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1 The mappings

The evolving interface between air and water makes the design of numerical methods difficult.
The approach adopted here is to map the deformed geometry into a rectangular shape in
new, logical coordinates at the cost of changing the details of the equations of motion. The
design of the numerical method then hinges on the details of these equations.

Let’s introduce the new coordinates, (X,Y, Z, ), as follows,

x X (1.1a)
y =Y (1.1b)
z = F(X,Y,Z,71) (1.1c)
t =71 (1.1d)
with the property that when Z = 0

z = h(z,y,t) (1.1e)

marks the location of the boundary. A specific mapping worth considering is
F(X,Y,Z,7)=Z+ h(X,Y,7) exp(—aZ) (1.2)

where « controls the nature of the mapping far from the interface. When « # 0, then the co-
ordinate planes Z = constant become horizontal far from the interface, allowing appropriate
boundary conditions to be applied there.

To transform the partial differential equations into the new coordinates, we need the
transformed derivatives.

0 0 0 0 0 F. 0

or o T 9~ or F, 02 (132)
8% :FZ% % = Fiza% (1.3d)



We also need the second derivatives, but first define

oo« - e, o

g o

oo b )

G = 5, = T ahewaZ] (14d)
Then,

Finally, let us define the Laplacian in the new variables as

0 0 \? 0 0\? 0 0
L{¢} = [( -G, (9Z) +(8—Y—028Z> +G38Z (Gg,aZ)

In what follows, it is useful to note that the following derivative operators commute (see
Appendix A):

[0) (1.6)

0 0 0 0 0 0
(a—x — G a_Z) Gz = @z (a—x — G a_z) (L.72)
0 0 0 0 0 0 0 0
(a_X -G a_z) (E - GOa—z) = (E - GOa—z) <3_X -G a_z> (1.7b)
0 0 0 0 0 0
@57 (a_ - GOa_Z) = (E ~Co az) Gsgz (1.7¢)



2 The Mapped Equations

By applying the transformation rules for the derivatives directly to the equations of motion,
we obtain

pu,; — pGougz + pu (ux — Giug) +pv (uy — Gouyz) + pwGsuy =

(2.1a)
—px + Gipz + pl{u}
pv; — pGovz + pu (vx — Ghvz) +pv (vy — Govz) + pwGavy = (2.1b)
— py + Gapz + pL{v} .
pw; — pGowz + pu (wx — Grwz) +pv (wy — Gowyz) + pwGswy = (2.10)
— G3pz + pl{w} — pg '
and the incompressibility condition becomes
Ux—G1UZ+Uy—G2U2+G3wZ:0 (21d)
At the interface, Z = 0, we have continuity of the velocity,
u® =@ =4 0 =@ = () (1) = @ = ¢y (2.2)
and the kinematic condition
hy +uPhx + Dby = w® (2.3)

The dynamic interfacial conditions are:

(5= o0 (1 o) =) 7 (G G?>wg>)]
oy [0 (52— G + o — D) — i (42— GO o2 — )
+ hxhy [u(l) (Gg%(;) +uwl — GPw ) —pu® (G( WP +w® — Pl )}

+ 2hx [,u(l) (u&? - Ggl)u(zl) - Ggl)w(zl)) — u® (ug? - G?)uz2 - G:(,’Q)w(ZQ))} =0 (2.4a)

(1 = 1) [0G0 + ) = GPu?) - u® (G + 0 - Gu )}
b [ — GO + o) — GID) — uDu? - GPP + o2 — 6]
+ hxhy [ 1>(G‘1 —|—wX — GOy — (G<2)uz +wl G<2)wz )

+2hy [0 — G0 — GO — D — G —Gg%(;))] =0 (2.4b)



() = 5®) + i [lOGEuP + ) - GPul) - OGP + wg) ~6Puf)]
s [u‘”(G() (1) | p® Py — u(2)(G() 2) | @) _ G2 )}
=2 [i06Pw) — PGP wP| = 2Tk (240)

Note that we allow a jump in the mapping function (1.2) as well. Clearly, o must be positive
for Z > 0 and negative for Z < 0. The curvature is given by

(14h%) hyy — 2hxhyhxy + (1 +h}) hxx
(1+ B2 + h2)*?

The easiest way to design methods for these equations is to consider the simpler, two-
dimensional flow where no dependency on Y is allowed (and v = 0).

25 =

(2.4d)

3 Two-dimensional motion

The equations for the fluid motion are now:

pu; — pGougz + pu (ux — Gruz) + pwGsuy = —px + Gipz + pL{u} (3.1a)
pw, — pGowz + pu (wx — Giwz) + pwGswyz = —G3pyz + uL{w} — pg (3.1b)

and the incompressibility condition becomes
ux — Giuyz + Gswz =0 (3.1c)
At the interface, Z = 0, we have continuity of the velocity,
u® =@ =4 O = @ = ) (3.2)

and the kinematic condition
hy +uDhy = w® (3.3)

The dynamic interfacial conditions are:
(1% = 1) [0 (69 + 0l = GPu)) = 4@ (6Puf) +uf - GPud)]
+ 2hx [,u(l) (uﬁ? - Ggl)u(zl) - Ggl)w(zl)) —u? (ug?) — G?)U(Zm - GgQ)w(ZQ))} =0 (3.4a)

(50 =)+ e UG + ) = 60u) — kPGP 4 02 - P
-2 u(l)GgI)w(Zl —M(Q)GgQ)wZQ)} = 2Tk (3.4b)

where

_ hXX
25 = W (34C)



3.1 Pressure equation

One of the approaches to solving these equations is to use (3.1c¢)) to derive an equation for
the pressure without time derivatives. Also, the terms with the factor yu are eliminated.

Apply the operators

0 0 0
ax ~“az0 Yz

to (3.1a),(3.1b) respectively and add the results. Since the derivative operators commute
(see (1.7)), we obtain

[,{p} = 2,0 [(’LLX — G1UZ) Gng — Gg’LLZ (’LUX — Gﬂl)z)] (35)

If we consider the velocity and interface location known at some time ¢, then we may
interpret (3.5)) as a Poisson equation for p. However, we need boundary conditions. Two far-
field conditions are obvious, but we have only one clear interface condition (3.4b)). To obtain
another condition, evaluate (3.1b)) on either side of the interface and subtract appropriately,

G o & e @ DA, 1O (1)), (2)

—wDGPw)) + wDGPw? + v L{w®} — @ L{w®}  (3.6)

Now, (3.4b),(3.6)) give jump conditions at the interface for both p and py.

Once p is determined, (3.1a),(3.1b)) may be updated using (3.2) as one interface condi-
tion. We also need jump conditions for the vertical derivatives of the velocities. We may
combine (3.1¢) with (3.4) to obtain

2 (hg( + 1) (,u(l)Ggl)w(Zl) — ,u(Z)G:(f)w(Zm) = (hi — 1) (p(l) — p(2) - QT&) (3.7)

Once w has been updated, then (3.1c) provides the jump in uy.

3.2 Streamfunction and vorticity

The vorticity is defined as V x u. For two-dimensional flow, there is only one component,
wj, given by
w=Gsu, —wx +Gwgz (3.8)

An evolution equation for the vorticity arises by applying the derivative operators,

G 0 o 0

977 98X oz
to (3.1a),(3.1b) respectively and subtracting the results. The relationships (1.7) come in
handy. In particular, the pressure is eliminated from the result. The result can be simplified



by noting

0 ou ou 0 0 ow ow
%2 [ (a—x ‘Gla—zﬂ - (a—x ‘Gla—z) [ (a—x ‘Gla—zﬂ =

g ow) (o .
“\ox " "oz ax  'az)”
0 ou 0 0 ow ow ow

By adding (3.9a) and (3.9b) and using (3.1c), we may derive the simple evolution equation,
pwr + pu (wx — Giwz) + pwGswz = plL{w} (3.10)

The way to determine the velcity from w is as follows. Introduce the streamfunction
by the requirement that the velocity is given by

u = —Gg’([)z, w = 1/))( - Gﬂﬁz (311)
and note that (3.1c) is automatically satisfied as a consequence. Further, (3.8) becomes
L{v} = —w (3.12)

We have derived a diffusion equation for the vorticity and an elliptic equation for the
streamfunction. We need interface conditions for both these equations. From (3.2), we have

b0 =P =y, ) =] (3.13)

Unfortunately, we must recast (3.4) into a form that gives interfacial conditions for w.
The starting point is to substitute (3.1c) into (3.8) to obtain,

(G% + Gg) Uz = Ggw + Gl’U,X + G3’UJX (314&)
Then substitute this result back into (3.1c) to obtain
(G% —+ Gg) Wz = le - G3UX + leX (314b)

Note that we have expressed vertical velocity derivatives in terms of the vorticity and hori-
zontal derivatives Then consider

F = (h% - 1) (Gg’LLZ +wx — Gl’UJZ) + 2hX (’U,X - G1UZ - Gng) (315)

and note that (3.4a) becomes pVF(1) = 4@ F@  After rearranging terms and using
(1.4b,1.4d), we find

G%F = — (G% + G%) Gsuy — (G% + G%) Giwz + (G% — G%) wyx + 2G1Gsux

6



Now substitute (3.14) and (3.15) into this equation to obtain
GgF = — (G% + Gg) W — 2G§’LUX + 2G1G3UX
or

F=—(h%+1) w—2wx + 2hxux (3.16)

Consequently, (3.16) may be used in place of (3.15) to rewrite (3.4a) as
(B% +1) (pOw® — 4@ = —2 (4O — 1) (wgp _ hxugp) (3.17)

which gives the jump in vorticity across the interface.
To incorporate the other dynamic interface condition (3.4b), consider

H = hx (Gsuyz + wx — Giwy) — 2Gswy (3.18a)
or
GsH = G1Gsuz — (G + 2G3) wz + Giwy (3.18b)
Substitute (3.14) into (3.18b) to obtain
G3H = —Giw + 2G3ux
or

H=—hxw+2ux (3.19)
Since (3.4b) can be written as
(P — p®) 4+ (WOH®D — WP H®) = 9Tk
we use (3.19) to obtain
(09 = p) — by (UOw® — xP®) = _2 (4D — 1) D 4 2Tk (3.20)

This equation may be differentiated with respect to X, keeping Z = 0. Then we use the
momentum equations (3.1a) and (3.1b) to eliminate the pressure gradients. In particular,
we will multiply (3.1a) by G5 and add it to (3.1b) multiplied by G;.

We proceed by breaking up the algebra into separate steps. Consider,

H1 = G3 (UT — G()Uz) + Gl (wT - Go’LUZ)
= G3UT + leT — Gow — GowX (321)
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where we have used (3.14) to eliminate the vertical derivatives of u and w. Continuing in
this way, we have the next terms given by

Hg = Gg [u (U,X — G1U,Z) + nguz] + Gl [u (wX — lez) + ngwz]
= (Gsw — Giu)w + G3 (uux + wwy) (3.22)

For the viscous terms, we proceed differently.
0 0 0 0 0 ou
E{u} <8X Gla—Z) <8—X —Gla—Z> u+G3a—Z <GSa—Z>
0 0 0 0 0 0 0
= (a—x - Gla_z) (a_X - Gla_z) utGsgg [“’ * (a_X - Gla_z) “’]
0 0 0 0 0 0
:Gng+ (a—X_GlaZ> <——G1—) U+ <——G1—) Gng
= G3LUZ (323)

where we have used the definition of vorticity (3.8) in the first step; the commutability of
operators (1.7a); and the incompressibility condition (3.1c). Similarly,

Lwy = (aiX_Glaiz) (aaX Glaaz> “’+G3aiz (G?’gZ)
(o) (o) o (% o).
(-o2) (ho)-

~(ax-93z) [+ (ax -¢22) ]
= —wx + Giwz (3.24)
Consequently,

Hy = Gyl{u}+ G L{w}
= (G% + Gg) Wz — leX (325)

By the definitions of H;, H, and Hjs, we have
p (Hy + Hy) = —Gspx + uHs — G1pg (3.26)

Note that at the interface, the quantity

H, + H,

FH2 (0 g — el O+ D) 321)
3



is continuous. Thus, by evaluating (3.26) on either side of the interface and subtracting, we
obtain

P =P = — (o - p®) [u@ + hxw® + (w® = h,) wld + uuld hxg}
# (1418 (WGP — OGP — iy (00l - ) (328)

where we have used the result G; = hxG3 at the interface, and we replaced Hz by (3.25).
By differentiating (3.20), we have

PV — 5@ = 0Tk + hox (HOw® — §@e?)
+ hx (,u(l)wg) - M%ﬁ?)) -2 (,u(l) - ,u(Q)) uxx (3.29)

By eliminating the pressure terms from (3.28) and (3.29), we finally obtain a jump condition
on wyg.

(1+h2) (M(I)G( ) (1 Q)G(2) ) — 9Tky + 2hy (u(1)w§) _ M(2)w§?))
+ (p“) — o) [l + hxw® + (w® = ) 0l +uOuQ] (3.30)

A Commuting operators
The following expressions help us establish the results (1.7):

FX’T FTFZX FZT FTFZZ

(GO)T = FZ - Fg (GO)X = FZ - F% (GO)Z = FZ - F% (Ala‘)
_ Fx; FxFgz _ Fxx FxFzx _ Fxz _ FxFzz
(Gl)T - FZ - F% (Gl)X - FZ F% (Gl)Z - FZ F% (A]‘b)
Fy. Fzx Fzz
(Gs), = — 2 (G3)x = — 2 (Gs), = T (A.lc)
Consider (1.7a) first.
0 0 0 0G5 0 0? 0G5 0 0?
(8—X —G az) Y57~ ox a7 T “azax oz oz s

0 0 0
=G5z (a—x‘Gla—z>

0G; 0G5 0G'3 0
(033 *tox Gla—z> o7



By using relationships in (A.1b),(A.1c), we find
0G 3(}3 0G3

“oz tax 9oz =0
and the result (1.7a) follows.
Similarly,
0 0 0 0 0? 0? 0Gy 0 0?
(a_X B Gla_z) (5 - GOa_Z) = orax  “Yazax ~ox oz C'oroz
0? 0Gy 0

0 0 0 0
= (a—T - GOa_Z> (a_X - Gla_z)

(aa1 G, 0G, 6Go) 0

o ox %%z T9%7 ) 3z

By using relationships from (A.la),(A.1b), we find
a@l 8G0 6G1 6G0

or ~ax oz Tz =°
which establishes (1.7b)
Finally,
a (0 0 0? 0? 0G, 0
07 (E —Go az) 5oz ~ “%e2 ~ %%z a7
0 0 0 0G3 G 0Gy
(aT Goaz) Gagz ™ ( ar ~Cigz TG az)
By using relationships from (A.1a,A.1c), we find
0G3 Gs oGy
o Y9zt %z =0

which establishes (1.7¢)

B Velocity Transformation

We need the tangential vectors to the coordinate lines to resolve the velocity into components

in the new coordinate system. Since the new system is not orthogonal, we must find the

normal to the coordinate curves and then find the tangent as orthogonal to the normal.
The normal to the Z — coordinate curves is given by

V-(2—Z-h(X,7)e *?) =—hxe *?i+k

10



So the tangent is

1, hee™@?,
t, = =<1+

) PEEL where D? =1+ hie 2*4

The other tangent is obviously,
t,=k

The inverse transformation is

i= Dt, — hxe **t,
k=t,

Since a particle with trajectory (z(t),y(t)) has velocity components,

y— dr dX
Cdt dr
dz dz dX
=2 = (1 = ahe *%) = By + hy— | e=oZ
w=gg = (L-ahe )d7+< +Xd¢>e
we may substitute these expressions, along with (B.2), into
dX dz
ui+wk=D—1t, + [hT + (1 — ahe_az) —] t,
dr dr

Let the velocity be written as Ut, + Wt, in the new system. Since
ui+ wk = uDt, + (w — uhxe™*?) t,

we are led directly to the following relationships:

U=uD
W = w — uhye ¥Phe?
and
ax _v
dr D
dz W — h,

dr ~ 1— ahexp(—aZ)
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