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Rate Quantization and the Speedup Required to
Achieve 100% Throughput for Multicast over

Crossbar Switches
Can Emre Koksal,Member

Abstract— We show an isomorphism between packet schedul-
ing in crossbar switches and circuit switching in three-stage Clos
networks, using the concept of rate quantization. We use the
analogy for a crossbar switch of sizen×n to construct a simple
packet scheduler of complexity O(n log n) based on maximal
matching. We show that, with this simple scheduler, a speedup of
O(log n/ log log n) is necessary to support 100% throughput for
any admissible multicast traffic. If fanout splitting of mul ticast
packets is not allowed, we show that an extra speedup of 2 is
necessary, even when the arrival rates are within the admissible
region for mere unicast traffic. Also we revisit some problems in
unicast switch scheduling. We illustrate that the analogy provides
useful perspectives and we give a simple proof for a well known
result.

I. I NTRODUCTION

Applications requiring QoS support formulticast traffic
remain to be important in small and large scale networks.
The problem of providing quality of service guarantees for
multicast traffic over crossbar switches has received a limited
attention, despite the popularity of its counterpart for unicast
traffic. One of the main reasons for this is the difficulty of the
task. Indeed, it was shown in [1] that “optimal scheduling”
of multicast packets is NP-hard over a crossbar switch and
in [2] it was proved that the resource speedup necessary to
achieve 100% throughput for all admissible multicast traffic
grows unbounded with increasing switch size. These results
hold even when the crossbar switch ismulticast capable, i.e.,
it is capable of connecting an input to multiple outputs. It is
also stated in [2] that the numerical evaluation of the necessary
speedup is prohibitive and no scaling law has been given as to
how the speedup scales with the switch size. In this paper1 we
present a simple algorithm to provide 100% throughput for all
admissible multicast traffic and specify a scaling law for the
necessary speedup to achieve 100% throughput.

Our main tool in the development will be an analogy
between middle stage switch configurations of three-stage
Clos networks and schedules for a crossbar switch. A similar
analogy was first exploited in [4] for certain set of TDMA
schedulers. We construct the analogy forframe based sched-
ulers in which the scheduler has the a priori knowledge of
the matrix of arrival (admissible) rates. Note however that,
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as stated in [2], the set of all frame based schedulers is
equivalent to the set of allslot-by-slot schedulers(no a priori
information of the arrival rates), provided that slot-by-slot
schedulers introduce an additional delay equal to the frame
length. We make this statement precise here, using the notion
of rate quantization [5]. We also prove the main theorem
of [5], which was stated there without a proof. Ultimately,
the Clos network analogy will be valid not only for frame
based schedulers, but for all schedulers.

After giving the model in Section II, we discuss rate
quantization in Section III and state the basic theorem for
rate quantization. Once rate quantization is applied, the rest
of the analogy is similar to the equivalence of space time
space (STS) switching to time space time (TST) switching [6]
as we illustrate in Section IV. We also discuss why achieving
100% throughput is difficult with multicast traffic in crossbar
networks. We show that a Birkhoff decomposition based
scheduling (see e.g., [7]) is not possible, since -unlike unicast
scheduling- a traffic pattern isnot necessarilysustainable, even
if the matrix of arrival rates is within the convex hull of all
possible matrices of multicast capable crossbar configurations.
Moreover, we show that, iffanout splittingof multicast packets
is not allowed, even when the arrival rates are within the
admissible region for mere unicast traffic, a speedup of 2 is
necessary for 100% throughput.

Then we discuss the properties of the frame scheduling
analogous to non-blocking switching in Clos networks in
Section V. We specifically focus onstrict sense non-blocking,
which solves the problem of complexity of circuit switching
and hence the complexity of scheduling for both unicast
and multicast traffic. Indeed, we show that the analogous of
circuit switching in a strict sense non-blocking Clos network
is maximal matchingbased scheduling in the crossbar switch.
Consequently the result [8] for unicast traffic that, maximal
matching is sufficient to provide 100% throughput2 with a
speedup of 2, becomes straightforward. Then we evaluate
the speedup necessary for the support of multicast traffic
with maximal matching to be O(log n/ log log n) using an
analogous result [9] for multicast circuit switching in Clos
networks. This is a -possibly tight- upper bound for the
minimum speedup necessary for 100% throughput (using
any algorithm). Note however that, the associated complexity
of maximal matching for multicast is O(n log n), whereas

2In fact [8] shows work conservation, which is stronger than 100%
throughput.
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scheduling complexity is NP-hard for optimal scheduling.
Finally we summarize the results and discuss some other
potential directions in Section VI.

II. SWITCH MODEL AND MULTICAST TRAFFIC

We consider the combined input and output queued (CIOQ)
switch architecture with a single crossbar fabric. We assume
that the crossbar fabric ismulticast capable, i.e., an input
can be connected to multiple outputs, but the inverse is
not allowed. We call a given set of connections, aswitch
configuration.

We define a time slot as the time in which a cell can be
transmitted over a link. In case an internal speedup,s, is used,
up to s switch configurations can be set up in a time slot and
hence up tos cells can be transferred to an output. In a given
time slot up tos cells can be transferred to an output and in that
case at leasts−1 of them must be stored at the corresponding
output queue. We call the time in which a switch configuration
remains active, aschedule slot. Hence a schedule slot is1/s
of a time slot. We assume links with identical capacities and
packets arriving over an input link are fragmented into fixed
sized cells.

Each cell arriving at an input queue has afanout set, i.e.,
the set of the output links that the cell needs to be forwarded
to. Unicast cells have a fanout set of unit cardinality. To
avoid head of the line (HOL) blocking [10], we assume the
presence of virtual output queueing (VOQ) at each input for
every possible fanout set. Further, virtual output queueing at
a per fanout set level is referred to asmulticast virtual output
queueing(MC-VOQ) in [2]. Note that in ann×n switch, for
a given input, there exist2n − 1 possible fanout sets. Due to
this exponential growth, MC-VOQ has issues of scalability and
consequently it is merely a theoretical tool used to investigate
the limitations of IQ switches under multicast traffic.

A scheduler may choose not to place an arriving cell with
a certain fanout setF directly to the associated MC-VOQ. It
is also possible that it duplicates the cell and place a copy to
the MC-VOQ with a fanout setF ′ and the other copy to the
MC-VOQ with a fanout setF ′′ such thatF ′ ∪ F ′′ = F and
F ′ ∩ F ′′ = ∅. Hence, these two copies are transferred to the
corresponding outputs at different times. We call this process
fanout splitting.

We assume that the cell arrivals are rate ergodic and each
MC-VOQ is associated with a certain cell arrival rate (after
possible fanout splitting). For a given set of rates to be
admissible, the total rate of cells arriving at each input link
or destined to each output link cannot exceed 1 cell per time
slot. Note that it may be possible that after fanout splitting the
total rate of cells arriving at the VOQs of an input exceed 1
cell per time slot.

Now we consider frame based schedulers, which have the
information of the cell arrival rates for each MC-VOQ. A
frame is a (possibly non-periodic) collection of configurations.
In an n × n switch, each configuration can be represented
with an n × n configuration matrix, which has a single
’1’ in each column and all ‘0’s otherwise. If the switch is
not multicast enabled, then each configuration matrix is a
permutation matrix.

Let us first focus on the case with only unicast cells. In this
scenario, at an input, there aren virtual output queues, one
for each output. Thesen2 VOQ arrival rates can be written
in the form of ann × n rate matrixR. It can be shown (see
e.g., [7], [5]) that 100% throughput is achievable if and only
if R lies in the convex hull of the set of permutation matri-
ces, i.e., there exists a frame,π1, π2, . . . , πT of (containing
possibly identical elements) permutation matrices such that
R 6 1

T

∑T
k=1 πk for some possibly infiniteT .

For multicast traffic therate matrixR is such thatRij is,
as a fraction of the link capacity, the rate at which inputi
wants to be connected to outputj. Hence it is possible that
∑n

j=1 Rij > 1. For instance suppose in every time slot only
input 1 receives cells each of which is to be broadcast to all
outputs. Then

∑n
j=1 R1j = n. On the other hand, for all output

j,
∑n

i=1 Rij 6 1, since no output can be oversubscribed.
The fundamental difference for the multicast traffic is that, the
existence of a frame,c1, c2, . . . , cT of configuration matrices
for which R 6

1
T

∑T
k=1 ck does not necessarily imply 100%

throughput is achievable. Consequently even with a multicast
capable crossbar, speedup is necessary for 100% throughput.
Following is an example.

Example 1:Consider the following rate matrix:

R =





0 0 0.5
0.5 0.5 0
0 0 0.5



+





0.5 0.5 0
0 0 0
0 0 0



 .

The first and the second component contain the rates of the
unicast cells and the rate of the multicast cells respectively.
Thus half of the cells arriving at input 1 are multicast cells
with a fanout set of{1, 2} and the other half are unicasts
with the destination 3. Even though the sum of the rates in
the first row ofR is 1.5, the total rate of the cells arriving at
the first input is1. Indeed, no input or input or output link
is oversubscribed under this traffic. In fact input links 1 and
2 are fully subscribed. Therefore to achieve 100% throughput
without any speedup, at any point in time, input 2 must be
connected to either output 1 or output 2, but not both, since
all the cells are unicast at the second input. On the other
hand input 1 needs to be connected to these two outputs
simultaneously half the time to transfer multicast cells. This
implies that these two outputs can be let free by the first
input only half of the time as shown in Fig. 1, where the
time period illustrated can be arbitrarily long. Consequently
whenever the first input serves a multicast cell, input 2 must
remain idle. However, since input 2 is fully utilized, some
speedup is necessary.

The other alternative is the fanout splitting of the multicast
cells. With fanout splitting, the total rate of cell arrivals at the
VOQs of input 1 exceeds 1; consequently some speedup is
necessary to accommodate them. We conclude that without a
speedup,R is not supportable, with or without fanout splitting.

This example illustrates that multicast scheduling problem
is much more complicated than unicast scheduling. Even with
a multicast capable crossbar, some speedup is necessary for
100% throughput. This is valid despite the fact that matrixR
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Fig. 1. No matter where the multicast flow is served, both outputs 1 and 2 will be idle simultaneously.

can be written as a convex combination,

R = 0.5





1 1 1
0 0 0
0 0 0



+ 0.5





0 0 0
1 1 0
0 0 1



 ,

of valid configurations matrices (R is in the convex hull of
configuration matrices) for multicast enabled crossbar.

In this example, speedups = 1.5 is necessary and sufficient
for 100% throughput for the given traffic matrix. In [2] it was
proved that the speedup necessary to achieve 100% throughput
for all admissible multicast traffic grows unbounded with
increasing switch size. It is also stated that “the numerical
evaluation of the necessary speedup is prohibitive” and no
scaling law has been given for the necessary speedup for
100% throughput. Also, finding the multicast schedule that
works with the minimum necessary speedup is NP-hard as
shown in [1]. There are obvious ways of simplifying multicast
scheduling, such as ruling out fanout splitting. However, extra
speedup is necessary to make up for the lost flexibility as
shown in the following theorem.

Theorem 1:If fanout splitting of multicast cells is not
allowed in ann×n crossbar switch, then a speedup of2− 1

n is
necessary to support multicast traffic for which the rate matrix
R is a doubly stochastic matrix.

Before the proof of the theorem, note that, if fanout splitting
is allowed, no speedup (s = 1) is required to support a doubly
stochastic rate matrix. A complete fanout splitting is sufficient
to achieve 100% throughout. Thus ruling out fanout splitting
costs us some extra speedup or reduced throughput at a fixed
speedup.
Proof: Consider the set of rates for which input 1 receives
all unicast traffic with an equal rate of1/n to every output.
Every other input receives cells once everyn time slots to be
multicast to all outputs (broadcast). For alli, j, Rij = 1/n
and consequently the overall rate matrix is doubly stochastic.

Since fanout splitting of broadcast cells is not allowed, one
schedule slot must be occupied for each broadcast cell arriving
at inputs 2 ton. Along with a broadcast cell, no unicast cell
can be scheduled from any of the input 1 VOQs. Thus extran
scheduling slots is necessary to accommodate input 1 traffic.
As a result, to support this traffic, a total of2n − 1 schedule
slots is necessary in a span ofn time slots, corresponding to
a speedup of2 − 1

n , completing the proof.
Even without the possibility of fanout splitting, it is still not

obvious how to build a switch scheduler for multicast traffic.
Instead, we directly focus on an existing simple scheduler.
We show that a speedup of O(log n/ log log n) along with

maximal matching (O(n logn) complexity) is sufficient for
100% throughput.

III. R ATE QUANTIZATION

Note that each entry of the rate matrixR can be any
real positive number, as long as no input or output link is
oversubscribed. Consequently a given frame scheduler can end
up having a non-repetitive schedule,c1, c2, . . . of infinitely
many configuration matrices. Now we present the notion of
rate quantization (first introduced in [5]) and prove (not given
in [5]) the following theorem in the appendix.

Theorem 2:Let R be ann×n doubly stochastic matrix and
ε be a rational number, which can be written as1/f , wheref
is an integer. There exists a matrixQ = R′+U , whereR′ is a
doubly-stochastic matrix with all entries integer multiples ofε
and for all1 6 i, j 6 n, Uij = ε andRij 6 Qij 6 Rij + 2ε.

Our proof is constructive. First, we introduce an algorithm
to construct matrixR′, (and thus the matrix Q) for a givenR.
Then we prove the algorithm always ends up with the desired
Q matrix. The details of the algorithm and the proof are given
in the appendix. Here we give an example which illustrates
the theorem, and at the same time provides intuition about the
construction of the algorithm.

Example 2:We consider a3 × 3 doubly stochastic matrix
R. Let ε = 0.1.

R =





0.48 0.35 0.17
0.29 0.49 0.22
0.23 0.16 0.61





(ε=0.1)

6





0.5 0.4 0.2
0.3 0.5 0.3
0.3 0.2 0.7





︸ ︷︷ ︸

rounded up

→ 1.1
→ 1.1
→ 1.2

(1)

6





0.5 0.4 0.1
0.2 0.5 0.3
0.3 0.1 0.6





︸ ︷︷ ︸

doubly stochastic

+





0.1 0.1 0.1
0.1 0.1 0.1
0.1 0.1 0.1



 . (2)

Note that each entry of the sum in (2) is within2ε of the
corresponding entry inR and the rows and the columns sum
to 1 + εn.

There are two main implications of rate quantization. The
first one is that, with rate quantization, one can find a periodic
switch schedule for any givenR subject to a small speedup:
First consider unicast traffic. Using Theorem 2, we know that
there exists a matrixQ with rows and columns sum to1 + δ
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such thatQij is an integer multiple ofε = δ/n for all 1 6

i, j 6 n. As shown in [7] and [5], one can find a sequence
c1, c2, . . . , cn+ n

δ
consisting of possibly identical elements such

that

R 6
1

n + n/δ

n+n/δ
∑

k=1

ck.

Consequently, periodically repeating the sequence of thesen+
n
δ switch configurations with a period ofnδ time slots suffices
to provide 100% throughput to any given set of admissible
rates. Clearly this requires a speedup ofs = 1 + δ.

This example also illustrates the equality of frame schedul-
ing and cell scheduling along with a certain delay. In particular,
if cells are queued initially fornδ time slots, a cell scheduler
capable of providing 100% throughput without speedup (e.g.,
the maximum weight matching [11]) will choose a sequence
of configurationsc′1, . . . , c

′
n/δ within the nextn/δ time slots

such that, forδ � 1, R ≈ 1
n/δ

∑n/δ
k=1 c′k ≈ 1

n+n/δ

∑n+n/δ
k=1 ck

since the VOQ arrival processes are ergodic. Asδ → 0, the
frame scheduler and the cell scheduler serve each VOQ at
identical rates.

For multicast, quantization is slightly more complicated.
Since up to2n − 1 different types of cells (in terms of their
fanout sets) arrive at each input, it is not clear how an increase
in the rate after quantization will be split between them. For
instance supposeRij = 0.23 for somei, j pair, where half of
these cells are unicast and the other half are multicast with
a fanout set{j, j′}, for somej′ 6= j. In this case, with a
choice ofε = 0.1, it is not possible to divide the extra service
between the two flows such that the service rate for each MC-
VOQ is increased to an integer multiple of 0.1. With this, it
is not necessarily possible to find a periodic switch schedule
with a periodn/0.1.

Therefore, we quantize rates on a per MC-VOQ basis this
time so that the rate of each MC-VOQ is increased to an
integer multiple of δ

n(2n−1−1) . Consequently each entry of the

quantized matrixR′ is also an integer multiple of δ
n(2n−1−1)

as well. Since there are2n−1 − 1 MC-VOQs whose fanout
set include a given input, each entry,R′

ij , can be as high
as δ/n higher than the associated entry,Rij , of the original
matrix. Thus the sum of each column ofQ is upper bounded
by 1 + δ. Consequently with an extra speedup of1 + δ over
the necessary speedup for 100% throughput (which we do
not know yet), a periodic schedule can be found to support
the desired set of multicast rates. Note that, for multicast
the period of the schedule is higher with a factor of2n−1/n
compared to the associated schedule period for unicast traffic.
Consequently asδ → 0, for every multicast frame scheduler of
period2n−1/δ, there corresponds a cell scheduler that provides
identical service rates subject to an initial delay of2n−1/δ time
slots.

In summary, we showed that, given a speedup1 + δ, for
any given (multicast) rate matrixR, one can find a periodic
frame schedule with period inversely proportional toδ, where
δ can be chosen arbitrarily small. Moreover, along with a
delay long enough (inversely proportional toδ) for “sufficient
averaging” of the input traffic, one can find a cell scheduler
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Fig. 2. Three stage Clos network.

which provides identical service rates as the frame scheduler.
The other implication of rate quantization is the Clos

network analogy, which we study in the following section.

IV. CROSSBARSWITCH SCHEDULERS ANDCLOS

NETWORKS

A three-stage Clos network is specified using three parameters
(T, n, T ′) as shown in Fig. 2. There areT ′ middle stage
crossbars of sizen × n to connectn input stage switches
of sizeT × T ′ to n output stage switches of sizeT ′ × T .

Now consider a frame based scheduler with a schedule
of period T . Let the speedup bes = T ′/T , so the switch
goes throughT ′ configuration matrices,c1, . . . , cT ′ within the
frame ofT cell slots. The above scheduler is “time-analogous”
to the followingcircuit switchingClos network:

If input i of the crossbar switch requires to to sendk
cells to outputj within a frame of T slots, then, in the
associated Clos network,k of the input links of input stage
switch i require to make circuit connections tok of the
output links of the output stage switchj. If cm has a 1 in
position (i, j), then themth middle-stage crossbar connects
input stage switchi to output stage switchj. This is illustrated
in Fig. 3. Consequently the middle stage crossbars are set
to have configurationsc1, . . . cT ′ . In a sense the middle-stage
crossbars of the analogous Clos network replicates the entire
sequence ofT ′ configurations of the crossbar switch in space
from the top to the bottom.

Any frame consisting ofT ′ configurations corresponds to
a fixed circuit assignmentin the Clos network. The ratio of
the number of middle stage crossbars to the number of input
links of each input stage switch is the speedups = T ′/T .
The analogy can be made for any given rate matrixR, since,
as described in Section III, for an arbitrarily low speedup of
s = 1+δ, we can form a frame of finite sizeT (proportional to
δ−1) to provide 100% throughput for any givenR arbitrarily
closely. Note that in the Clos network, the size of the input
and output stage switches grows withT .
There is one more thing we need to describe to complete the

analogy for the case of multicast. In crossbar switching, inthe
case of fanout splitting, different copies of a multicast cell is
served over different configuration matrices within a frame.
If fanout splitting is not allowed, each multicast cell can be
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Fig. 3. TheT ′ middle stage crossbars of the Clos network goes through the entire frame ofT ′ configurations of the crossbar switch schedule.

served with only a single configuration over the frame. In the
analogous Clos network, to replicate fanout splitting, multicast
connections in input stage switches are used as illustratedin
Fig. 4. If fanout splitting is not allowed, input stage switches
are only capable of unicast connections since each cell (input
link) can go through only one middle stage crossbar. Note
that Theorem 1 also shows that2n−1 middle stage crossbars
is necessary to support multicast circuit switching in a Clos
network in which only point to point connections are allowed
at the input and output stage switches.

Based on our analogy, instead of asking the question “what
is the necessary speedup to support all admissible multicast
traffic in a crossbar switch?” we ask “what is the necessary
number of middle stage switches to support multicast circuit
switching in a Clos network?” The second question is also
difficult and -to the best knowledge of the author- unanswered.
However, things become simpler once we focus on strict
sense non-blocking in Clos networks and it corresponds to
an interesting set of schedulers based on maximal matching
in switch sceduling as we discuss in the following section.

V. NON-BLOCKING SWITCH SCHEDULING AND

MULTICAST SUPPORT

In a switching network, blocking is the failure to satisfy
certain set of connection requirements because of the absence
of non-conflicting internal paths between the input links and
the output links. A switching network is non-blocking if a
connection can always be set up between any idle input and
any idle output. There are multiple degrees of non-blocking.

If a connection between an idle input-output pair cannot
necessarily be established without rearranging the existing
connections, the network is called rearrangably non-blocking.
For a Clos network to be rearrangably non-blocking for unicast
connections, the number of middle stage crossbars need not
be more than the number of input links per input stage switch,

i.e., T ′ = T . This implies that no speedup is necessary for a
frame scheduler (given a sufficiently high delay) to provide
100% throughput for any admissible unicast traffic. Indeed,
Birkhoff von-Neumann switches [7] use a frame scheduler
to achieve 100% throughput with no speedup. However, if
a change occurs in some entries ofR, a new schedule needs
to be constructed. The change cannot be accommodated with
a minor modification in the schedule.

A network is strictly non-blocking if a connection between
an idle input and an idle output can always be established,
without the need for a rearrangement of the existing con-
nections. If a (T, n, T ′) network is strictly non-blocking,
then there exists a path between any idle input-output pair
regardless of the existing configuration of the middle stage
crossbars. Thus, to satisfy an incoming connection request, a
simple search for that middle-stage crossbar will be sufficient.
It is well known [6] that, a three-stage Clos network,(T, n, T ′)
is strictly non-blocking for unicast connections if and only if
T ′ > 2T − 1.

The analogous scheduling interpretation of strictly non-
blocking is interesting. At each input, there exists a frameof T
unicast cells to be sent to over of the output links. For a given
T large enough for sufficient averaging of the arrival process,
a speedup of2− 1

T decouples the scheduling of cells at distinct
inputs: For instance suppose an input has a cell to be sent to
outputj. It can search over the existing2T − 1 configuration
matrices for one, whosejth output is not already reserved by
some input. Each input can take turns in completely assigning
their cells to one of the scheduling matrices and at the end
of the process, it is guaranteed that every single cell will be
assigned to a matrix.

Alternatively, one can construct theT ′ = 2T − 1 configu-
ration matrices one by one as follows. For each matrix, every
input (takes order and) chooses one cell destined to an output
for which another cell (from another input) is not already
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Fig. 4. In Fig. 4(a) the cell with the fanout set{j, n} is sent in the first time slot without fanout splitting. In Fig. 4(b), the same cell is split and sent to
outputsj andn at different times. In the associated Clos network the inputstage switches are not capable of multicast in the former scenario and are capable
of multicast in the latter.

destined to. An input discards a matrix, only if it has no
cell for the available (not reserved by other inputs) outputs
of the current matrix being constructed. This process leadsto
2T − 1 maximal matchingsbetween inputs and the outputs
since, for each matrix, no input and output both of which
are idle are left unmatched if there exists a cell demanding
that connection. Using the analogy, we just proved a result,
which was initially showed in [8]: SinceT ′ = 2T −1 middle-
stage crossbars is necessary and sufficient for strictly non-

blocking Clos networks, a speedup ofT ′

T = 2− 1
T is necessary

and sufficent for 100% throughput for unicast traffic with
maximal matching. Another important thing to note is that
the complexity of maximal matching is O(N) per time slot
for unicast traffic.

In complexity, there is no difference between multicast cells
and unicast cells for the construction of a single configuration
matrix using maximal matching. To construct each configu-
ration matrix, every input takes turn to assign a cell to be



7

scheduled for a transmission. This time there are multicast
cells as well as unicast cells. Now suppose at an input there
exists a multicast cell with a fanout setF ; however only the
set of outputsF ′ ⊂ F is available for the matrix currently
being constructed. Then the fanout set is split into two sets,
F ′ and F \ F ′ and |F ′| copies of the cell is multicast to
the set of outputsF ′ and the remaining part is placed in the
corresponding MC-VOQ to be scheduled in another matrix.

In Theorem 1 of [9], it is shown that there exists a con-
nection request pattern in a(T, n, T ′) Clos network such that
an incoming feasible connection request cannot be met unless
T ′ > Θ(T log n/ log log n). Consequently, in ann×n crossbar
switch, a speedup ofs = O(log n/ log log n) is necessary to
achieve 100% throughput for multicast traffic with maximal
matching. The number of configuration matrices constructed
per time slot is proportional tos, the scheduling complexity
is O(sn) ≈ O(n log n) per time slot.

Unfortunately, parallel results do not exist for rearrangeably
non-blocking multicast capable Clos networks. Therefore,s =
O(log n/ log log n) is only an upper bound for the minimum
necessary speedup,sn, for 100% throughput for all admis-
sible multicast traffic. However at a speedupsn, the switch
scheduling problem has been shown to be NP-hard, which is
obviously not the case with maximal matching.

Finally note that there exists another degree of non-blocking
between rearrangably non-blocking and strictly non-blocking:
If the necessity for rearranging the existing connections can
be avoided using some algorithm, the Clos network is called
wide sense non-blocking. As one would expect, the number
of middle stage crossbars to support unicast traffic with wide-
sense non-blocking is betweenT and 2T . The analogous
results to wide-sense non-blocking in crossbar scheduling
include [12], [13] and [5]. In [5], it is shown that with some
speedups > 1, the complexity of frame scheduling algorithms
can be reduced with a factor O(n) for unicast traffic. Moreover,
the complexity is inversely proportional to the speedup, as
the speedup takes on values between 1 and 2. Again, to the
best knowledge of the author, similar results do not exist for
multicast traffic.

VI. SUMMARY AND CONCLUSIONS

In this paper we use the analogy between cell scheduling
in crossbar switches and circuit switching in a three-stage
Clos network to study a number of issues involving multicast
support over crossbar switches.

We showed that for a crossbar switch of sizen × n,
using maximal matching, a speedup of O(log n/ log log n)
is necessary to support 100% throughput for any admissible
multicast traffic. Maximal matching is appealing for multicast
traffic, because of its simplicity: The problem of multicast
switch scheduling with minimum necessary speedup is NP-
hard, whereas the complexity of switch scheduling associated
with maximal matching for multicast traffic is only O(n log n)
per time slot.

We also showed that if fanout splitting of multicast packets
is not allowed, a speedup of 2 is necessary, even when the
arrival rates are within the admissible region for unicast traffic.

Thus, disabling the fanout splitting of multicast cells maynot
be an efficient solution for the complexity problem.

Also we revisit some problems in unicast switch scheduling.
We illustrate that the well known result that “a speedup of 2
is necessary for 100% throughput for all admissible unicast
traffic using maximal matching” becomes a straightforward
by-product of the Clos network analogy with strict sense non-
blocking. We believe the analogy between the scheduling prob-
lem in crossbar switches and non-blocking circuit assignment
in Clos networks with wide sense non-blocking (see e.g., [14]
for various theorems on wide sense non-blocking) is insightful
if one considers speedup values between 1 and 2.
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Fig. 5. Then×n matrix R̃ is illustrated. Each rowi and columnj sums to
1+kiε and1+k′

jε respectively, whereki andk′

j are non-negative integers.

APPENDIX I
RATE QUANTIZATION ALGORITHM AND PROOF OF

THEOREM 2

Our algorithm generates matrixR′ (and thus matrixQ) in
two steps; in the first step ((1) in Example 2), a matrix,R̃, with
all entries integer multiples ofε is constructed. Every entry of
the original matrix is increased by some non-zero amount, so
that they all become integer multiples ofε. The column sums
of matrix R̃ are not necessarily identical.

In the second step ((2) in Example 2) sufficiently many
entries ofR̃ are reduced byε to make the column sums of
matrix R′ equals 1. The challenging part of the algorithm is
choosing which entries to reduce. To illustrate that this indeed
is not a straightforward task, consider the above example and
suppose we constructR′ from R̃ starting with the first entry
of the first row. Proceed with that row going through all the
columns from left to right, reducing each entry byε if the sum
of the entries of that column is greater than 1, until the firstrow
sum becomes 1. Once the first row entries sum to 1, proceed
with the second row and repeat the process. After completing
the second row, we end up with the following matrix, whose
third row is yet to be processed:





0.4 0.4 0.2
0.3 0.4 0.3
0.3 0.2 0.7





→ 1
→ 1
→ 1.2

↓ ↓ ↓
1 1 1.2

As we proceed with the third row, the only entry that can be
reduced is the final one, 0.7, since all the other column sums
are already 1. However, it has to be reduced by 0.2 for the
resulting matrix to be doubly stochastic. If we do so, we end
up with Q33 = R′

33 + 0.1 = 0.6 < R33.
Hence, we cannot choose the entries to be processed arbi-

trarily, and must be more careful in constructingQ since each
entry of R̃ can be reduced byε no more than once.
Algorithm: We first give the algorithm formally, and then a
detailed explanation of each step follows.
Initial Values: Let km andk′

l be such that,1+εkm and1+εk′
l

are themth row andlth column sum respectively, as illustrated
in Fig. 5. Let i = argmax16l6n kl andR′ = R̃
Repeat (1)-(2) untilki = 0 for all i 6 n.

1 3

2

1

2

3

1

0

l

lk’

Fig. 6. Vector~k′ = [2 1 1]T , thus ~q′ = [3 1 0]T .

1) SetE = {1, . . . , n}. Repeat (a)-(b) untilki = 0.
a) j = argmaxj∈E k′

j

b) R′
ij = R̃ij − ε, ki → ki − 1, k′

j → k′
j − 1, E →

E − {j}.
2) i = arg max16l6n kl

Setup: Given anyε, there exists aσij , 0 < σij 6 ε such that
Rij + σij is an integer multiple ofε for all 1 6 i, j 6 n. Let
σ be the matrix whose(i, j) entry isσij . DefineR̃ = R + σ.
All rows and columns ofR̃ sum to integer multiples ofε.
By definition, 1 is also an integer multiple ofε, and thus, as
illustrated in Fig. 5, we can represent the sum of the entriesof
theith row and thejth columns1+kiε and1+k′

jε respectively
whereki andk′

j are positive integers.

In the iterative step, the algorithm scans̃R row by row,
starting with the row with maximum row sumkmax, and de-
termines whether the entry will remain unchanged or reduced
by ε before it is copied as the corresponding entry of the
output matrix,R′. Each row is scanned starting from the entry
with the largest column sum and continuing with entries of
decreasing column sums. If bothki andk′

j are positive for the
current(i, j), that entry is reduced byε and otherwise it is
copied directly as the corresponding entry ofR′.

The described algorithm reduces the elements of each row
of R̃ in the order of decreasing row sums. We prove Theorem 2
constructively by proving that the described algorithm indeed
ends up with matrixQ of the desired form. Note that one might
also randomize the procedure and work on a row randomly
picked at every iteration. This modified algorithm and the
proof of correctness for the modified algorithm can be found
in [15].

Lemma 1:The algorithm successfully terminates with a
matrix R′ which is doubly stochastic.

Before we give the proof of the lemma, note that

ki =
1

ε





n∑

j=1

(R′
ij) − 1



 , andk′
j =

1

ε

(
n∑

i=1

(R′
ij) − 1

)

.

We can representki andk′
j as an entry of the vectors~k and

~k′ respectively. Letq′i, i > 1 be the number of columnsj, for
whichk′

j > i. For example, if~k′ = [2 1 1]T , then~q′ = [3 1 0]T

as illustrated in Fig. 6.
Proof: By induction. We shall first show that initially

q′1 > ki (3)
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for all i, 1 6 i 6 n, Thus, for any~k and for i =
arg max16l6n kl which is the first row to be processed, the
algorithm will always be able to find sufficient entries to
reduce (byε) to make the row sum equal to 1. We will prove
a more general version of (3):

~k ≺ ~q′ (4)

namely, the vector~k is majorized by the vector~q′. For the
definition see Section II or [16] for a complete treatment of
majorization.

First we prove that (4) holds at the beginning of the
algorithm. Recall thatσ = R̃ − R. Hence,

1

ε
σij 6 1

∀i, j. Let thelth column vector ofσ be~vl and thusvl,j = σjl

and 〈~vl, ~e〉 = k′
lε, where~e = [1 · · · 1]T . From Kemperman’s

theorem [17],~vl is majorized by any vector for whichk′
l

entries areε, and the othern − k′
l entries are 0. Hence,

~vl ≺ [ε · · · ε
︸ ︷︷ ︸

k′

l

0 · · · 0
︸ ︷︷ ︸

n−k′

l

]T ≡ ~vmax
l (5)

Thus, the vector on the right side of (5) is themaximal vector
(in the sense of majorization) of the set of vectors whose
entries are between 0 andε and 〈~v,~e〉 = k′

lε. Let us denote
the maximal vector of thelth column vector by~vmax

l .
Now, let us define a new matrix,1ε [~vmax

1 · · ·~vmax
n ], where

each column is the maximal vector of the corresponding
column of 1

εσ. Note that the vector of column sums for this
new matrix is~k′, and thus the corresponding distribution will
be ~q′; however, the row sums are not~k. Let the vector of row
sums for our matrix be~knew. Thus,knew,1 is the number of
columns withk′

j > 1, i.e.,q′1; knew,2 is the number of columns
with k′

j > 2, i.e., q′2, and so on. More precisely,knew,i is the
number of columnsj, for which k′

j > i. Thus,

knew,i = q′i (6)

But the vectors,~vmax
l , l ∈ {1, . . . , n} are order symmetric

(see [16] for the definition). Hence we get the desired result
using Day’s theorem [18]:

~knew = ~q′ =
1

ε

n∑

l=1

~vmax
l (7)

�
1

ε

n∑

l=1

~vl (8)

= ~k (9)

We just showed that at the beginning of the algorithm,~q′ �
~k, and thus,q1 > ki, for all i 6 n. That is, the first step of
the algorithm can be executed successfully to make the first
row sum to 1. The partial sums3 of the two sequences are
illustrated in Fig. 7. Such curves are called Lorentz curves
and if, for two vectors,~vI ≺ ~vII , then the partial sum curve
for ~vII will always be above that of~vI .

3Themth partial sum of a vector,~v, is defined to be
Pm

j=1 vj . Recall that
~vI ≺ ~vII if every partial sum of~vII is at least as great as the corresponding
partial sum of~vI

partial
sums

k

’q

2 3 4 5 6 71

3

6

9

12

Fig. 7. Sample Lorentz curves for~q′ and~k are illustrated. Since~q′ � ~k

initially, the partial sum curve of~q′, is above that of~k.

Next, we will prove that a similar majorization relation
holds at the beginning of every step of the algorithm. We will
use induction as follows. We have shown that~k ≺ ~q′ at the
beginning of the first step. We now assume that it holds at
the beginning of theith step,1 6 i 6 n − 1 and show that it
still holds at the end of theith step. As a by-product, we also
show that the algorithm can successfully complete each step.

Suppose, the algorithm successfully constructed the firsti
rows of R′. We will show that (4) still holds at the beginning
of the (i + 1)st step, and the corresponding row ofR′ can be
formed successfully.

First, let us focus on the two vectors,~q′ and ~k at the
beginning of stepi. At this point, kM(1), . . . , kM(i−1) = 0,
where M(q) is the qth entry in decreasing order from the
largest in~k at the beginning of the algorithm (before any row is
processed). The sum of the entries of the row that is currently
being processed iskM(i). By the induction hypothesis, we
assume~k ≺ ~q′; therefore, there should be as many 0s in
vector ~q′ as there are in~k (verified in Appendix II). Since
there are at leasti − 1 0s in~k, we haveq′n−i+2, . . . , q

′
n = 0.

At the beginning of theith step, the entries of~q′ and~k↓ (the
decreasing rearrangement of the entries of~k) can be listed as
follows:

q′1 · · · q′r−1 q′r q′r+1 · · ·

kM(i) · · · kM(i+r−2) kM(i+r−1) kM(i+r) · · ·

· · ·

i−1
z }| {

0 · · · 0
· · · 0 · · · 0

| {z }

i−1

Since~k ≺ ~q′, there exists at least one entry in~q′ which is
greater than or equal tokM(i). Let the smallest such entry be
q′r.

Lemma 2:At the end of ith step, the only change in
~q′ is that the entriesq′r and q′r+1 will be replaced with
[
q′r+1 +

(
q′r − kM(i)

)]
and a 0.

Proof: These two changes can be explained as follows. The
algorithm will look into the currentR′ for the column with
an entry which has not yet been reduced in stepi and which
has the maximum column sum, and reduce it byε. Suppose
this maximum column sum ismε for somem ∈ ZZ

+. This
operation will reduce the number of columns,j, such that
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Fig. 8. If ki = 5, the entries of theith row that are decreased are illustrated
above.

k′
j = m by 1. Thus, the only change in~q′ will be in the

smallest non-zero entry,n′
m, which will decrease by 1. If that

entry is greater than 1, then there were multiple entries with
the maximum column sum. The algorithm continues with these
other entries. Hence, if the original value ofkM(i) is greater
than q′m, then after processingq′m entries,q′m will become 0
andkM(i) − q′m entries will be left to be decreased at the row
currently being processed. The algorithm will continue with
the entries that have not been reduced before and with highest
possible column sums. At this stage, the new value,q̂′m, of q′m
is 0 and the new value,̂kM(i) of kM(i) is kM(i) − q′m. Note
that q′m potential entries have already been processed, and if
kM(i) is greater than the second largest entry,q′m−1, of ~q′ then
q′m−1 will be reduced toq̂′m−1 = q′m but no further beyond
that, sinceq′m potential entries have already been processed.
Similarly, each entry of~q′, which is smaller thankM(i) will
be replaced with the next entry in order. Finally, the first entry,
q′r, in ~q′ that is greater thankM(i) will be reduced by only
q′r − kM(i). Hence, after theith row is processed,~q′ will have
a 0 replacingq′r, and a

[
q′r+1 +

(
q′r − kM(i)

)]
replacingq′r+1.

Note that at the end of theith step,~k↓ will be the same except
kM(i) will be replaced with a 0.

This process is illustrated in Fig. 8 assuming~k′ =
[1 2 4 3 4 4 2], i.e.,~q′ = [7 6 4 3 0 0 0] at the beginning of step
i. If kM(i) = 5, then at the end of stepi, ~q′ = [7 5 3 0 0 0 0].
Notice that 6 is the smallest entry in~q′ greater than or equal
to kM(i) = 5. Hence, 6 and 4 are changed to6 + (4− 5) = 5
and 0 respectively.

Now, we show that,~k ≺ ~q′ at the end of theith step of the
algorithm. But before that we present a graphical illustration
of what happens in theith step. The Lorentz curves of~k and~q′

are illustrated in Figures 9. The entry,kM(i) is removed from
~k. The new Lorentz curve for~k can be sketched from the old
one by just removing the first segment segment of the curve
and attaching the rest of the curve to the origin as illustrated
in the figure. The new Lorentz curve for~q can similarly be
sketched with some modification to the old one. The algorithm
will find the segment with the smallest increment greater than
kM(i). Then, it will reduce this increment bykM(i) − q′r,
removeq′r, and attach the two separate parts. The two Lorentz
curves intersect at 0 and at

∑

l q
′
l =

∑

l kl. Initially, these
are the only two points they intersect, and the curve for~q′ is

q3< kM(i)

q2> kM(i)

partial
sums

   th stepibefore the

   th stepiafter the

2 3 4 5 6 71

Fig. 9. In theith step,kM(i) is removed (replaced with a 0) and the smallest
entry of ~q′ greater than or equal tokM(i) is reduced bykM(i) − q′r+1, and
the following entry,q′r+1 is removed (replaced with a 0). The dashed curve
is the initial curve, and the solid one is the one at the end of the ith step. The
bold segment is the one which do not change. The distance between the two
curves does not decrease at all.

always above the curve for~k, otherwise. We need to show that
this is the case after theith step. This can be easily observed
from Fig. 9. Since the removed segment in~k is to the left of the
reduced segment of~q′, the distance between the two curves
will only increase in between these modified segments, and
remain the same outside this region at the end of theith step.
We can prove this statement as follows. There are two regions
we need to consider as shown in the following table:

q′1 · · · q′r q′r+1

kM(i) · · · kM(i+r−1) kM(i+r)

∣
∣
∣
∣

I

q′r+2 q′r+3 · · ·

i−1
︷ ︸︸ ︷

0 · · · 0
kM(i+r+1) kM(i+r+2) · · · 0 · · · 0

︸ ︷︷ ︸

i−1

II

At the end of theith step, the partial sums of the two sequences
are as follows. In region I, at the end of theith step,kM(i)

will be replaced with a 0 and it will no longer be in the
second region. All the entries of~q′ will be unchanged up to
q′r. Thus, the partial sums will change in favor of~q′ by an
extrakM(i) from the beginning all the way down toq′r. This
entry is replaced with

[
q′r+1 +

(
q′r − kM(i)

)]
, and the next

entry, q′r+1 will be replaced with a 0 and removed from the
second region. The total decrease in the partial sums of~q′ in
the first region iskM(i). The extrakM(i) gained in favor of~q′

earlier by the removal ofkM(i) from vector~k is good enough
to make up for this loss of~q′. The second region for both~q′

and~k are expanded similarly, with the addition of a 0. This
will not affect the partial sums, and hence the majorizationis
preserved.

Thus, we proved that at the beginning of each step, (4) holds
and q′1 > kM(i), for all i 6 n. Therefore, the algorithm will
always be able to find the desired number of entries to reduce,
and at the end of the algorithm,ki = 0, for all i 6 n. But,
since

0 =

n∑

i=1

ki =

n∑

j=1

k′
j (10)
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andk′
j > 0, for all j 6 n, it is also true thatk′

j = 0, for all
j 6 n completing the proof.

Lemma 3:Every entry ofR′ is an integer multiple ofε.
Proof: The input matrix,R̃, of the algorithm already has all
the entries integer multiples ofε. We complete the proof noting
that the change in each entry from̃R ro R′ is an integer
multiple of ε (either reduced byε or left unchanged).

Lemma 4:Every entry of R′ is at least as great as its
counter part inR decreased byε:

R′
ij > Rij − ε, 1 6 i, j 6 n (11)

Proof: Note that

R̃ij > Rij , 1 6 i, j 6 n (12)

Since the algorithm reduces every entry by at mostε,

R′
ij > R̃ij − ε, 1 6 i, j 6 n (13)

Inequality (11) is immediate by (12) and (13).
Putting all three Lemmas, 1, 3 and 4, together, we completed

the proof of correctness for the rate quantization algorithm,
and thus Theorem 2 is also proved. In [15] we prove that
Lemma 1 holds even if the algorithm processes the rows of
matrix R̃ in an arbitrary order, rather than processing the one
with the maximum row sum in each step.

APPENDIX II
BASIC DEFINITIONS IN MAJORIZATION

For any~x = (x1, . . . , xn) ∈ <n, let

x[1] > · · · > x[n]

denote the components of~x in decreasing order, and let

~x↓ =
(
x[1], . . . , x[n]

)

Definition 1: For ~x, ~y ∈ <n, ~x ≺ ~y if the following two
conditions hold:

k∑

i=1

x[i] 6

k∑

i=1

y[i], k = 1, . . . , n − 1 (14)

n∑

i=1

x[i] =

n∑

i=1

y[i] (15)

When~x ≺ ~y, ~x is said to bemajorized by~y (or ~x majorizes
~y). This terminology was introduced by Hardy, Littlewood and
Polya. The following is a trivial example of majorization.

(
1

n
, . . . ,

1

n

)

≺

(
1

n − 1
, . . . ,

1

n − 1
, 0

)

≺ · · ·

≺

(
1

2
,
1

2
, 0, . . . , 0

)

≺ (1, 0, . . . , 0)

Suppose
n∑

i=1

x[i] =

n∑

i=1

y[i] = S

Subtracting both sides of (14) fromS, we get

S∑

i=k+1

x[i] >

S∑

i=k+1

y[i], k = 1, . . . , n − 1 (16)

which is equivalent to (14). Hence, if~x and~y both have non-
negative entries, there are at least as many 0s in~y as in~x.


