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Abstract—We study the relationship between the degree of blocking and
the amount of resource speedup necessary for blocking switches to possess
the capabilities of nonblocking switches. We construct an analogy between
switch configurations and the codewords of certain error control codes for
which we use space covering ideas to derive relations between speedup and
number of switch configurations. To derive the necessary speedup for non-
blocking, we use two sphere packing bounds: the Hamming bound and the
Gilbert—Varshamov bound. To construct nonblocking switches with a given
speedup we use maximum distance separable codes. We consider both mul-
ticast and point to point scenarios.

Index Terms—Coding theory, covering codes, error control codes, max-
imum distance separable codes, multicast, nonblocking switches, switching
theory, unicast.

I. INTRODUCTION AND MOTIVATION

At the core of every switch lies a switching interconnection fabric.
The function of the interconnection fabric, or simply the interconnec-
tion, is to set up connections between the input and output units of
the switch. A switch can be classified as blocking or nonblocking de-
pending on whether a connection can always be made between any free
input unit and free output unit through its interconnection.

In general, blocking in a switch is defined as the failure to satisfy a
connection requirement because all paths for that connection conflict
with paths inside the interconnection already existing for connections
between other input—output (I-O) pairs: An N X N switch is said
to be blocking if there exists a set of distinct inputs {i1,...,4n5}
and a set of distinct outputs {ji,...,jn~} such that connections

if the configuration {(i1,j1),-..,(in,jn)} is not feasible.

Nonblocking switches are appealing in that they can provide better
quality of service with simpler scheduling algorithms relative to
blocking switches. However, they may become increasingly complex
as the size of the switches grow large. For instance, the crosspoint
complexity of a crossbar! is O(N?), and it gets harder to manufacture
the crossbar for larger switches and high speed applications. There
are many architectures such as the ring, the bus or some multistage
switches (e.g., Banyan) that are blocking. In many cases, some re-
source speedup is introduced to achieve the nonblocking property
in such switches. Speedup enables multiple connections to be made
between I-O pairs simultaneously. For instance, in an optical ring
network, more than a single wavelength is used so that multiple nodes
can communicate simultaneously. Also, note that a blocking switch
architecture may support speedup easily due to its simplicity. Thus,
it may be preferable to build a nonblocking switch using a blocking
switch along with some speedup.

Manuscript received November 2, 2004; revised October 19, 2005. The ma-
terial in this correspondence was presented in part at the IEEE International
Symposium on Information Theory, Chicago, IL, June 2004.

The author is with the Department of Electrical and Computer Engineering,
The Ohio State University, Columbus, OH 43210 USA (e-mail: koksal@ece.
osu.edu).

Communicated by G. Sasaki, Associate Editor for Communication Networks.

Digital Object Identifier 10.1109/TIT.2007.901191

IFor a detailed treatment, see [1].

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 53, NO. 8, AUGUST 2007

Fig. 1. Link ! must be shared by two complete paths for the connections (1, 2)
and (2, 1) to be made simultaneously.

While the problem of providing guaranteed quality of service has
been explored for nonblocking switches extensively (e.g., [2], [3]), it
has not been considered for blocking switches in general. In this corre-
spondence, we study the relation between the degree of blocking and
the amount of resource speedup necessary for such switches to pos-
sess the capabilities of nonblocking switches. We consider both point
to point and multicast scenarios.

More precisely, we call a switch A" to be “nonblocking with speedup
S” if the switch can be operated in a nonblocking fashion if .S identical
parallel copies were available. In this correspondence, we find a lower
bound to the size of the set of configurations of a switch A~ for it to
be nonblocking with speedup S. To derive this bound, we use space
covering properties of error control codes. We also give a method to
construct configuration sets with sizes close to the lower bound. This
construction method relies heavily on the existence of codes with cer-
tain properties.

The main contribution of this correspondence is combining
switching theory and coding theory, which we believe has not been
addressed before. Next, we give examples where our analyzes are
relevant, but the main purpose of this correspondence is not to analyze
any switching system per se nor to design one. Rather, we focus on
giving a different perspective in switching theory. We believe this per-
spective may be fruitful in not only understanding some fundamental
properties of switches, but also providing ways to come up with new
architectures and systems involving blocking switches.

Example 1: Banyan Switch: In the Banyan switch (see [1] for an
extensive treatment) there is only one path between any I-O pair. The
Banyan switch is blocking. For instance, consider the 4 x 4 Banyan
switch composed of 2 X 2 crossbars given in Fig. 1. Given that each
link inside the network can handle one connection (one I-O pair), the
two connections between I-O pairs (1, 2) and (2, 1) cannot be made si-
multaneously since the path between the first pair and the path between
the second pair share the same link 1. With a closer examination, one
can see that if each link can carry two connections simultaneously and
if each 2 X 2 crossbar can support two configurations at a given time,
this switch becomes nonblocking. Hence, we say the switch given in
Fig. 1 can be made nonblocking with a speedup 2.

Example 2: Waveguide Grating Router (WGR): A WGR is an
optical switch. It takes in input signals and distributes them according
to the wavelength of the signal and the state of another independent
controller (see [4] for an extensive treatment). The grating is built such
that if a signal at a certain wavelength is inserted in all the input ports,
it will be distributed over different output ports as illustrated in Fig. 2.
If control signal (or the operating conditions of the grating) is changed,
routes of the same set of signals shift cyclically as shown in the same
figure. Since, under the same control signal there exists only one route
that a signal follows, the switch blocks any request for a different con-
figuration. For the single wavelength scenario, a WGR can support the
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control
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Fig. 2. Signal at a wavelength, ¢; is switched as shown in the first part. If
control signal is changed, the route of the same set of signals change as shown
in the second part.

routing two
wavelengths

Fig. 3. The signal with ¢5 is switched to a different output fiber than the one
with ¢1. Thus each new wavelength introduces an extra degree of freedom.

trivial configuration ({(1,1),(2,2),...,(N,N)}) and all the cyclic
shifts of it.

To make this switch nonblocking, resource speedup is necessary
and it can be introduced by increasing the number of wavelengths.
The impact of a second wavelength is illustrated in Fig. 3. The signal
at wavelength c» is switched to a different output fiber than the one
at wavelength c¢,;. Thus each new wavelength introduces an extra
degree of freedom which scales the number of configurations by a
factor V. For nonblocking, a speedup (the number of wavelengths)
of NV is necessary where [V is the number input links. A routing table
specifies the wavelength that is used to setup connection between
an input and an output fiber. The coordinate of the element in this
matrix represents the input—output pair. Following is a routing table
for the 4 X 4 router.

| IFO— |1 |2 |3 |4
1 c1 | e | ez | ea
2 cq | c1 | ¢ | c3
3 c3 | cqg | 1| c2
4 C2 C3 Cq4 (&1

Example 3: The ring network is one of the most popular architec-
tures in optical networks. Today, most of the physical layer infrastruc-
ture is built around rings. A ring network is illustrated in Fig. 4.
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Fig. 4. A four user unidirectional optical ring which supports two wavelengths.
Each node can add and drop the same pair.

If a single wavelength is used in a unidirectional ring, only one node
can achieve full duplex communication? with another node at a time.
Using wavelength multiplexers enable multiple nodes to communicate
simultaneously. In a sense, multiple rings can be supported over the
same infrastructure, which can be viewed as introducing speedup.

Let us define a symmetric configuration, A, as the one for which if
(i,7) € Athen (j,i) € A. The system illustrated in Fig. 4 can support
only symmetric configurations, i.e., it is blocking. If we add two more
wavelengths on the already existing two, all possible configurations can
be supported. Hence we say the system can be made nonblocking with
a speedup 2.

The rest of this correspondence is organized as follows. In Section II,
we give the problem statement. Next, we give the necessary and suffi-
cient conditions for a blocking switch to mimic a nonblocking switch
in Sections III and IV respectively. In Section V, we compare the nec-
essary and sufficient conditions and discuss some of the results further.
We finalize the correspondence with conclusions and some directions
for future research.

II. PROBLEM STATEMENT

In this section, we give some definitions and present a mathematical
description of the problem.

A. Definitions

A configuration is a set, A, which is composed of I-O pairs, (v;, v, ).
We assume that the number, IV, of inputs and outputs of a switch is
identical, and the cardinality of any configuration, |A\| = N. We also as-
sume that exactly one connection terminates at each v, € {1,..., N},
i.e., each one of the N pairs in A will have a distinct output. On the
other hand, an input can be found in more than one of these pairs de-
pending on whether the switch has the multicast capability. Without
the multicast capability, exactly one connection initiates at each v; €
{1,..., N}. We call a switch multicast or unicast accordingly.

A switch, A, can be represented with a set, A v, of feasible configu-
rations. A configuration is feasible if all the connections in the config-
uration can be made simultaneously. We will represent each configu-
ration with the sequence of NV inputs that the outputs are connected to.
For instance, if A = {(1,1),(3,2),(1,3),(4,4)}, then we simply use
A = (1314).

Let the set of all possible configurations be I'. Hence, for any switch
N,Ax C T. For multicast switches, I' = {1,..., N}N. Switch A/
is called nonblocking if all possible configurations are feasible, i.e.,
Ay = T. Thus, for switch A to be nonblocking, [Ax| = || = NN
feasible configurations is necessary. For a unicast switch, I is identical
to the set of all permutations that can be made with the elements of
{1,..., N}. A unicast switch is blocking if the number of its feasible
configurations is less than N!.

2We assume only full wavelength communication is possible between nodes.
If add-drop multiplexers were used, each node would be capable of inserting
and taking out fractions of wavelengths, which would relax the full wavelength
communication assumption.
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Switch ' is said to have a speedup S € Z" if it can support S
distinct feasible configurations simultaneously. More precisely, with a
speedup S any Ai,...,As suchthat \; € Ax,1 <7 < S canbein
effect simultaneously. Thus, with a speedup S, switch A is capable of
providing all configurations that another switch A’ can, where A v/ is
composed of elements that are subsets of Ule A; of cardinality V for
every possible {\1,...,As} C Anx. If Ay = T, we say switch A/
can be made nonblocking with a speedup .S, or a speedup S is sufficient
for V' to be nonblocking.

B. Problem Statement

In this correspondence, we study the relation between the speedup
and the nonblocking behavior of switches. We focus on two problems.
Before we present these problems, consider the following example,
which illustrates concepts of the two problems.

Fora4 x 4 switch, A, suppose the configuration A, = (1234) ¢
Anr, but Ao = (1243) and A3 = (2134) € Anr. Then, A2 and A3
can cover for A; if they can be in effect simultaneously since I-O pairs
(1,1) and (2, 2) can be connected through Az, and I-O pairs (3, 3) and
(4,4) can be connected through 3. Despite the absence of A, switch
N may still be nonblocking with the speedup 2. Conversely, with the
speedup 2 and given A\, and A3 are feasible, A1 need not be feasible for
the switch to be nonblocking.

The two problems we consider are the following.

1) Foran N x N switch, A", we derive relations between S and |A v7|.
First we find a lower bound, L(N,.S), on |Ay| for the N x N
switch V' to be nonblocking with a speedup S. In other words, no
matter how the set A is constructed, if [Ax| < L(N,S) then
there exists a v € I' such that for any set of S’ feasible configura-
tions {A1,...,As},

s

v e (Jx

i=1
Hence if |[Ax| < L(N,S), the speedup S is not sufficient for
nonblocking.
Conversely, we find a lower bound on the speedup, below which a
switch A cannot be made nonblocking for some given |Axr|. We
derive these results for both multicast and unicast switches.

2) We present a way to construct the set of configurations A »7(.S), for
which a switch AV becomes nonblocking with the given speedup
S. Indeed, the speedup S will be sufficient to make the N x
N switch A nonblocking with the set of feasible configurations
Ax = Q(N, S) found by this method. We show that this method
is exponentially efficient for large N : For a given speedup .5,

i log |Q(N, S)|
N—oo log L(N,S)

1. (1)

III. NUMBER OF CONFIGURATIONS VERSUS SPEEDUP
FOR NONBLOCKING SWITCHES

In this section, we state theorems for the necessary speedup for non-
blocking multicast and unicast switches for a given number of config-
urations. We also give the inverse relations, i.e., the necessary number
of configurations for nonblocking for a given speedup.

A. Multicast Switches

Theorem 1: If for an N x N multicast switch A

Nk

(+)

A <
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for some k € {2,..., N}, the speedup S = [25] is necessary for
A to be nonblocking.

The proof is geometric and it uses the Gilbert—Varshamov bound
for codes. The complete proof can be found in the Appendix, but we
sketch the main idea here. Suppose there exists a ¥ € I' such that each
A € A haslessthan k,1 < k& < N entries in common with . Then,
we cannot find | N/ k| configurations, A1, ..., A x/x) € An such that

LN/k]

v C U Al
=1

Therefore, the speedup S = | V/k] is not sufficient to make the switch
N nonblocking. In the Appendix, we show the existence of sucha vy €
T, if [Ar| is not large enough.

Corollary 1: An N x N multicast switch A" cannot be nonblocking
with a speedup S € {1,..., N}if

NIN/ST
N )
[N/S]

Theorem 1 gives the necessary speedup for nonblocking multicast
switches for a given number of configurations, whereas Corollary 1
derives a lower bound for the necessary number, L(N, S) of config-
urations for nonblocking multicast switches for a given speedup. The
proof of the corollary is immediate from Theorem 1 as given in the Ap-
pendix. Next, we derive similar bounds for unicast switches.

[An] < (@)

B. Unicast Switches

Theorem 2: If for an N x N unicast switch A"
[Aw-| < k!

for some k € {2,..., N]}, then the speedup S = [ 2] is necessary
for N'* to be nonblocking.

The proof can be found in the Appendix. The approach is very sim-
ilar to the one with multicast switches.

Corollary 2: An N x N unicast switch, A" cannot be nonblocking
with a speedup S € {1,..., N — 1} if

|Aw-| < [N/S]!- 3)

Theorem 2 gives the necessary speedup for nonblocking unicast
switches for a given number of configurations, whereas Corollary 2
gives a lower bound for the necessary number of configurations for
nonblocking unicast switches for a given speedup. The proof of the
corollary is immediate from Theorem 1 as given in the Appendix.

IV. CONSTRUCTING A SET OF CONFIGURATIONS
FOR NONBLOCKING SWITCHES

In this section, we present a method to construct a set of feasible con-
figurations for a switch in an exponentially efficient manner. We study
the space covering properties of certain maximum distance separable
(MDS) codes, and illustrate that codewords of linear MDS codes cover
the space in such a way that, if the elements of A x for the switch A/ are
chosen to be the codewords of a certain linear MDS code, the neces-
sary speedup for nonblocking is minimized. In the Appendix, we give
some basic definitions on MDS codes necessary for the development.
For a detailed treatment of MDS codes and algebraic coding theory in
general, see [5].
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A. Multicast Switches

Let us consider MDS codes over n = {1,..., N'}. Every subset of
k = N —d+1 coordinates of the MDS code (N, k, d) is an information
set. Thus, for any set of k coordinates, the codewords run through all
N possible k-tuples. Hence, there exists no two codewords that have
the same set of k& symbols in any given k£ coordinates. Note that, for a
linear code, C : (N, k,d), any set of k-coordinates is an information
set if and only if d = N — k + 1, which is true only for MDS codes.
The following theorem illustrates why this property is important in our
construction of configuration sets.

Theorem 3: If Ay : (N,k,N — k + 1), then the speedup S =
[N/k] is sufficient to make the multicast switch A" nonblocking.

The proof can be found in the Appendix. Theorem 3 not only gives
a way to construct the configuration set for a blocking switch, but also
shows that, given a speedup S, N IN/51 confi gurations are sufficient to
make a switch nonblocking.

Corollary 3: A speedup S € {1,...,N} is sufficient to make
an N x N multicast switch A" nonblocking, if Ay = Q(N,S) =
(N,[N/S],N — [N/S] +1).

The proof is immediate from Theorem 3. Corollary 3 shows that,
given a speedup S, a carefully constructed set of

|An| > N/ )

configurations is sufficient for nonblocking multicast switches.

B. Unicast Switches

An (N, k, N —k+1) Reed Solomon (RS) code uses polynomials of
degree less than £ to generate the codewords. Such polynomials have
at most & — 1 roots, i.e., any element of {1,..., N} can be repeated in
at most & — 1 coordinates. Thus, the configurations generated by this
method have connections all of which have a maximum fanout of £ —1.
Therefore, the only linear code we can use for the construction of the
set of configurations is the (N, 2, N — 1) RS code, since k¥ > 2 leads
to configurations with fanouts greater than 1 for some connections.

The (N, 2, N — 1) RS code over the alphabet3 {1,..., N} is com-
posed of N? codewords, N of which have all identical coordinates, i.e.,
from (1-++1) to (N --- N). If we get rid of these N' codewords, we

end up with ( 12 ) codewords in the desired form.

Unfortunately, this construction does not extend to any other
speedup value and currently we do not have any method to construct
efficient unicast switches. One idea is to get rid of all codewords of
the (N, k, N — k + 1) code except the permutations of {1,..., N}.
However, this method eliminates too many configurations and for kgt2
we end up with a number of configurations less than the necessary
number for nonblocking with the speedup S = [+ ].

V. SUMMARY

We showed that, for a given speedup S, L(S) = NTN/ST / (D\;\/]S])
configurations is necessary for a multicast switch A" to be nonblocking.
Moreover, choosing A 7 to be the linear MDS code (N, k, N —k+1) is

exponentially efficient for multicast switches. Indeed, for any given .S

o T[N/ ST

lim log |SZ(I\{, S)| - lim log N _ 1
N—oo log L(N,S) N=o0 | NUX[/SW
(rays1)

3Linear codes are defined over the alphabet that includes 0. For the sake of
complete analogy we use {1, ..., N} instead of {0, ..., N—1} as the alphabet
without loss of generality.
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Fig.5. The number of configurations for nonblocking a multicast and a unicast
switch are illustrated as a function of the speedup for NV = 50.

since for large NV
< N ) N Sh/S
N/S 27 (1 - 1 )(Sfl)l\’/S

5

0

where (5) is shown in [6].

The dominant terms of the number of configurations necessary for
nonblocking multicast and nonblocking unicast switches are N [N/51
and [ N/S7!, respectively. These terms are sketched as a function of S
in Fig. 5 for a 50 x 50 switch.

VI. CONCLUSION AND FUTURE EXTENSIONS

In this correspondence, we illustrate a connection between switching
theory and coding theory. Using some space covering results in coding
theory, we derived a lower bound for the size of the set of configura-
tions for a switch for it to be nonblocking with a speedup S. We also
showed that the lower bound can be approached using maximum dis-
tance separable codes to construct the switch configurations.

In nonblocking switches, speedup is undesirable most of the time
since it is not necessarily feasible to run complex switches faster than
the line rates. First, suppose we have a blocking switch that supports
the N™/5T configurations for some S > 1 as constructed in Sec-
tion IV. We just illustrated that the complexity of this blocking switch
(in the number of configurations) is significantly smaller than that of
a nonblocking switch. The important question is, does it get easier to
run the switch faster than the line rate (rate of the links connected to the
switch) because it is less complex? For instance, in Fig. 5, the speedup 2
reduces the necessary number of configurations by a factor of ~10%°.
If this decrease makes it easier to run the switch twice as fast as the
line rates, then it may be preferable to use a blocking switch with some
speedup (so that it becomes nonblocking) rather than a nonblocking
switch without a speedup. The answer to this question depends on
whether it is possible to manufacture such switches and how simple
that process is.

Now let us briefly discuss how such switches can be implemented.
We believe that there may exist systematic ways to design complex
(in terms of the number of configurations supported) switches using
very simple ones. An example of a simple switch is the one that sup-
ports IV configurations (e.g., one that supports trivial configuration and
all cyclic shifts of it). Such a construction can be of practical interest
especially with optical devices. An appropriately chosen set of such
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simple switches can be put in cascade so that the number of end to
end configurations is equal to the product of the number of configu-
rations of individual switches. An example of such a construction is
the Banyan network, which was illustrated in Fig. 1. A possible way of
achieving this is breaking the degree k — 1 generating polynomial of the
(N,E, N —Ek+1) RS code into pieces of smaller degrees using certain
factorizations so that each piece can be used as a generating polynomial
for one of the switches. The described construction may have a signif-
icant advantage in terms of simplicity over single stage nonblocking
switches such as the crossbar. Also, such a construction provides the
possibility of putting buffering in between stages which can be very ap-
pealing in providing quality of service over packet switches. In [7], an
algebra for multistage switches is developed, and a method for finding
the set of configurations for cascaded switches is shown.

One extension of this work is to find a tighter lower bound for the
necessary number of configurations. Even though the current bound is
tight in exponent, it may be possible that there exists a bound for which
the the ratio of the necessary to sufficient number of configurations for
nonblocking converge to a constant. Indeed it may be conjectured that
the (N, k, N — k + 1) code consists of the necessary number of code-
words for nonblocking multicast switches with the speedup [N/k].

Finally, we note that there is also a connection between the
construction of the configuration set for unicast switches and the con-
struction of orthogonal Latin squares. In [8], how to use (N,2, N — 1)
Reed-Solomon codes to construct orthogonal Latin squares is ex-
plained. We believe the connection between Latin squares and MDS
codes can be exploited to get further insights into constructing
switches.

APPENDIX
PROOF OF THEOREM 1

Before the proof, we give some definitions. Recall that a configura-
tion is a set of [-O pairs, each of which consists of a distinct output. We
can represent each configuration as the list of inputs that the outputs are
connected to. Hence, a configuration is an NV -tuple whose elements are
picked from a finite alphabet p = {1,..., N}, and T = 5% (see [9]

for a complete treatment on finite fields).

Definition 1: The Hamming distance, d (v,~') between two ele-
ments, v,' € I is the number of entries they differ.

Definition 2: The N-ary ball, Bn(~,7) with center v € T and
radius 7 consists of all v' € T such that dg(,~') < r. Note that

|Bx(r.r)] < (“) N ©)

r
The right-hand side of (6) corresponds to all vectors that are created by
choosing r elements of + and then for each of the » elements, choosing
one of IV possible values. This includes all vectors that have Hamming
distance at most » from ~.

Lemma 1: If forsome k,1 < k < N, |Ax| < N*/ (‘Z), then there
exists ay € T such thatdsr(v,A) > N — k forall A € Ay . Thus, all
A € A has less than % entries in common with ~.

Proof: According to this lemma, if |A x| is not sufficiently large
then, for some v € T

Axn N By(v,N — k) =0.

Conversely, no matter how A s is constructed, there exists a v € T’
such that

v¢ |J By N —k).

ACA N
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By 0. N-K)

Fig. 6. The union of By (XA, N — k) for all X\ € A, is not large enough to
cover all the points in I

The geometry of the proof is illustrated in Fig. 6. We will show that the
union of By (A, N — k) forall A\ € A is not large enough to cover all
the points in I, if the number of points in A x is not sufficiently large.

Our proof is by contradiction. Suppose for a given set of configura-
tions Ayr and agiven k, 1 < k < N, |[Ax]| < Nk / (j;), and yet
UXGAN Bn(MA, N — k) =T.Then

N =] Bv(AN =k

ACAN
< > IBN(AN — k)| @)
AEA
< A N NNk (8)
h N -k

where (7) follows from the union bound, and (8) follows from (6). Con-

sequently
N PN L
IAn| > K‘k ) N““] NN

Tk

_’7\7
(+)
and the proof is complete.

The proof of Theorem 1 is almost immediate from the above deriva-
tion. Lemma 1 implies that there is a v € I" with which all A € Ax
have at most k — 1 elements in common, if [Anx| < N*/ (7). So if
the speedup S satisfies S(k — 1) < N, then the switch is blocking.
Hence, S = [,‘\TJ is necessary (but not necessarily sufficient) for
nonblocking.

Also for Corollary 1, we can rewrite the above inequality to have
k < N/S + 1 and with this we conclude that a speedup S is not
sufficient to make a switch nonblocking if the number of configurations

NI/
(17s1)

PROOF OF THEOREM 2

[Ax]| < (10)

Definition 3: Let T'™ be the set of permutations that could be made
using the elements of 7 = {1,..., N}. The N-ary ball, BX (v, r)
with center v € I'* and radius 7 consists of all ¥/ € I'* such that
du(v,v") < r. Note that

.
BrGol< () a

The right hand side of (11) corresponds to all vectors that are created

by choosing r elements of v and then permuting them. This includes

all permutations of + that have Hamming distance at most » from ~.
Next, we state the version of Lemma 1 for unicast switches.



IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 53, NO. 8, AUGUST 2007

Lemma 2: If |Ax~| < k!, then there exists a v € I'* for which
A (v, A) > N — kforall A\ € Ay
Proof: We will show that no matter how A /= is constructed, there
exists ay € I'* such that

ve¢ |J BROLN k)

)\EAJ\/*

We will show that the union of Bx, (X, N — k) for all A € A« is not
large enough to cover all the points in I'*, if the number of points in
A+ is not sufficiently large.

Our proof is by contradiction. Suppose for a given set of configu-
rations Ay« and a given k, 1 < k < N, |Aa+| < k!, and yet
UxeA,W BN(A, N — k) =T". Then

N'=|J BNOAN -k

AEA N

< ) IBRALN = k) (12)
NEA prx

< JAn+] N (N —k)! (13)

X [N N —k 1 ').

where (12) follows from the union bound, and (13) follows from (11).

Consequently
N !
N —k)! N1

1 (14)

[An| = {
k

and the proof is complete.

The proof of Theorem 2 is almost immediate from the above deriva-
tion. Lemma 2 implies that there is a v € I" with which all A € Ay
have at most k& — 1 elements in common, if |[A%;| < k!. So if the speedup
S satisfies S(k — 1) < N, then the switch is blocking. Hence, S =
[k%l] is necessary (but not necessarily sufficient) for nonblocking.

Also for Corollary 1, we can rewrite the inequality to have £ <
N/S + 1 and with this we conclude that a speedup S is not sufficient
to make a switch nonblocking if the number of configurations

Aw| < [N/SL. (15)

PROOF OF THEOREM 3

From the information set property of the MDS codes, every set of
% coordinates run through all possible N* k-tuples. Thus, given any
~ € T, there exists a Ay € Ax whose first k coordinates match with
those of 7, i.e., Ai,;m = ¥m form = 1,..., k. Similarly, for some
Aoy € A, Azjm = Vm form = k+41,...,2k. In this manner, we can
find | N/k| elements, in A r each of which exactly matches a distinct
set of k coordinates of ~; hence, a total of k| N/ k| coordinates of  are
matched. The remaining (if any) N — k| N/k] coordinates (less than
k) can be matched using another element Ay, € Ax. Thus, if the
elements of A n are chosen to be the codewords of the linear MDS code
(N,k,N —k+1),then atotal of [N/k] elements, Ay, ..., A[n/p] of
A n 1s sufficient to have

[N/k]

~ C U Al
=1

forany v € I'.
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DISTANCE PROPERTIES OF MDS CODES

An (N, k) linear code, C over a finite field F is a k-dimensional sub-
space of the vector space F” . Therefore, C is composed of | F|* N -tu-
ples that are called the codewords.

In alinear code C, the set of Hamming distances between a codeword
and all other codewords is independent of the codeword. The minimum
Hamming distance between codewords is the minimum element of this
set. An (N, k) code with a minimum Hamming distance, d, is called
an (N, k,d) code.

For example, the following 3-tuples form a (3, 2, 2) linear code over
n = {0,1,2}. Note that there are || = 9 codewords

¢ = {000,111,222,012, 021,102, 120, 201, 210}.

A fundamental bound on the parameters of an (N, %, d) code is the
Singleton bound:

d< N —k+1.

A code meeting this bound, i.e., an (N, k, N — k + 1) code is called
maximum distance separable. Reed—Solomon codes are the most fa-
mous MDS codes.

Let C be a code over alphabet of size V. A set of k coordinates is
called an information set if the codewords run through all N* possible
k-tuples in these coordinates. Thus, if a given set of k& coordinates form
an information set, there corresponds a unique codeword to every pos-
sible set of symbol values in that set of coordinates.

Every subset of coordinates of an MDS code, (N, k, N — k+ 1) is
an information set. Conversely, if every k coordinates of a code is an
information set, then the code is an MDS code.
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