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ABSTRACT

We study analytically and experimentally the throughput
of the packetized time-varying discrete erasure channel with
feedback, which closely captures the behavior of many prac-
tical physical layers. We observe that the channel variabil-
ity at different time scales affects the link-level throughput
positively or negatively depending on its time scale. We
show that the increased variability in the channel at a time
scale smaller than a single packet increases the link-level
throughput, whereas the variability at a time scale longer
than a single packet reduces it. We express the throughput
as a function of the number of transmissions per packet and
evaluate it as in terms of the cumulants of the samples of
the stochastic processes, which model the channel. We also
illustrate our results experimentally using mote radios.

Categories and Subject Descriptors

C.2.1 [Computer-Communication Networks|: Network
Architecture and Design.

General Terms

Theory, performance, experimentation.
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1. INTRODUCTION

In this paper' we study channel variability and quantify
the impact of channel variability on the link-level through-
put.
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We use the time-varying discrete binary erasure channel
with feedback (described in Section 3) which is simple, in-
sightful and yet it closely captures the behavior of systems
that rely on variable rate coding in the form of automatic
repeat request (ARQ). ARQ based systems rely on the pres-
ence of error detection for each packet received. When an
error is detected in a received packet, a request is sent back
for the transmitter to retransmit the packet. Hence, each
packet may be repeated multiple times until it is decoded
correctly.

We describe the number of transmissions per packet as a
stochastic process and study the impact of variability of the
channel parameters on this stochastic process. Somewhat
surprisingly, we show that the effect of channel variability
at different time scales can have quite different effects and
they can even work in opposite ways. Indeed, in Section 4 we
show that the variability at the time scale of a single packet
transmission reduces the number of transmissions per packet
(probabilistically), whereas the number of transmissions per
packet is increased by variability in time scales larger than
the time it takes to successfully transmit a packet.

There has been a large number of studies on the through-
put of ARQ based systems with channel variability. Most
of these studies focus on either calculating the throughput
of certain ARQ systems under different models of fading
(e.g., [17], [12], [2], [21], [16]) or developing ARQ based
codes for possibly variable channels (e.g., [20], [8], [3]). Our
work is more general in the sense that, we study the channel
variability in terms of fundamental physical layer quantities
such as the channel erasure probability. We do not focus
on the variability caused by a specific type of fading or in-
terference. Rather, we use a model for which our results
hold under all sources of variability. Our expressions for the
throughput illustrate a clear separation of time scales over
which the variability has a positive or a negative effect on the
throughput. Moreover, we support our insights in Section 5
with experimental data.

Although the main purpose of this paper is to build some
basic understanding on channel variability and its conse-
quences, our results do have direct practical implications.
Indeed in the next section and in Conclusions, we elaborate
on how our results can be used to construct and/or improve
a wide variety of algorithms in wireless networks.

2. MOTIVATION

Since the quality of wireless communication depends on
many different parameters, it can vary dramatically over
time and with even slight environmental changes.
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Figure 1: Packet delivery rate for four distinct links
of a mesh network.

Examples of sources for channel variability include mul-
tipath propagation, mobility and time-varying multiuser in-
terference. Different sources cause variability spanning a
large window of time scales from bits to thousands of pack-
ets. For instance, relative movement of the transmitter-
receiver pair may cause variability at a long time scale since
a very large number of packets can be transmitted dur-
ing the time it takes for the stations to move long enough
for the channel to vary significantly. On the other hand,
the interference caused by other concurrent transmissions
may change significantly from one packet transmission to
another. Also, the multipath nature of the propagation
medium may cause fast and/or slow fading? in the channel.

For instance, consider Fig. 1 which illustrates the packet
delivery ratios taken from four distinct links in a mesh net-
work. Each node in the network has an 802.11b wireless card
and an antenna. The transmission rate is set to a constant
11 Mbps. The delivery ratios were obtained by sending a
sequence of 1500-byte broadcast packets, keeping track of
which packets were received successfully. The successful re-
ceipt or loss of a packet defines a binary random variable;
each sample delivery ratio in the graphs is the average of
a window of 40 successive binary random variables. The
window advances by 1 for each reported sample.

One can observe significant variability in all the channels
in Fig. 1. Moreover, the characteristics of this variability
can be quite different from one channel to another. This
kind of variability and heterogeneity is common to almost
all wireless communications.

In this paper we analyze channel variability and quan-
tify its impact on the channel quality. This enables us to
choose between channels, which ultimately makes it possi-
ble to enhance the performance of many networking tasks
such as routing and multiple access. Now we briefly discuss
how this is possible, but we do not address these networking
issues in this paper.

In multihop wireless networks, messages are routed from
a source to a destination through possibly multiple other

2Note that, in the rest of the paper we assume all fading to
be frequency flat.
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Figure 2: The channel parameter is decomposed
into a slowly varying and a fast varying component.
Algorithms generally use the former which varies
slower than the time scale, T,,, that the networking
algorithms respond.

terminals acting as relays. A path is the set of links (i.e.,
channels) between the source and the destination. If we can
pick paths with “better” channels, messages can be trans-
mitted much more efficiently consuming much less energy
for transmission. This kind of routing is known as quality
aware routing (see e.g., [4], [18], [19], [1]).

Similarly, multiple access is an important problem in all
wireless networks. Suppose multiple terminals try to access
to a single terminal. If the receiving terminal can choose be-
tween the contending access terminals, it can choose the one
with the “best” channel so that the overall network through-
put increases and networking can be done more efficiently.
This kind of multiple access protocols are known as oppor-
tunistic scheduling protocols (see e.g., [11], [15]).

The general approach in using the channel state in both
the quality aware routing and the opportunistic scheduling
literature is illustrated in Fig. 2. A channel parameter such
as the delivery rate is measured and a moving average of the
measurements is taken. The averaging period is adjusted in
such a way that the time scale in which significant variations
occur in this moving average is larger than the time scale
that the networking algorithms can respond. For instance
if a routing algorithm updates its optimal paths between
pairs of terminals once every 10 seconds, the averaging pe-
riod is picked to be comparable to 10 seconds so that the
first component in Fig. 2 does not vary significantly in that
time scale. While the first component is used in network
algorithms, the variations that occur in smaller time scales
have been completely disregarded.

One can realize that with such an approach, the network-
ing protocols would not be able to distinguish between the
four channels plotted in Fig. 1. Each one of these channels
is as good as any other. In this paper, we question this
limitation which is a by-product of the long term averaging
approach in measuring channels. We quantify the variability
so as to be able to compare different channels such as the
ones given in Fig. 1 with possibly same average behavior and
different variability and analyze the relative importance of
variability with respect to the average channel behavior.

The channel model we choose captures the essential char-
acteristics of an ARQ based transmission, which is widely
adopted in practice. Indeed, almost all of the coding in
most 802.11 systems is based on ARQ. In some systems, the
packets that contain errors are completely discarded and the
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Figure 3: Time varying binary erasure channel with
instantaneous erasure probability, ¢(n). The feed-
back, b is a single bit indicator whether Y contains
erasures or not.

retransmitted copy is treated separately. Such systems are
also known as plain ARQ systems. Others may choose to
keep erroneous packets to be repaired using special proce-
dures that combine successive copies of the packet. Such
systems are also referred to as hybrid ARQ systems (see [10]
for instance). In this paper we focus on plain ARQ systems
and only briefly mention some results for the hybrid ARQ
systems.

Our throughput metric is the number of transmissions per
packet, which we believe is a relevant parameter for many
networking tasks in the sense that it can be directly trans-
lated into network and application level quality constraints.
For example, the power consumption is closely connected to
the number of transmissions. Indeed (if there is no power
control in the system), the energy consumed per bit trans-
mission is directly proportional to the number of transmis-
sions. Another example is the TCP throughput. The re-
transmission process is not infinitely persistent at the link
layer. A packet is dropped and marked lost if it does not get
through within a certain number of attempts. For instance
in 802.11 based systems, this number is 16. If a packet is
lost at a link, then it has to be retransmitted by the higher
layer protocol (if it is a reliable protocol such as TCP). Such
a retransmission not only reduces the higher layer through-
put (since the TCP window size will be cut by half) but
the same packet has to travel over the entire path from the
origin to the destination. Thus, number of transmissions at
each link is closely tied with the performance of the entire
network.

3. SYSTEM SETTINGANDASSUMPTIONS

We consider the time-varying discrete binary erasure chan-
nel model shown in Fig. 3. Each input symbol is selected
from the binary alphabet {0, 1} and each output symbol is
an element of the set {0, 1,erasure}. An erasure indicates
that it is ambiguous at the receiver whether the transmitted
bit isa 0 or a 1.

We assume that the input symbols are transmitted in
groups of N bits. A binary feedback, b, is sent back to the
transmitter for every group of N symbols received: b = 1 if
a group contains erasures and b = 0 otherwise. Thus, b =0
means all the bits in the group is decoded successfully. We
assume the entire group is retransmitted if b = 1.

The above model identifies the behavior of an ARQ based
system very closely. Generally, such systems count on the
presence of error detection. If a packet contains errors, it
is asked to be retransmitted by the transmitter. Note that

in most of the systems currently built (such as 802.11), er-
ror correction relies mostly on packet retransmission rather
than forward error correction. We believe that the feedback
channel model we use is suitable to capture such cases.

In the rest of the paper, we use the following terminology.
A packet is a group of N bits. Each packet can be trans-
mitted multiple times until it is received erasure-free. We
call each of these a transmission. Let us define )Z'ij and 17}]»
as the N-dimensional vectors that represent the transmit-
ted bits and the received sequence of symbols, respectively
for the jth transmission of the ith packet. Hence, X;;(n)
and Y;;(n) represent symbol n, 1 < n < N, in these groups
of N symbols. Also let the erasure probability be denoted
by €i;(n) = P(Yij(n) = erasure). We use the vector nota-
tion €; for the sequence of erasure probabilities of packet
¢ transmission j. Due to the somewhat unconventional na-
ture of this model, we find it necessary to emphasize that
€ij represents two things:

1. It is a sample outcome of a 2-dimensional random pro-
cess {€i;, 1,7 > 1}. Each sample of this process takes
a value in [0, 1]V.

2. The €;;(n) is the probability that an event (erasure)
occurs for symbol n of packet i transmission j.

The process {€j, 4,5 > 1} will have a central importance
in our analysis. We model the characteristics of channel
variability (e.g., due to fading, mobility and multiuser in-
terference) using the statistics of this process. We make
certain assumptions on the joint distribution of €;;, 4,5 > 1
to analyze the impact of different time scales.

We assume that €;; is independent of the channel inputs
for all 4,7 > 1 and the channel is conditionally memoryless,
ie.,

N
P (Yol Xis @5 ) = [P (Vig () X5 (), €65 (m)

This, by no means, implies that the channel is memoryless.
On the contrary, each vector €;; may contain highly corre-
lated entries since it is likely that a channel does not vary
significantly from one bit to the next.
Defining the erasure parameter n:;(n) = —log(1—e€;;(n)),
we can write
&) =
t

= exp <— ij<n>> :
B 2)

Elementary analysis (see the appendix) lets one conclude
that

=

(I—e(n) (1)

P (Y:L'j contains no erasures

1

G?j (n)

—gw Y

€ij(n) < mij(n) < €ij(n) + 7— =
ij

Thus, if the individual bit erasure probability is small® for
some n, ie., €;(n) < €;(n) with high probability, then

3Unless the individual samples of the erasure probability
are small, for large packet sizes it would be very unlikely
for a packet to be successfully transmitted even with a large
number of attempts. Thus, the expected number of erasures
per packet must be reasonably low (e.g., a few) for a channel
to be “usable.”
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Figure 4: The two-state Markov channel with S(7) €
{1,2} for all i > 1. The mean cumulative erasure
parameter is different in each state.

n:i;(n) = €;;(n). For instance, if ¢;;(n) = 1072, then 1;;(n) =
1.001 x 1073, It may be helpful and more intuitive for the
reader to think the two are replaceable. However, despite its
mathematical convenience, this approximation may lead to
misinterpretations of some of the results later on. We shall
make note of the necessary caveats in Appendix B.

Lastly, we define the cumulative erasure parameter, Vi; =
Zf:’:l 1:;(n). In the rest of the paper, the cumulative era-
sure parameter will be the only channel parameter we use
to derive our results.

In this paper, we analyze the number, Z;, of transmis-
sions for a given packet ¢ until it is received erasure-free.
Therefore, Z; is the stopping time for observing the infinite
sequence of random variables, Vi1, Via,...: Given Z; = z,
the first z — 1 transmissions of packet ¢ contain erasures and
the zth transmission is erasure-free. Hence, the conditional
probability

P(Zi>z| Vi,Via,..., Vi) = [[ 1 —exp(—=Viy)]  (4)
j=1

follows from (2), and the complementary distribution func-
tion for Z; can be found by simply taking the expectation
of (4) over Vi1, Via, ..., Vis:

z

P(Z; >z)=E LH (1 —exp(—Vij))

1

(5)

To say something interesting about the number of trans-
missions, we need to make certain assumptions on the joint
distribution of these erasure parameters. The assumptions
we make shall depend on the time scale we analyze. We
study (5) for two different scenarios in which Vj; for distinct
(i,4) pairs are iid or follow a Markov process?.

IID Vj;: First, we assume that the channel variations are so
fast that different transmissions of a packet observe indepen-
dent erasure probability vector. We show that if {V;;, 7,7 >
1} is an iid process (in both i and j), then E[Z1] decreases
with increasing o2 for a given uy, where py and o2 are the
mean and the variance of V;; for all 4,5 > 1. Since V;; is
approximately the sum of the erasure probabilities over the
duration of a packet, we conclude that the variability of the
channel at time scales shorter than a single transmission is
desirable.

Markov Modulated Vj;: We use a Markov analysis to
study the impact of variability at time scales longer than a

“Note that, in practice V;; for distinct (¢,4) pairs may or
may not be correlated depending on the time elapsed be-
tween these transmissions. In general, this duration between
two retransmissions may be several round trip propagation
times due to the windowing scheme (e.g., selective ACK)
employed.

single packet in conjunction with the short time scale vari-
ability. We assume that {V;;, 4,7 > 1} is modulated by a
Markov chain with the set of states S, which contains more
than a single recurrent state. For each packet i, the Markov
chain makes a state transition (possibly a self transition) to
state S(7) € S, and remains in state S(i) for every transmis-
sion of packet ¢ until it is received erasure-free. In a given
state, samples of the cumulative erasure parameter are iid®.
Therefore, conditional on S(z), Vi1, Vig,... is an iid process
and for a given j, Vi;, Vaj,... is a Markov modulated pro-
cess.

We assume that mean of the cumulative erasure proba-
bility varies and that all the other moments are constant
for different states. We use psu) = E[V;;|S(i)] and 030 =
var (Vi;]S(4)) for all 4,5 > 1. An example with a two-state
(i.e., S(#) € {1,2} for all ¢ > 1) Markov channel is illus-
trated in Fig. 4. This is also an example of the famous
Gilbert-Elliott channel model (see [7] and [5]).

We analyze the steady state behavior of this channel, as-
suming that the initial state, S(1), of the chain is picked ac-
cording to the steady state distribution of the chain. Hence,
for any given packet i, pg(;) is a discrete random variable
whose value is determined according to these steady state
distribution. Since the only change in V;; is the mean,
E[Vij] = us@) from one state to another, we can decom-
pose Vi; as

Vii = psay + Vi3, (6)

where pg(;) is constant for a given packet ¢ and V3 is a
0 mean iid process for both ¢,j > 1 and V3 is independent
of S(i), and therefore independent of jg(;). Thus,

E[Vi] = E [ps)] (7)
and

_ 2
var (Vi;) = T2, + oy (8)
for all 3,5 > 1. The two components of the “channel vari-
ability” var (V;;) in (8) capture the long and the short term

variability in the given order. Physically, 0.2, . can be used

to model the variability due to shadowing effects, mobility
and other short time scale effects, whereas o%. handles the
faster fluctuations due to fast fading, multiuser interference,
etc.

The analysis of the impact of 0% is identical to the anal-
ysis of the iid case in Section 4.1 and it will not be repeated
in Section 4.2. We show that E [Z1] increases with increas-
ing ais(l) = var (Hsu))- Since pg(;) remains constant for
packet i, and varies only for different packets, we conclude
that the variability at time scales longer than a single packet
is undesirable. Moreover, our expression for E [Z1] captures
the impact of the short and the long term variability compo-
nent simultaneously, since it involves both oi s and oio.
The separation of time scales will be apparent in our results
very clearly. The following table summarizes the notation
we use for the Markov analysis. Note that V;;|S(7) is the cu-
mulative erasure parameter for packet ¢ conditioned on the
state of the chain for that packet.

5This is a conditional independence given the current state
of the Markov chain. In that sense this independence re-
sembles the conditional memorylessness of the time varying
erasure channel.
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Note that the described Markov model is a bit unnatural
since a transition occurs only when the packets are success-
fully decoded regardless of how long it takes for a packet
to be transmitted. We could employ a more realistic model
and assume that a state transition occurs at regularly spaced
intervals (e.g., once every certain number of transmissions)
and could still arrive at the same conclusion. However, the
derivation would be unnecessarily complicated and hence the
expressions would be much less insightful. Besides, if the self
transition probabilities are close to 1, i.e., multiple packets
can be transmitted before significant variations occur in the
channel, the constraint that the state transition occurs at
the end of successful transmissions become less important.

4. VARIABILITY AND THE NUMBER OF
TRANSMISSIONS

In this section we analyze the number of transmissions for
the two scenarios described in the previous section.

41 Short Time Scale Variations

If {Vi;, i, > 1} is an iid process, then the number of
transmissions, {Z;, ¢ > 1} is also iid. Thus, (5) reduces to

P(Z1>2) = (1 - Elexp(=Vi1)])" . )

Using (9), we can write

Nk

E [Z1] = P (Zl > Z)

z=0

M

(1 = E[exp(=Vi1)])”

0
E [exp (—Vi1)]) ™"

:g\;l(_l)? (10)

where gv (r) is the moment generating function of Vi1. Note
that we assume that there exists an rmax > 0 such that
gv(r) < oo for all r < rmax.

Let Ay () = loggv(-). Since 0 < gv(r) < oo for all r <
Tmax, Av (7) exists and is finite for all 7 < rmax as well. The
Taylor series expansion for Ay (r),

~

e k

Av(r) = AP(0) 3, (11)

k=1

is also known as the cumulant expansion (the lower limit of
the summation is 1 rather than 0 since Ay (0) = 0) and the

kth derivative, Agf)(O) is known as the kth cumulant® of V.
Thus, the log moment generating function is also known as
the cumulant generating function. Cumulants of a random
variable can be written as functions of the central moments
of the random variable.

From Taylor’s theorem, there exists an r; € (—1,0] such
that

Av(=1) = —pv + 5 (), (12

SThe first two cumulants are the mean and the variance; and
the third and the fourth cumulants are respectively, the nor-
malized versions of the skewness and the kurtosis (excess).

where pv = Ay, (0) = E[Vi1]. The second term on the right
hand side is known as the Lagrange remainder. Rewriting
(10) using (12) we get

B(Z] = exp (w - (n>) . (13)

As expected, the mean number of transmissions, E [Z1], in-
creases with py. Next, we discuss how the second term in
the expansion affects E [Z1].

As shown in [6], Av(r) is convex for all 7 < rmax. Hence,
AY (r¢) > 0. The inequality sign “>" can be replaced with
“>”if V' is non-atomic, i.e., does not take on a single value
with probability 1. We say that the “variability,” i.e., the
combined effect of all the moments except the mean, has
a positive effect since it reduces the expected number of
transmissions. To further illustrate this let us give E[Z1]
with the third order Lagrange remainder for the expansion
of Ay (—1). For some r; € (—1,0),

Bz = exp (v - 3o + 302 (). ()
Thus, for a fixed pv, E[Z1] decreases with o%-. That is, the
more variable the number of erasures per packet, the lower
the expected number of transmissions.

In most cases, keeping only the first two terms in the ex-
pansion (11) for Ay (—1) is a fairly good approximation since
the variability of the channel is well captured by the vari-
ance of V. Hence, r; =~ 0 because A};(0) = o&. This can
also be called the Gaussian approximation since the higher
order cumulants beyond the variance is 0 (i.e., 7: =07) if V
were N (uy,o%). Also, if V has a distribution which is sym-
metric around its mean (e.g., uniform), it has 0 skewness,
i.e., AY/(0) = 0. The Gaussian approximation works well in
such cases as well since the effect of the higher order terms
in (11) diminishes quickly.

EXAMPLE 1. We compute E[Z1] under three different dis-
tributions for the erasure probability. In each case, we as-
sume that the erasure probability (and hence the erasure pa-
rameter) is constant for the duration of each transmission,
i.e., €i;(n) = € where {€;;, i,7 > 1} is an id process. Also,
€ij < 1, so Vi; =~ Neij, where the packet size N = 10%.
Based on these assumptions we generate traces of packets,
for which €;; is picked according to Gaussian (N), uniform
(U) and beta (B) distributions”. We run two sets of simula-
tions for each distribution to illustrate the mean number of
transmissions as a function of pe =~ py /N and o2 ~ o /N>,
E[Z1] vs. pe: We increase ue step by step, keeping every
other central moment constant. Hence only the first cu-
mulant changes and all the others remain the same. We
can achieve this by just adding a different constant to €;;
and hence shifting its distribution at each step by a different
amount. In Fig. 5(a), we plot the mean number of trans-
missions per packet, where a new trace of size 10° packets is
generated for each value of p.. For each distribution, o2 is

"We use €;; ~ U(a,b) if €;; is uniform in [a,b]. The third
(and all the odd numbered) cumulant for the uniform dis-
tribution is 0 and if €;; < 1, the fourth and the higher order
even numbered cumulants are negligible compared to the
first and the second cumulants. The beta distribution has
two defining parameters, o and 3. If €;; ~ B(«, (), then it
takes on values in [0,1] and pe = S%5. We use a +bB(a, 3)

to represent the distribution of a + be;;
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Figure 5: The expected number of transmissions is illustrated as a function of u. and ¢? for three different
distributions. For the graph 5(a), o2 is fixed at 3 x 107° (0% ~ 3 x 1072) for all distributions. Similarly for the
graph 5(b), u. =4 x 10™* (4 erasures per transmission) for all three distributions.

fized at 3 x 10710, Thus, o2 =~ 0.03, which implies that the
channel is not very variable in this set of simulations. The
three cases we consider are

e Normal distribution: €;; ~ N (e, 3 x 10719).

e Uniform distribution: €;; ~ U (e — 3 X 10757 te +3 X
1077].

e Beta distribution: €;; ~ pe+107% (B(30,2970) — 107?).

Note that, €;; € [pe, u€+1072], the third and the fourth
cumulants of V are 0.0021 and 2.17x107% respectively.
Thus, in the cumulant expansion for V, uv is the dom-
inant term (uy varies between 1 and 5).

As expected, all three curves in Fig. 5(a) grow as exp(Nue) =
exp(pv).

E[Z1] vs. oZ: We keep pe = uv /N =4 x 10™* fized and
increase o2 step by step. In Fig. 5(b), we plot the mean num-
ber of transmissions per packet as a function of o2, where a
new trace of size 10° packets is generated for each value of

o2. The three cases we consider are

e Normal distribution: €;; ~ N(4 x 107%,02)

e Uniform distribution: €;; ~ U[4 x 1074 — \/30574 X
107* +/30].

e Beta distribution: ¢;; ~ 4 x 1072B(a, 8). We increase
a step by step from 1.5 to 46, while keeping B/a = 99
fized.

As expected, the mean number of transmissions is monoton-
ically decreasing with o2 for all three distributions. How-
ever, the rate of change in E[Z1] is now different among
different distributions due to the impact of the higher order
cumulants. It is not possible to increase the variance of €;;
without increasing the higher order cumulants and they be-
come non-negligible for larger values of o2. The non-linear
increase in these cumulants is the cause for the non-linear
decrease in E[Z1]. For instance, the increase in the third
cumulant, AV (0), of V' as a function of o is illustrated for
the beta distribution in Fig 6.

Lastly, we would like to make some comments about the
distribution of Z;. Since the number, Z1, of transmissions
is geometric, var (Z1) = E[Z1] — 1. Thus, the more variable
Vi1 gets, the less variable Z; becomes. Also, we can rewrite

(9) as
P (2> 2) = (%) . (15)

For any given z, P (Z1 > z) decreases with decreasing E [Z1].
Therefore, if Z] is the number of transmissions with the
cumulative erasure parameter V' and 0‘2// > 0%, then Z;
stochastically dominates Z;. Note that this statement im-
plies that E[Z] increases with decreasing o3, but the re-
verse is not necessarily true.

4.2 Long Time Scale Variations

Now we assume that {V;;, i,7 > 1} is the Markov modu-
lated process described in Section 3. Recall that we decom-
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Figure 6: The third cumulant of V is given as a
function of oZ for the beta distribution.

posed V;; into two independent components as
Vij = msq + Vij

where pg(;) is constant for a given packet ¢ and V3 is a
0 mean iid process for 4,5 > 1. The initial state of the
Markov chain is picked at random according to the steady
state distribution of the chain. In this section, we show that
the variability (combined effect of all the cumulants) of pg(1)
increases the expected number, E[Z1], of transmissions per
packet. Then, we express E [Zl] in terms of Jﬂs(l) and o2,
and illustrate that these two terms have opposing effects on
E [Z1]. Let

Ave(r)
Since E [Vi7] =0, A1 (0) = 0. Let us define

=logE [exp(rVi‘;-)} .

Avisey(r) = logE [exp(rVi;)]S(4)]

= Ts@) + Avyo (7‘) (16)

Note that Al 5.;)(0) = ps() and AV|S o(r) = Agfg(r) for
all k > 2. Since, {V14]|S5(1), 7 = 1} is an iid process we
can use (13) to evaluate the conditional expected number
of transmissions, E[Z1|S(1)], for the first packet given the
initial state. Hence, there exists an 7, € (—1,0) such that

E[Z1] = E[E[Z1]5(1)]]
=E [GXP (Msu) - %AQO(H)H (17)
=E [exp (1s1))] - exp (—%AQ'/O (rt)) . (18)
Let us define the log moment generating function of j1g(1,

Ausm ()

so that we can write

E [exp (us))] = exp (Ausm (1)) :

=1logE [exp (rusm)]

Expanding A, 4,
theorem, we can show that there exists an r,

up to the second term and using Taylor’s
€ (0,1) for

which (17) becomes
1 1"
E [Zl] = exXp (Aﬂs(l) (1) - §AVD (Tt)>

1
= exp (E lusw] + 3 [Agsm (rw) — A’(/o(n)])
(19)
As the chain has multiple recurrent states, A, g, (r) is strictly

convex and AL’S(U( w) > 0. Since this term represents the

impact of p1g(1) on E [Z1] beyond that of E [us(l)}, we con-
clude from Eq. (19) that the channel variability in time scales
larger than a single packet (including retransmissions) in-
creases the expected number of transmissions.

Next, we express E[Z:1] using the third order Lagrange
remainder for the expansion of both Ave(—1) and A, (1).
For some r; € (—1,0) and r,, € (0,1),

1
E[Z1] = exp <E [ﬂs(l)] + 5( 55(1) 0‘2/0)

1

+ 5 [Ny () + 4%00]) - 20
2

where o7, W

separation of time scales very clearly. For a fixed E [us(l)L

the expected number of transmissions increases with increas-

ing o and decreasing 0%, which represent, respectively,

= var (Hsu))- In Eq. (20), we observe the

Hs(1)?
the long(; )term and the short term channel variability. Re-
call that Uus(l) + oo = var (Vi;). We just showed how the
cumulative erasure parameter can be decomposed into two
components with variations at disjoint time scales so that
the variability in these time scales have an exact opposite
(equal magnitude in the opposite directions) impact on the
log of the expected number of transmissions per packet.

Also note that the expectation, E [,U‘S(l)} , is over the steady
state probabilities of the chain. Therefore, E [Z1] is indepen-
dent of the transition probabilities of the chain as long as
the steady state probabilities remain fixed.

EXAMPLE 2. In this example, we illustrate the expected
number of transmissions for the Gilbert-Elliott channel. There
are two states, i.e., S(i) € {1,2} for allt > 1. We use pmu
to indicate the transition probability from state m to state l.
We call a chain symmetric, if pi; = pj;i for alli,j € S. Also
let Py represent the steady state probability of state k.

In this example we set o%o = 2.5 x 1072 and the packet
stze to 5000 bits. We assume that the erasure probability is
constant for each bit during a transmission. For any given
Markov chain, we generate a trace of length 20,000 packets.
Symmetric Chain: We run three sets of simulations in
which the chain is symmetric: pi2 = p21 = 0.1 in the first
set, p12 = p21 = 0.6 in the second set and p12 = p21 = 0.9 in
the third set. Hence, the steady state distribution, (P1, P2) =
(0.5,0.5) in all sets.

In each set of simulations, we initially set (1, p2) = (0.5,5).
Then, we increase p1 and decrease p2 gradually (keeping
E[u1] constant at 2.75) all the way to (p1, p2) = (2.75,2.75),
which corresponds to the scenario with iid erasure vectors.
With the given parameters, one can compute that, Uﬁsm
decreases from 1.27 to 0 as we change the (p1, u2) pair.

The expected number of transmissions as a function of

aﬁsm is illustrated in Fig. 7(a). As expected, there is no
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Figure 7: The expected number of transmissions is illustrated as a function of o2 The distribution
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(P1, P;) = (0.5,0.5) in Fig. 7(a), while it varies from (0.5,0.5) to (0.8,0.2) in Fig. 7(b) where ;1 < p2. E [pus)] =2.75

for all the simulations.

difference between these three curves since Ougny only de-
pends on the steady state distribution. E[Z1] varies almost
as exp(ais(l)/Q) and the impact of the higher order terms
(captured by the term %AZ'S(I) (r%,) in (20)) is minor for these
symmetric chains.
Asymmetric Chain: In this case, we vary UZS(I) in each
simulation by changing the transition probabilities of the chain
as well as the pair (u1, p2). The purpose is to illustrate how
the expected number of transmissions is affected by the chain
asymmetry of the Markov chain as well as by cris(l).
e Simulation 1: Symmetric chain with pi2 = p21 = 0.1.
Increase p1 and decrease pa from (u1, p2) = (0.5,5) to
(2.75,2.75) incrementally, keeping E [us(l)} = 2.75.

e Simulation 2: Asymmetric chain with p12 =1 —pll =
0.1 andp21 = 1—p22 =0.2. Thus, (P17P2) = (2/3, 1/3).
Increase p1 and decrease pa from (p1, p2) = (0.5,7.25)
to (2.75,2.75) incrementally, keeping E [us(l)} = 2.75.

e Simulation 3: Asymmetric chain with p12 =1—pll =
0.1 and p21 = 1—p22 = 0.4. Thus, (P1, P») = (4/5,1/5).
Increase p1 and decrease pa from (p1, p2) = (0.5,11.75)
to (2.75,2.75) incrementally, keeping E [,U‘S(l)} = 2.75.

The results are illustrated in Fig. 7(b). One can observe that
the range of the possible variance values increase with in-
creasing asymmetry due to the increasing effect of the higher
order cumulants of psay. Also, E[Z1] increases with in-

creasing |P1 — P| for a given oz, . This increase is due
/

to the varying effect of higher order terms (%AZ’Sm(rw) in

(20)) for different steady state distributions. Indeed, one
can show that for a Bernoulli random variable, with a given
variance, Ay’ (1) increases for all v > 0 as |u1 — p2| in-
creases.

5. EXPERIMENTAL RESULTS

If we truncate the Taylor series expansion in Eq. (20) to
the second order, we get

1
E [Zl] ~ exp (E [NS(@')] + E(UZS(«;) - 0‘2/")) (21)

for all # > 1. In this section we present experimental mea-
surements taken from mote radios to support (21). For this
purpose, we generate traces of packets and record the V;; val-
ues for each packet. Then, we calculate the sample means,
Z; and fisy of the number of transmissions and the cu-
mulative erasure probability, respectively. We also estimate
&Zsu) and 2., the sample variances of the two components
of the cumulative erasure parameter given in (6). Then, we
estimate the coefficients, c¢,, ¢ and c¢s¢ in

Z; = exp (Cuﬁs(i) + clt&is(i) + cst&%/o) s (22)

and compare these estimates with the theoretically derived
values of 1, 1/2 and —1/2, respectively.

The experimental setup is as follows. We placed two
Berkeley Mica2 motes to act as a transmitter-receiver pair.
The radio on the Mica2 mote is the Chipcon CC1000, an
FSK radio operating at 433 MHz. The RF output power of
the radio is programmable on a per-packet basis, and can



vary from —20 dBm to 10 dBm in 1 dBm increments. We
placed the motes at a distance of 20 feet apart. The reason
for using a short distance between the pair is to suppress the
uncontrollable sources of variability (e.g., fading) as much
as possible and acquire measurements as we introduce vari-
ability in a controlled manner. We use the variable transmit
power level to emulate the desired channel variability.

We increased the TinyOS packet size to 960 bits by mod-
ifying file AM.h in the standard TinyOS 1.x distribution, re-
taining the ActiveMessage layer unmodified. We also veri-
fied that this change did not break the MAC layer.

Recall that we define a packet as a group of N bits. Each
packet can be transmitted multiple times until it is received
erasure-free. We call each of these a transmission. Each
experiment consists of sending 120 test packets from one
node to the other, each at a power level chosen at random,
from a discrete uniform distribution. We change the power
level sufficiently frequently depending on the time scale of
the variability we emulate. To emulate the short time scale
variability, we change the power level for every transmission
and to emulate the long time scale variability, we change
it for every packet and keep it constant during all its pos-
sible retransmissions. The new power level is chosen inde-
pendently and identically distributed as the previous power
levels in each experiment. The nodes perform ARQ, and
the receiving node sends its acknowledgments back at the
maximum power level of 10 dBm. Hence we rarely observe
losses in the reverse link. Each experimental data point in
the graphs in Fig. 8(a) and 8(b) averages five experimental
runs (i.e., a total of 600 packets).

We control the variance of the bit error rate (BER can
be viewed as the erasure probability in our model) by vary-
ing the range of values that the uniform distribution for the
transmit power level takes on. However, due to the convex
relationship® between the power level and the BER, increas-
ing the variance of the transmit power reduces the average
BER at the same time as it increases the variance of BER.
For the experiment involving the short term variability, our
purpose is to analyze the impact of the change in variance
alone, we reduce back the average BER by decreasing the
mean transmit power, while keeping its variance unchanged.
After this process, we still end up having slight differences
in the average BER for different experimental traces. In
both scenarios, instead of plotting the mean number, Z;
of transmissions as a function of the variance, var (V;j), we
normalize it and plot Z;/ exp(fis(i)) as (21) suggests.
Short time scale variability: The transmitter picks the
power level of each transmission (initial transmission and
each subsequent retransmission) independently and at ran-
dom, from a uniform distribution. We keep the transmit
power level (and thus the BER) constant during one trans-
mission of N = 960 bits. Since the power level is selected
from the same distribution for all packets, there is just a

single channel state, i.e., cris(i) =0 and var (Vi;) = o¥o.

8The bit error rate is exponentially decreasing with the SNR
level at the receiver. Since the distance between the trans-
mitter and the receiver is small, we can assume that the
BER decreases roughly exponentially with the transmitted
power level as well. We verified this, but due to space con-
straints, we do not give the BER vs. transmit power curve.
Hence, if the transmit power level is picked from a uniform
distribution, the bit error probability is log uniform, i.e., log
of this probability is uniform. The log uniform distribution
has all its cumulants positive.

We generate each trace (a total of 10 traces) using a dif-
ferent uniform distribution for the transmit power. We try
to keep fis(;) around 0.3 — 0.5 per packet and vary 620 be-
tween 0.2 and 1. We calculate the sample mean number, Z;
of transmissions for each trace. The normalized mean num-
ber, Z;/ exp(fis(;)), of transmissions per packet for these 10
traces is plotted as a function of the sample variance, 6o,
in Fig. 8(a).

It is clear that this number tends to decrease with in-

creased 6%.. Indeed the slope of the line fitted to the data
points is —0.71, i.e., ¢st = 0.71 in (22). This is reasonably
close to the theoretical value, —1/2, given in (21). Also note
that the normalized mean number of transmissions < 1 for
all data points. Hence, the combined effect of the higher
order cumulants of V5 is negative.
Long time scale variability: The transmitter picks the
power level of each transmission of N = 320 bits indepen-
dently and at random, from a discrete uniform distribu-
tion. Subsequent retransmissions of the same packet are at
the same power level of the original transmission. Thus,
Vi; follows a symmetric Markov chain with a number of
states identical to the number of power levels that the uni-
form distribution takes. Also, %o ~ 0 since the transmit
power level is constant over all transmissions of a packet, so
var (VZJ) = Ougey-

We generate each trace (a total of 22 traces) using a differ-
ent uniform distribution for the transmit power. For these
traces, jig(;) varies between 0.5—2.2 and &ﬁsm takes on val-
ues from 0.8 up to 7. We calculate the sample mean number,
Z; of transmissions for each trace. The normalized mean
number, Z;/ exp(fis(;) of transmissions per packet is plot-
ted as a function of the sample variance, &Zsu) in Fig. 8(b).

We get an almost perfect match with the theoretical re-
sult given in (21). Indeed, the slope of the line fitted to
the data points is 0.478 and if we interpolate this line, the
ordinate of the 0 variance point is 0.93. Thus, ¢;; = 0.478
and ¢, = 0.937! = 1.075 which are almost identical to the
theoretically derived values of 1/2 and 1 respectively.

As a side note, the correlation coefficient between the mea-
sured mean and the variance of the number of bit errors per
transmission is 0.58 over all the traces we generate. Thus,
for a given wireless channel the average link behavior and
the variability may be fairly dependent. This is not very
surprising due to a very fundamental reason: If the average
value of a non-negative stochastic process is very close to 0,
it will not have much room to vary around (e.g., if the mean
BER is 0, than the variance of the BER cannot be anything
but 0).

6. CONCLUSIONSAND PRACTICAL
IMPLICATIONS

Time diversity has a major impact on the throughput of a
communication channel and thus, it must be taken into con-
sideration when designing a communication system. In this
paper, we studied the packet-level throughput of a wireless
link with variable quality. We analytically evaluated the ex-
pected number of transmissions per packet using a discrete
time-varying erasure channel with feedback. We expressed
this quantity as a function of the cumulants of the samples of
the stochastic process, which we used to model the erasure
probability. We also illustrated our results experimentally
using mote radios.
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Figure 8: The normalized expected number of transmissions is illustrated as a function of the variance of the
measured cumulative erasure parameter. The dashed lines illustrate the best fit to the log of the measured

mean number of transmissions.

We showed that the channel variability at different time
scales affects the link-level throughput positively or nega-
tively depending on its time scale. For the time varying
discrete binary erasure channel, we discovered that the vari-
ability in samples of the erasure probability (which can be
also viewed as the bit error probability) separated as closely
as a single packet increases the link-level throughput. In-
versely, an increase in the variability of samples separated
longer than a single packet reduces the link-level through-
put.

In this paper, we did not consider the effect of possible
losses in the reverse link where the ACKs are sent. Our
results can be easily extended to take the reverse link into
consideration as well. We also assumed that the packets
containing erasures are dropped. Such packets could be kept
and combined with other transmissions of the same packet to
improve reliability. Indeed, hybrid ARQ systems are based
on this idea. A natural extension of this work is to consider
a system with packet combining and to study the impact
of channel variability. Our initial analysis of a system with
packet combining shows that, even though the channel vari-
ability affects the throughput similarly at exactly the same
time scales as in the system without combining, the magni-
tude of the impact is much smaller in the system with com-
bining. Therefore, the systems with packet combining tend
to be much more robust with respect to channel variability.

Also, there are a number of implications of the findings of
this paper on the quality aware networking protocols. In-
deed, in [9] we expand the already existing routing protocols
that are based on metrics for average channel behavior. Us-
ing the derivation developed in this paper, we showed that

the widely used ETX metric in [4] disregards the variabil-
ity at all time scales longer than a packet. We describe
a new metric, the mETX, which uses the formulations of
this paper to quantify the variability and combines it with
ETX. Based on Roofnet link measurements, we show that
packet losses in Roofnet are more correlated with channel
variability than ETX. We illustrate that an improvement of
up to 60% is possible in TCP throughput in randomly con-
structed mesh network topologies that use the Roofnet links.
We believe the mETX metric can also be used to improve
the throughput of MAC protocols based on opportunistic
scheduling.

We can use the insights of this paper in wireless system
design as well. For instance, at a transmitter, a packet sched-
uler can be designed to take advantage of the variability if
the channel has a periodically (stochastically or determinis-
tically) varying quality. An example of such a scenario can
be a mobile sensor network, such as the one in [13], where
a sink node mechanically cycles in the area to collect infor-
mation. Packets can be interleaved in such a way that the
channel quality is as negatively correlated as possible dur-
ing distinct retransmissions. Also, since a high correlation is
desirable at short time scales, the quality can be kept as con-
stant as possible during the transmission of a packet, e.g.,
by reduced mobility (given that the average quality does not
decrease by doing so).

Part of our analyses also apply to multi-radio based sys-
tems such as the one described in [14]. In such systems,
multiple receivers (i.e., multiple channels) are used. Mul-
tiple channels for the transmission of the same packet can
be viewed as a single channel in which the same packet is



transmitted at different instances. With this analogy, we
can show that in the two-radio system described in [14],
the antenna placement with the greatest negative correla-
tion among the two channels should be preferred.
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APPENDIX
A. BOUNDSON THE ERASURE
PARAMETER

In this section we prove the following inequality.

LEMMA 1. Let n = —log(1l —€). Then,
2

<N < —.

ESN< e+ —

Proof: The inequality logx < x —1 is a simple consequence
of Jensen’s inequality and the concavity of the log function.
The lower bound simply follows by setting © = 1 — €. The
upper bound can be derived as follows.

k

oo
€
—log(l—¢€) = Z y (23)
k=1
FPE A S
= 2 2 4 4 4 4
3
4. 24
+5+ (24)
ey
j=1
cerye
j=1
—€+ﬁ, (25)

where (23) follows from the Taylor series expansion of — log(1—
€) and (24) follows since the sum in (23) increases if we re-
place the all the terms 2041 < kg2t 1 by the term 27
completing the proof.

B. DISCUSSION: ERASURE PROBABILITY
AND THE ERASURE PARAMETER

In our entire analysis of variability, we used the erasure
parameter, 1;;(n), instead of the actual erasure probability
€i;(n). In the analysis of the short time scale variability, we



g€ =1l-exp (-N)

n

Figure 9: The erasure parameter versus the erasure
probability.

found the relation between the variance, o2, of the sum of
the samples of the erasure parameter over a packet time and
the number of transmissions. Moreover, we used “channel
variability” to refer to .

Even though it was noted in Eq. (3) that for small erasure
probabilities, 7;;(n) = €;;(n), further analysis of the relation
between the two is insightful. For notational simplicity, we
drop all the subscripts and the time parameters.

First consider the memoryless channel, i.e., when €(1), ¢(2), ...

form an iid sequence. Let p. = E[¢]. For a simple illustra-
tion of the insights to be given, we assume that each sample,
n(n) ~ N(,un,af]). Then

e =1 —E [exp(—n)]

=1—exp (—,un + %03,) , (26)

where (26) follows since 7 is Gaussian. Hence,
E[Z]=(1—p)™" (27)
= exp (Nﬂn - %Nc’i) , (28)

where (27) follows since the channel is memoryless and (28)
follows from (14). Eq. (27) implies that for the memoryless
erasure channel, the expected number of transmissions is not
affected by the sample variance of e. However, we have the
o7 term on the exponent on the right side of (28). Here, we
gave an example in which E [Z] decreases with increasing 0'317
but the channel variability has no effect on E[Z]. Thus, we
may not be able to claim that the variability of the erasure
probability impacts the channel solely based on the presence
of the o7 term in the expression of E[Z]. Indeed, this term
is a correction factor for the increased value of p, due to 062.

The above analysis suggests the need for further under-
standing of the relation between the channel variability and
the number of transmissions. For that purpose, first con-
sider the other extreme case where the erasure probability
is constant over each packet time, i.e., e(n) = ¢ for all n > 1.
Note that this was the case in the examples we illustrated
earlier on. Also, let us assume n ~ N (uy, 0727). Hence,

E[Z] = exp <Nu7, - %Nzaf]) : (29)

We showed earlier that a factor exp (—2No;) in (29) is
due to the concavity of 1 — exp(—n). Thus, the remaining
exp (3(N? — N)o;) reflects the actual impact of the vari-
ance of the erasure probability on the expected number of
transmissions. Indeed the slope of the E [Z;] versus 0% curve
in Fig. (5(b)) for the Gaussian case is 1 (1 — &), which is
very close to % since the packet size N > 1.

Next, we generalize the above analysis for any given pos-
sibly non-iid e(n). Again, let us assume V ~ N (uy,od).
Thus, as shown in (14),

1
B(Z] = exp (w - 50‘%) .

The variance of V' can be decomposed as

o = Noy +2> (N — k) K,(k), (30)

k=1

where K, (k) = cov(n(n),n(n+k)) forn > 1, k > 0. For
the memoryless channel, 02 = N 0'72] which is the first term
in (30). We also showed that in the memoryless channel,
the sample variance of the erasure probability has no effect
in the number of transmissions. Consequently, the decrease
in the expected number of transmissions due to variability
is captured by the second term of (30), which is a function
of the autocovariance of the erasure parameter. The part
of the variability that affects the number of transmissions is
therefore due to the covariances of different samples of the
erasure probability, rather than the variances of each sample.
Depending on whether this weighted sum of covariances is
negative or positive, i.e., whether ¥ is less than or greater
than N 0317 the variability of the erasure probability may
have a negative or positive impact on the expected number
of transmissions. Since the samples of erasure probability
are close to each other in time, they are almost always highly
positively correlated in practice.



