .
T
O 4 200 k20% — 48Ky + V2K 4 gk + —k* =0 (4.25)
P2

It is time to introduce dimensionless variables. For water v5 is quite small, so we expect
the dominant contribution to come from the terms containing the gravity and surface tension.
Thus, define

T 1/4
G = (gk - —k3) (4.26a)
P2
and set
2y =GY (4.26Db)
Then, (4.25) becomes
Y 42e?Y? 483y + e +1=0 (4.26¢)

where

Ny,

e (4.26d)
The value of these definitions becomes clear when we examine the value of ¢ for all positive
k, shown in Figure 1. We have chosen the values for water to evaluate €. Clearly ¢ is very
small even for large values of k, and only becomes sizeable for k >> 1: we may solve (4.26¢)
as a regular perturbation. Let

Y =™/ oy +Bas+ -, wheren=—1,1 (4.27a)

and substitute into (4.26b). (Note that we pick the two roots for Y when ¢ = 0 that have
positive real parts as assumed in the derivation of (4.15). By balancing terms of equal powers
in €, we find

1 .
ay =3 e inm/4 (4.27b)
a3 = e "T/2 (4.27¢)

Finally,
o= (GY)? — 1,k?
_ G2ein7r/2 . G2€2 + 2G2E3e—in7r/4 . 1/2]{52

Tk3 . 2 3/2]{23 .
— (| gk+ —— "2 — 20k 4 e e
P2 (gk +Tk3/p2)

(4.27d)
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Figure 1: Variation of ¢ with k

Writing the result in real and imaginary parts,

3/2;3
o= a4 Y202k 1/4ii,/gk+T—k3
(9k + Tk*/ p2) P2

Now consider the nature of the solution when ¢ is large. Set Y = ¢Z and write (4.26c¢)
as

9 3/2;3
o V2w (4.28)

(gk + Tk?/ps)**

1
(Z—l)(Z?’+Z2+3Z—1)+€—4:0 (4.29)

There are three roots for the cubic

71 = 0.2956 , (4.30)
Zy = —0.6478 £ 1.7214i ,

but only Z; is relevant. Thus,

o= G252le — wok?
= —0.912615k? . (4.31a)

There is another solution to (4.29) given approximately by 1 — 1/(4e?) and then

G2
=53
1 Tk?
= —— k+ — 4.31b
s (4 0) (431b)
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It is perhaps useful to reconsider the results from a more physical view. Then, it is more
appropriate to use gravity waves as the base state. In other words, scale ¢ by +/gk, and
write

5 &)
— (4.32a)
where
Tk?
o= — (4.32Db)
Y

B=v (%3) (4.32¢)

Clearly, when 3 < 1 or 3 < /a, then (4.28) applies, and when § > 1 and 3 > /«,
then (4.31) applies. For water, gravity dominates for wavelengths much greater than 1.7
cm; surface tension dominates for wavelengths much smaller than 1.7cm (« = 1), but much
greater than 1.0 x 1072 cm (3 = /a); viscosity dominates for wavelengths much smaller
than 1.0 x 1072 cm.

4.3.2 Full Relation

Guided by the results in the previous section, let’s use

1
_ 3 2
F= Ku) gk + —% } (4.33a)
P2 + p1 P2 + p1

to define the dimensionless variable X by,

o=FX (4.33b)
Then, (4.14) becomes

(1+7) [rel (\/X+g§ +el) e (\/X+gg +52)] (X2 1 1)
+ 4 (rsm/XjLe% +e§) (52,/X+e§ +rg%) X =0 (4.33¢)

with the dimensionless parameters given by

1% 1%
r:% 51:/%;{; 52:‘/F2k (4.33d)

When viscous effects are small, we expect the solution to be close to X = +i. It is not
clear at first sight which of the small terms should be included to calculate the correction to
this solution. However, we do notice that all square roots may be approximated as v/i. To
better appreciate which terms may dominate, let’s write

X=i+X (4.34a)
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Figure 2: Regions of Different Asymptotic Solutions

and obtain an approximate solution

2 <r€1\ﬁ + e%) <82\/i_ + r&t%)
r=- (1+7)(re; + e2)Vi ’ (4.34b)

which may be further simplied as

Sl V2 (reies + V2 (r’et +€3))
R{X}=- AR T (4.34c)
o~ ~ . \/57’8182
M {X} T (1 +7) (rer 4 &) (4:34d)

There are three special cases worth noting, and they can be identified by three regions
in the diagram given in Figure 2.
Region I. Since €2 >> r¢,/v/2,
2¢2
1+
Region II. Here £2 << re;/y/2, and gy >> /2 7€2, s0
5 \/2_ Te1€2

E R e e (141) (4.35b)

Region III. Now &, << v/2 72, and

A
~
~

(4.35a)

2
2re}

X~ —
1+

(4.35¢)

<

29



On physical grounds, it is better to set e¢o = Re; where R = \/15/1;1 is a parameter
that depends only on material properties. The variable €; can then be used to measure the
wavenumber. For small enough k, the results form Region II are the appropriate choice.

Ty \/57“351 .
XN_(l—l—r)(r—i—R)(l—H) (4.36a)

provided

T R
V2 R2 V2 r

For water and air, r = 1.2 x 1073 and &, /e, = R = 0.271. It is only the first inequality in
(4.36b) that is of consequence: £; << 1.2x 1072 or k << 0.0046/cm. The viscosity of the air
is dominant for wavelengths well above 10m. For & >> 0.0046/cm, the viscosity of the water
dominates and the solution in Region I is the appropriate choice. It agress with (4.28). For
Region IIT to be appropriate, R/r < ; < 1. However, for air and water R/r = 2.26 x 102
and Region III is never relevant.

For R fixed, there are two real solutions to (4.33c) when ¢, is very large. One solution is
very small,

£ << and g << (4.36Db)

(I+7)
X ~ — S 4.37
2(r + R2)e? (4.372)
and the other is very large,
X ~ ae? (4.37b)

where a satisfies

(1+7) [r(m+1)+R(m+R>]a
+4 (r\/m+R2) <R\/m—l—r> =0. (4.37¢)

For the air/water interface, a = —0.0676.

The results for the air/water interface are displayed in Figure 3 which shows the R{ X}
as a function of £;. The asymptotic results in (4.34c) for small £; and the two asymptotic
results in (4.37a) and (4.37b) are drawn over limited ranges as dashed lines. For large ¢4, the
asymptotic results are already very good when ¢; reaches 5. For small ¢, the results agree
well with (4.35b) for a value of €1 as large as 0.3. For 0.05 < €7 < 0.3, the dominant part of
(4.34c¢) is given by (4.35a) (Region I), while below 0.001 the dominant contribution is given
by (4.35b) (Region II). The transition occurs around ¢; ~ 0.01 and is shown in Figure 4.
The S {X} is shown in Figure 5. Clearly, the two real roots for X occur when S{X} = 0.

4.4 The Physical States

It is clear that the roots to (4.14), or its dimensionless form (4.33c), occur as complex
conjugate pairs. Let o = o, + io; and from now on subscripts r and i will refer to real and
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Figure 3: The R{X} for air and water.
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Figure 4: The R{X} for air and water.
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Figure 5: The 3{X} for air and water.

imaginary parts. Let us pick H = a as a measure of the amplitude of the surface elevation.
Then,
h(l’, t) _ ae(ar—i—lai)t elkx — aeF(XT--l—lXi)t elk:c (438)

where we have used (4.33b).
Next, we solve for D in dimensionless form using (4.33d), but after introducing,

Q= Vo+umk? =VF /X +¢2 (4.39a)
Q= o+ k2 =VF (/X + ¢ (4.39b)

Ql—ﬁk:ﬁ(m—al)zﬁXl (4.39¢)
Qz—ﬁk:ﬁ(M—az)EW& (4.39d)

Now (4.22) is in upper triangular form, and ¢ ensures ds;5 = 0. So we use the fourth equation

to relate D to H = a. P
D = - Da (4.40a)

where
RX [RXI +7r (XQ + 262)] -+ 2€%X1 (R2 — T)
R(RX; +1rX5)
=X - (4.40b)

D=—
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o rRX + €2X1(R2 — T) (4 40(3)

where
=2
RXl + TXQ
Next, from the third equation of (4.22), we find C in the form
F
=i -Ca (4.41a)
where
C=-D—X=¢e0 (4.41D)
Also, from the second equation of (4.22), we find B in the form
F
B = Ba (4.42a)
where
R(Xi+2e)D+ (RYX 1 + VX 13)C
B—=—
RX,
=X 4e0 (4.42b)
and IRX — X,
U= 4.42
7Y, (4.42¢)
Finally, from the first equation of (4.22), we write A in the form
F
A=irAa (4.43a)
where
A=B+C+D =¥ (4.43b)
The consequence of this choice of dimensionless variables is that they satisfy a dimen-
sionless version of (4.21)
R\/X + &2 —€9 VX + e} ) 0 A
—1 1 1 1 0 B
0 0 1 1 X |lcl=0 (449
X + 263 2¢2 0 D
+r] \1

2
2re}

—r(X + 2¢%)
—2rei/ X +e2 r(X +2e3) —2e9y/X +e2 —X —2e3 1

With these results, we may write down the linear solutions from (4.19). In air,

N 1 .
U N —ik
it % ik? :

1= |A n | e#/vi 4B e k2| ot elhe (4.45)
W i k

p 0 P10
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(4.46a)

or individually,
i =iFa { X +e2 e VXHeTke/an _ (x4 81\11)6_]%} el Xt gibe
W= Fa [—51\Ife_ VXtrethz/an (X 4 51\11)6_’”] el Xt glke (4.46D)
F? .
p= ad Sl X (X 4 &, W)e kzel Xt gike (4.46¢)
In water,

~ S .

U N —ik

U, ERLR S —ik* | k| ot ik

2l =1|C v | eV LD | et elhe (4.47)

w ik —k

P 0 P20
or individually,
d .
i =—iFa [ X + &2 Ee\/x"'e% kz/e2 _ (X + 51<I>)ekz] el Xt ik (4.48a)
W= Fa [—51<I>e\/ Xreghe/o (X 4 elq))ekz} el Xt ik (4.48Db)

F? .

p= —ka aX (X + ,®)ekzel Xt ok (4.48c¢)

Real solutions are generated by considering the real and imaginary parts of (4.46) and
(4.48). First, the real part of (4.38) gives
h = ae™ " cos(FXt + kx) (4.49)
which represents a wave travelling to the left. To simplify the notation, let us define
\/X—l—gf :\/XT+6%+1XZ- =Y, +iYy; (4.50a)
VX el =X 1S X =Y 4 Yy (4.50D)
Also, let
{ X +e2WeV Neihe/er _ (X + al\If)e_kZ} = P, +iP, (4.51a)
|:_Elllle—\/X+E%kZ/£1 n (X+51\If)e_kz} = P, +iP,, (4.51Db)
X(X +eW)e ™ =P, +iP, (4.51c)
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where

Pur = [(}/lr\:[]r - }/11 ) COS(wl) (}/M\IIT -+ }/M\I/Z) Siﬂ(lh)] e—Ynkz/el

— (X, + 0, )e ™ (4.52a)
P, = (Y10, + Y1, 7,) cos( ) (Y1, 0, = Y1,0;) sin(yy )] e r05/5
Py = [—e1, cos(thy) — e1F; sin(ey)] e 7F2/E0 L (X, 4 61T, )e R (4.52¢)
P = [—e10; cos(iy) + €1, sin(yy)] e 1R/ 4 (X 4 6, 0;)e (4.52d)
P, =[X.(X, +1V,) = Xi(Xi+a¥;)] e~ (4.52¢)
P, =[X.(X; +a¥0;) + Xi(X, +e1¥,)] e (4.52f)
and Vb
iIRZ
Y=~ (4.52g)
€1
Using these definitions, the real parts of (4.46) become
= —Fa[Pycos (FXit + kx) + P, sin (FX;t + kx)] efX* (4.53a)
W = Fa|P,, cos (FXit + kx) — Pyisin (FX;t + kx)] e (4.53b)
F2
=P [P, cos (F Xt + kx) — Pysin (F Xt + kx)] eF %! (4.53¢)
Similarly for the flow in the water, we introduce
o
{ X +¢e2 Ee\/ X+efhz/ez _ (X + elé)ekz] = Qur +1Qu; (4.54a)
[—elq>e\/X+E% keler (X 4 elcb)eﬂ = Qur + 100 (4.54b)
X(X 4,0 = Qpr +1Qp; (4.54c¢)
where
1 . z/e
Qur = = [(Yar®, — Yoi®;) cos(thn) — (Yai®, + Yo, ®;) sin(thy)] '/
— (X, + 1D, )e* (4.55a)
1 3 zZ/E
Qui = 1 [(Yaiy + Y5 ®i) cos(1y) + (Var @y — VoiBy) sin(tfp)] e’ H+/%
— (X + 1®;)e™ (4.55Db)
Qur = [—€1P, cos(thy) + £1®; sin(ahy)] X272 4 (X, 4 £,®,)et (4.55¢)
Qui = [~1®1 cos(ta) — 1@, sin(iis)] " F/52 1 (X, + £,;)ck (4.554)
Qpr = [Xo (X, + 619,) — Xy(X; 4 £10;)] (4.55¢)
Qpi = [Xo(X; + 61®) + Xi(X, + 6,D,)] e (4.55f)
and Yok
4
Yy = — (4.55g)
€2
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Using these definitions, the real parts of (4.48) become

i = Fa[Quicos (FXit + kx) + Qu sin (FX;t + kx)] e (4.56a)

W = Fa|Qu, cos (FXit + k) — Qu;sin (F Xt + kz)] ef ! (4.56D)
F2

p= —P2Ta [Qpr cos (F Xt + kx) — Qpisin (FX;t + kx)] e (4.56¢)

To obtain waves travelling to the right, we seek the solutions that are conjugate to the
previous ones. In other words, X = X, —iX;, and

h=ae"™" cos(FXt — kx) (4.57)

Notice that the conjugate growth rate is a solution because we may take the conjugate of
(4.44). The conjugates of A, B, C and D will be the appropriate ones to determine the flow
variables. As a consequence of these results, we obtain another solution by replacing all
imaginary parts in (4.53) and (4.56) by their negatives. Thus, in air,

i = Fa[P,;cos (FXit — kx) + P, sin (FX;t — kx)] e (4.58a)
W = Fa [P, cos (FXit — kx) — Py;sin (FX;t — kx)] eFX* (4.58Db)

F2
ﬁ:pl—a P,.cos (FX;t — kx) — Py;sin (FX;t — kx)] ef Xt 4.58¢

k’ p p
and in water,

i = —Fa[Qycos (FXit — kx) 4+ Qusin (F Xt — kx)] eF ¥ (4.59a)
W = Fa|Qu, cos (FXit — kx) — Qu;sin (FX;t — kx)] e (4.59Db)

F2
p= —pgTa [Qpr cos (FX;t — kx) — Qi sin (FX;t — kx)] eF Xt (4.59c¢)

Finally, we may obtain standing waves by superposing two travelling waves in opposite
directions. In particular, adding (4.49) and (4.57) and halving the result leads to

h = aef™ " cos(FX;t) cos(kx) (4.60)

Repeat the procedure for the motion in the air;

i = Fa[Pysin (FX;t) — P, cos (FX;t)] e sin (k) (4.61a)
W = Fa[P,, cos (FX;t) — Pysin (FX;t)] e cos (kx) (4.61Db)

F2
p= plTa [P, cos (F X;t) — Py sin (FX;t)] e cos (kx) (4.61c)

and in water,

0= —Fa[Qusin (FXit) — Qu cos (FX;t)] e sin (k) (4.62a)
W = Fa[Qucos (FXit) — Quisin (FX;t)] e cos (kr) (4.62Db)

F2
p= _p2Ta [Qpr cos (FX;t) — Qpisin (FX;t)] e cos (kx) (4.62¢)
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There are several other physical quantities of interest, the vorticity and the stress com-
ponents at the surface. To calculate these quantities we need the following expressions: in
air

0P, k

+ [(leT - }/122)\15 + 2Y1rY1i‘1’r] sin(wl)} o~ Yirkz/e1

+ k(X + 619, )e (4.63a)

P ‘?1{ (V2 = V2) 0+ 293,130, cos(un)

o [(Yfr - Y12z)\1lr - 2Y17«Y12‘\I’i] Sin(lﬁ)} e Yirkz/e1

ThXG e l)e (4.63b)
agzr —k [(er — Y, 0;) cos(yn) + (Y1, 05 + Y, 0, sin(zbl)} o Yirkz/e1

= k(X + e ly)e (4.63¢)
85;2‘ — k[(Yu\Ifr + Y1, ;) cos(¢) + (Y0 — Y, 0, Sin(@bl)} o Yirkz/e1

— kXt eali)e™ (4.63d)

and in water

0Qur  k R B,
- = R—{;‘z{ [()/ér }/QZ)QT 2Y27”Y'22q>21| COS(%)

- |:(}/2%” - }/221)@2 + 2}/27"}/2@(1)7«] Siﬂ(wz)} eYQTkZ/52

— k(X, +e1®,) e (4.64a)

0Qu  k
s _ R_@{ (V2 = Y2) B0+ 205, ¥, ] cos(in)

T [(Yfr ~Y5)®, — 2erYzz~<I>,~] Sin(%)} oYarkz/e2

— k(X 4+ 19;)e* (4.64b)
aQwr ﬁ . . F. ] ] . Yorkz/eo
82 - R (}/ér(l)r }/22(1)1) COS(¢2) + (}/27“(1)2 + }/22(1)7‘) Slﬂ(i/)g) €
+ k(X 4 ,®,)e" (4.64c)
Qi — _E ) ) _V.®.) o Yorkz/e2
02 - R (Yézq)r + BT(I)Z) COS(¢2) + (}/27“(1)7‘ }/22(1)2) Slﬂ(i/)g) €
+ E(X; 4 1®;)e (4.64d)
For waves travelling to the right, we may express the initial vorticity
o0 o
YT or 0z
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in the air as

w = —Fka [(wgl) cos()1) — wgl) sin(¢y)) cos(kx)

— (wd cos(yn) + wf sin()) sin(kz)]| exp <_illkz) (4.652)
where
W) = (Vi — Y)W + 23, Y3, 0, e,
€1
wél) _ (ler - Yl%)‘llgr — 2V, Y ¥, — 50,
1

and in water as

w? = —Fka [(wf) cos(1s) + w’ sin(¢)) cos(kz)

Yo, k
— ( § cos(1hy) — wi? sin(1)2)) sin(kx)} exp ( ;812) (4.65b)
where
@ (Yo = Y5)®; + 2V, Yy, P,
e R?, —a®;
2 _ (Y22r - }/222‘)(1)7‘ — 2Y5,. Y9, ®;
Wy~ = R2€1 — Elér

At the surface (z = 0), the pressure in the air for a wave moving to the right is initially

F2
Plattace = (P14 p2) = | 77— (P cos(ka) + Pyssin(ka)) | (4.662)
k L1+r
and the normal stress is
o™ F?aq
2= (0) = (p1 + po) =NV (4.66b)
0z k
where
(1) 27“8%
N = N (Y4, ¥, — Y0, — X, — &0, cos(kx)

(1+7
+ (YU, + Y3, 0, — X; — &10;) sin(kz)]  (4.66¢)

Similarly, the surface pressure in the water is

P = —(p1 + pg)F—% [L (Qpr cos(kz) + Q -sin(kx))} (4.67a)
surface ]{7 1+ r pr pr
and the normal stress is
o @ F?aq
_2/125 (O) = (Pl + 02)7/\[(2) (4.67b)
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where

_ 2Re

(2) —
N (I+7)

[(—Ygr@T +Y5,®; + R(X, + €1<I>r)) cos(kx)
+@n@V4@@+Raﬁf@m$mmﬂ (4.67¢)

The tangential stress at the surface is given by

ouM  awW F2q
— — = ——7Wm 4.
m(Ge +5 )= (168)
where
T _ rei [2XZ- +e0, — i(Y’l2 — YU, — 2 YMYM\I/T] cos(kx)
(1 + ’l“) €1 " ! €1
1 2
%{4&—@%+;Mﬂ#@%—;%ﬁ%%ﬂ%ﬁ(M%)
1 1
In water,
ou®  oaw® F2aq
— — )= i g 4.69
i (02 * ox ) (pr+p2) k ( 2)
where

(2) R*e; 1 2 2 2
R [Mﬁﬂ@—ﬁ;%fw@@—ﬁ;m@@%MM)

1 2 2 2 .
+ [—2Xr — 0, + e, (Y2r — Y2i)<1>r — RQ—&YQTYQZ-(I)Z} sm(kx)} (4.69Db)

4.5 Asymptotic Approximations

As the approximate solutions (4.35) show, it is necessary to expand up to second order in the
effects of viscosity to capture both regions of interest. We may proceed formally by setting
€9 = Re; and expanding all quantities to second order. The starting point is the dispersion
relation (4.33c). Assume

X =i+ Xiey + X2 .. (4.70)
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and expand the following quantities:

X+e?2 ~Vi- %Xlgl + <§X2 — %(1 + Xg)) (4.71a)

VX R ~ Vi -t _X1 g1+ (*8[)(2 1\ﬂ( +X2)) (4.71b)
: Vi
reiy/ X +e2 + R%2 ~Vire + <R2 — TT’Xl) g2 (4.71c¢)
. ivi
Reiy/X + R2€2 4+ re? ~ ViRe, + <7’ - TRX1> (4.71d)
rey (\/X+a% +51) + Rey (\/X+R2€%+R£1)

N\/_(R+7“€1+<(R2+r) 1\2/_( —l—r)Xl)e%

( X+e2 + )( X + R%? —i—r&t)
(4.71f)
~ 1TR€1 + T‘RXlé’:‘l +vi (R3 +r )

(4.71e)

By substituting these expressions into (4.33c) and balancing powers of €;, we obtain expres-
sions for X; and X,. The lowest power is €2 and the terms are

2Vi (14 7)(R+7)X, —4rR=0,

which leads to o R
X =-Vi - . (4.72)

At the next order,

Vi (1 +7) (R4 7r)(2iXy + X2) 4 21X, (14 7) <R2+ —7‘[(1-” )X)

+4i (rRX, + ViR +7%)) +4irRX, =0,

which leads to R R 222 4 B 4
X2:—2 +rt —2r +ri+r (4.73)
(1+7)2(R+1)?
When we apply the assumption r << 1 as in the case for air/water, the dominant contibu-
tions give

X ~i—Vi2re, — 2R%? (4.74)

which agrees with the previous results (4.35). The important observation is that the first-
order term is proportional to r and is in effect only for very small values of £; when the
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€1 numerical asymptotic
0.1 -1.596 x107% -1.639 x1073
0.001 -1.833 x107% -1.845 x107°

Table 2: The real part of X

second-order term is smaller then the first. Specifically, v/2 r = 1.697 x 10~ while 2R? =
1.469 x 10~%. In Table 2, we give two representative results that illustrate how one term may

dominate the other.
To proceed, we need the expansions for ® and W. Since

RX, +rX, ~Vi(R+7) 1—1(&—WM)511

2 R+r

and
rX + (R? —r)Xie, ~ir + (\/i_(R2 —r)+ TX1> €1

the expansion for

q):q)0+q)161...
has
2rR
dy = Vi
0 \/IR—FT’
(I)l:2RR3+7’R3—|—TR2+T2R2—|—T3R—T’2—7‘3

(L+r)(R+1)?

For ¥ we need the expansion,
. - 5 - ivi A
2RX — Xo® ~ 2iR — Vid, + <2RX1 —Vi®, + R + 7X1o1>0) €1

2 3 2 3 _ 2 _ .3
%12R —2\/1_RR +2rRe+rR°>—rs—r
R+ (1+7)(R+1)?

1.

Then the expansion for
\I/:\IJQ—I—\IflEl...

has

2R
U, = Vi
0 \/I_R—I-T

R R} —rR34+rR+7*R+1r>+13
(14+7r)(R+r)?
The horizontal velocity profiles require expansions for
. 2R ( \/sz> exp(—k2)
~ exp( — —iexp(—kz
Ryr P €1 P ’

. 4T 1 r? - Vikz .
Qu ~ {1 2 r+<%_ (1—1—7“2)(15—%7”)2)\/1_81} exp( Ri )—1exp(k;z),

\111:2
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(4.76a)

(4.76Db)

(4.76¢)

(4.77a)
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where we must include the first two terms for @), since the first term is proportional to r.
Assuming r << 1 and r << R, we obtain the initial profiles for waves travelling to the right,

) cos(kx) — Sin<\/1;51> sin(kx)} exp(— \/];7251)
— Facos(kz)exp(—kz), (4.78a)

kz
A1)
u’ = 2Fa cos(
[ \/551

in air and
a® — _Fq {(21 + \/§R51) cos( ke ) +2 Rey sin( bz )} cos(kx)
R \/§R€1 \/2_R€1

[\/_Rel cos(\/;zRgl) — (2—12; + \/§R51) Sin<\/§szgl)] sin(kx)} exp(\/;j%l)
+ Facos(kz)exp(kz). (4.78b)

in water. It is interesting to compare these results with those from inviscid theory:
aV) = —Faexp(—kz) cos(kz)
4? = Faexp(kz) cos(kx) .

There is a correction in the boundary layer in the air that is comparable in magnitude to the
far-field flow. This is not the case for the vertical velocity which is the same as the inviscid
theory.

WY = Faexp(—Fkz) sin(kz) (4.79a)
W = Faexp(kz) sin(kx) (4.79D)

The easiest way to identify the boundary layer contribution is through the vorticity. By
using (4.78) and (4.79), the vorticity has no leading order contribution from the far-field flow
and only has non-zero values in the boundary layer. In air,

o = —\/5@ exp( \/,€1>{ [cos(\/l;_il) + sin(\/l;jglﬂ cos(kx)

+ [cos(\/l;jgl) — sin(\/l;jglﬂ sin(lm)} . (4.80a)

In water,

5 z V2 r z ro. z
W= _Fakexp<\/§kRgl> { {(Ril +2) COS(¢;R51) - R2251 Sm(ﬂk}zalﬂ cos(kz)
V2 r z V2r ) z )
+ {Ril COS<\/§]€R51) + <R22€1 + 2) sm(\/;REl” sm(lm)}. (4.80b)
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Figure 7:
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Figure 8: Contour lines of the vorticity in air when £; = 0.1: exact results .

In Figures 6 and 7, we show the asymptotic predictions for the contour lines of the
vorticity in air and water for the case of air and water with £y = 0.1. The vorticity contour
lines in water are essentially those of (4.80b) when r = 0. The exact contour lines are given
in Figures 8 and 9.

The close agreement between asymptotic contour lines and the exact contour lines is also
true when ¢; = 0.001. Except for scale, the pattern of the vorticity contour lines is very
similar to those in Figures 6,7,8 and 9. The only difference is that v/2 7/(R2%e;) = 23 which
is much larger than the other term. The implication is that the presence of the air is now
dominating the creation of vorticity at the interface. Consequently, it is worth studying the
balance of forces at the interface.

To obtain the pressure, we expand P, = X (X + &, V) and @, = X (X + £®) to obtain

Pp ~—1+ <2X1 —i—‘l’o) 181 + (2X21+X12+X1\110+‘1/11> 8%

2R(1—7) . , N, L,
~ —1 4.81
Yarn@wen Vet TR (4.81a)
Q,~—1+ (25{1 + ®0> ieq + (2)2'21 + X2+ X Dy + <I>1i> g2 ..
2rR(1—1r) . N, . 2
—1- 4.81b
1 +r)(R+r)l\/l_€1 AT R (4.81b)

where

N, =2R* —2R® —4R" 4+ 2rR — 2rR* — 4rR® — 4rR* + 2r?
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Figure 9: Contour lines of the vorticity in water when £; = 0.1: exact results .

+4r°R + 8r°R* — 2r* R’ + 2r°R — 2r*
N, = —2R"+2rR® = 2r’R+ 87" R + 4°R® + 2r*R*
—4r® — 4r°R — 2r°R? + 2r° R® — 4" — 2r'R + 2r'R?

These results allow the pressure at the surface to be determined. From (4.66a) and
(4.67a),

oo T V2 R(1—71)
Phintace ~ 17 <—1 G +T)(R+r)€l) cos(kz)
V2 R(1—7) N, )\
" <(1 TR ) T AT AR 7“)261) Sm(’“)] (4.82a)

@ 1

V2 rR(1—7)
Psurface ~ _1 +r <_1 + (1 +7“)(R—|— 7“)81) COS(k’ZL‘)

V2 rR(1—r) N, N
i <_ (I+7r)(R+ 7“)61 + (1+7)2(R+ 70)251> Sm(kx)] (4.82b)

The normal stresses at the surface only start with second-order contributions. From
(4.66¢) and (4.67c),

2r(R—r)

(1) o
N (1+r)(R+r)

sin(kz)e] (4.83a)
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2R*(R —)
(1+7)(R+7)

Under the assumption r << 1 and r << R, we keep only the dominant contributions,

N~ — sin(kx)e? (4.83D)

P o~ —r(1+ V2 &) cos(kz) + V2 rey sin(kz) (4.84a)
P2 e (1 =1 = V2 rey) cos(kx) + (V2 rey + 2R%?) sin(kx) (4.84b)
NW ~ —2re?sin(ka) (4.84c)
N® ~ —2R*?sin(ka) (4.84d)

For the tangential stresses at the surface, there are quantities of only first order. Thus
we need the expansions to first order of several expressions. The quantities of interest are:

V2 rR
(I+7r)(R+r)

V2 rR
(I1+7)(R+7)

V2 rR
(I+r)(R+T)

V2 rR
(1+r)(R+Tr)

2 2
ler_leiN_

€1,

2V, Y~ 1 — €1,

2 2
}/27’_}/22"\"_ €1

€1,

which lead to

r 2
TO ~ 17’i1r { _g_i + (2 + i j;};+ e \I’1> 61] cos(kx) — g_i sin(k;x)}
(4.85a)
- 2 P2
T2 - il - { _f_:f + <2R2 + q +i§(§+ 5 (I>1> 51} cos(kx) — fﬁf sin(kx)}
(4.85b)
Under the assumption » << 1 and R, the tangential stresses become
TW —\/grel(cos(km) + sin(kz)) (4.86a)
T@ ~ —v/2 rey (cos(kz) + sin(kz)) (4.86b)

As a consequence of the choice of dimensionless variables, the balance of normal stresses
at the interface must satisfy

@ AN N = cos(kz) . (4.87)

Psurtace ~ Psurface

Since inviscid theory predicts

pgtllz“faco = _1 :_ r COS(]{?ZL') ) (4883)
1
éiz“face = 1 + COS(]{LT}) ) (488b)
r
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Figure 10: Profiles of the modified pressure and viscous contribution to the normal stresses
in air: e; = 0.1.

the modified pressures

ﬁélllz"face = pglll)rface + 1 :_ r cos(kx) ) (489&)
1

~(2 2

pgui‘faco = pgu)rfacc - 1 +r COS(]{?ZL‘) ) (489b)

will show the influence of viscous effects.

In Figure 10 and 11, we show the modified pressure and the viscous contribution to the
normal stress along the interface for the air/water case in air and water respectively. The
choice €1 = 0.1 corresponds to Figures 6,7,8 and 9. What is clear from these profiles is
that the pressure and viscous contributions to the normal stress are in balance in the water
and that there is little influence from the air. Furthermore, by looking at the profiles of the
tangential stress shown in Figure 12, we see that the tangential stresses are much smaller
than the normal stress. We show the tangential stress only in water since it is exactly the
same as that in air.

The situation is different for € = 0.001. In Figures 13 and 14, the profiles of the
modified surface pressure are in balance and the viscous contributions to the normal stress
are insignificant. The tangential stress is shown in Figure 15 and its magnitude is comparable
to the pressure. The magnitude of all the forces is considerably smaller than those when
g1 = 0.1.
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Figure 11: Profiles of the modified pressure and viscous contribution to the normal stresses
in water: ¢ = 0.1.
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Figure 12: Profiles of the tangential stress in water: ¢; = 0.1.
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Figure 13: Profiles of the modified pressure and viscous contribution to the normal stresses

in air: 7 = 0.001.
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Figure 14: Profiles of the modified pressure and viscous contribution to the normal stresses

in water: 1 = 0.001.

49




2.5e-06

2e-06
1.5e-06
1e-06
5e-07

-5e-07
-1e-06
-1.5e-06
-2e-06

-2.5e-06

Figure 15: Profiles of the tangential stress in water: ¢; = 0.001.

A Harrison’s Form

Our result, (4.14), is equivalent to Harrison’s result, given in Chandrashka’s book on p.443
as

k k2T
- {9_ {(CQ - al) + 7)} + 1} (CY1(J2 + aoqp — k‘) — 4dkoy oo

o g(p1+ p2
4k?
+ P (aovy — aqvy) {(ouga — aoqr) + k(a2 — aq)}
4k? 9
+ ? (Ckgl/g — Oéll/l) (q2 — k’) (ql — k‘) = (Al)
where

P1
' p1+ p2 ( )

P2
Q9 = A2b
2 pP1+ p2 ( )

0
G = NS (A.2c)

Q
- A.2d
q2 \/ﬁ ( )

20



First note that

{Z'_i: |:(042 B al) + g (p]j fp2)} T 1} - 0-2(p11+ p2> {02<p1 + p2) + (p2 - pl).gk + Tk’3}
(A.3a)
and
1
s e~k = s (P (= VI ) + /7 (= IR} (A3D)

and

4 2
— dkajag + — (aove — aqvy) {(anga — aeqr) + k (a2 — aq)}

4k? 9
+ 7 (oo — 1) (g2 — k) (n — k) =
4p; pok 4k? Pals — PLU
- m - \/W\2/V2_2(p11‘:p2>2 {pivv1 (Q2 — V2 k) — pa/v2 (S — /1 )}
I 4_k3 (P2V2 - ,017/2)2
o? /U1 /Va (p1+ p2)?

By multiplying (A.1) with —/v1 \/%5 (p1 + p2)?, we may write Harrison’s result in the form
AF 4+ B = 0 where

(O — VI k) (9% — Vim k) (A3c)

F =0%(p1 + p2) + (p2 — p1)gk + TK® (A.4a)
A=~ pn/7T (0 — VI )+ o/ (O — VT b)) (A.4b)
B = AL I proh — o (pavs — pu) {71 (0 — 7 K) — pa/ B (0 — /7 R)

4k3

- ?(Pﬂ& - /)1V2)2 (% — \/Zk) (922 — \/Ek)
= k| 2o = )@ = V) + 7 | | = g = VTR - e

(A.4c)
We now use the result,
(4 — VI R) (4 + k) = o (A5)
by multiplying A and B by o(Qy + /71 k) (2 + /72 k) to obtain
C=0c(+v1 k)(Qe+1nk)A
= piv/1 (1 + i k) + pay/va (Q2 + /12 k) (A.6a)
D=0o(+ v k)(Qe+ 12 k)B
= 4k50‘(p1\/ﬁﬁl + pgl/gk‘) (pg\/ZQQ + ,011/11{:) (A6b)

The final result, CF + D = 0, agrees with (4.14).
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