EE752 Homework#2 Solution

3-2
From problem 2-5, we set @, =2.
2
Then, S(s) = — S(s”+4) . (with @, =2)

1+ P(s)C(s) e k.s* +(4+2k,z.)s +k,z
From the constraints, &k, >1.5.
Choose k, =4, z. =5, check the pole positions which are satisfied.

Pole-zero map
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Prob3-1: Input step function
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MATLAB code:

clear all;

% Pl ant nodel :

num P=1;

den_P=[1 0]; % P(s)=1/s

Sys_ P—tf(num P, den_P);

% Control |l er nodel :

Kc=4; %controller paraneter to be designed

z ¢c=5; %controller paraneter, assuned

W=2;

num 1 C=Kc*[1 2*z_c z_c"2];

den_ C=[1 0 w\2];

sys_ C=tf(numC, den_O);

sys_ol =seri es(sys_C, sys P); % open-1oop transfer function
sys_cl =f eedback(sys_ol, 1); % cl osed-1 oop transfer function
figure(l); %plot the cl osed- | oop pol es and zeros
pzmap(sys_cl);

figure(2); %pl ot the tine responses
subplot(2,1,1)

t = 0:0.01: 5;

u = ones(size(t));

Y=I si m(sys_ cI u, t); grid on;zoomon; hold on;
plot(t, u, T , to Y, Tbh-t);

title('Prob3-1: Input step function', 'FontNane','tinmes new ronman',
'Font Si ze', 12);

xlabel('{\it t} (s)', 'FontNane','times new roman', 'FontSize', 12);
ylabel (" {\it y}({\it t})', '"FontNane',6'tinmes new roman', 'FontSize',
12);

set (gca, ' Font Name','tines new ronan');
set(gca, ' Font Si ze', 12);

legend(" {\it u}', "{\it y}', 4);

subpl ot(2,1,2)

u = sin(2*t);

Y=I si m(sys_ cI u, t); grld on; zoom on; hol d on;
plot(t, u, "r:'", t, Y, 'b-'

tltle( Prob3-2: | nput si nusoi dal function', 'FontNane','tinmes new
roman',

'Font Si ze', 12);

xlabel ("{\it t} (s)', 'FontNane',6'tines new ronman', 'FontSize', 12);
ylabel (" {\it y}({\it t})', '"FontNane',6'times new roman', 'FontSize',
12);

set(gca, ' Font Nane','tines new ronan');

set(gca, ' Font Si ze', 12);

legend(' {\it u}', "{\it y}', 4);

4-1

(a) Characteristic Equation y(s)=a,s’ +a,s” +a,s +a,. Set up four polynomials
according to Kharitanov’s theorem.

a,(s)=0.1+5+3s” +4s°

a,(s)=0.5+2s+5" +5°

a,(s)=0.1+2s+3s" +5°

a,(s)=05+s+s"+4s°

Using Routh-Hurwitz test, a,(s), a,(s) and a,(s) are stable.
a,(s)=4s’+s>+5+0.5

s 4 1 0



Then, the system is not robustly stable with the given parameter uncertainties.

(b) x(s)=a,s’ +a;s* +a,s +a,

2(8)=a,s’ +a,s’ +a,s+a,

s’ 1+3x° a,

s 1+2x° a,

g a,(1+2x%) —a,(1+3x7%)
1+2x°

Define o = a,(1+2x*)—a,(1+3x%), then for every x e (-1,1)

a>(1+2x")=0.51+3x")=0.5+0.5x> >0
Thus, the system is robustly stable under the defined parameter uncertainties.

4-2

Objective: In this problem, the controller has a fixed form. And for each K, the closed
loop system has some ability of rejecting the uncertainty to some extent. Here we need to
find the best K such that the closed loop system with the specified controller is the best
with respect to the stability under the largest uncertainty.

Those four Kharitanov polynomials for the numerator of the plant are:
N,(s)=1.255=3.65" +35+0.6

N,(s)=0.955> —4s* +3.5s +¢
N,(5)=0.955> —3.65> +3.55+0.6
N,(s)=1.255 —45s’ +35+¢

And the four Kharitanov polynomials for the numerator of the plant are:
D,(5)=0.9s" +12.55" + 245> +165 - 0.1

D,(s)=1.1s* +11.55> +20s* + 245 +0.1
D,(s)=0.9s" +11.55> + 245> + 245 0.1
D,(s)=1.1s* +12.55> +20s* +165+0.1

The controller: N, (s)=K(s+1), D.(s)=s

According to Theorem 4.5, 16 polynomials are obtained by N, (s)N,,(s)+ D.(s)D,,(s),
where i1€{1,2,3,4} and i2€{1,2,3,4}.

The stability of each polynomials can be examined by checking its roots — if the greatest
real part among all roots is less than 0, then this polynomial is stable, otherwise, unstable.
The closed loop system is stable if and only if all 16 polynomials are stable.



Curve of g with respect to K

%8886 Construct denomi nator Kharitanov pol ynom al s %8886

%r0 ... rN

1,:)=[0.9, 12.5, 24, 16, -0.1]; %- + + - -
D(2,:)=[1.1, 11.5, 20, 24, 0.1 ]; %+ - - + +
D(3,:)=[0.9, 11.5, 24, 24, -0.1]; %- - + + -
D4,:)=[1.1, 12.5, 20, 16, 0.1 ]; %+ + - - +
9988806 Construct nunerator Kharitanov %888866
%8886 pol ynom al s whi ch are i ndependent of q %888886
%q0 ... gN

N(1,:)=[1.25, -3.6, 3.0, 0.6]; %+ + - -
N(3,:)=[0.95, -3.6, 3.5, 0.6]; %- + + -

%088886 For each K between 0 and 1 solve for %8886k

%8808086 | argest al | owabl e q (denoted by ql) %88860

K=0:0.02:1; % Construct a vector of K covering the range of interest
for j=1l:length(K), % This loop iterates on K

gmex=100; % I nitial guess for upper bound of q,

% whi ch must make the system unstabl e

gm n=0.6; % Initial guess for |ower bound of g

% Pol ynomi als for the controller: K(s+l1l)/s

Ne=K(j)*[1 1];

De=[1 0] ;

while (gmax - gmin) > 0.001, % Determines precision of the solution
g=qmax; % assune that q equal to its upper bound

% Kharitanov Pol ynom al s dependi ng on q:

%q0 ... gN
N(2,:)=[0.95, -4.0, 3.5, q]; %- - + +
N(4,:)=[1.25, -4.0, 3.0, q]; %+ - - +

% Construct 16 characteristic polynonmials and obtain the roots:
for i1=1:4,

for i2=1:4,

Current Pol y=pol yadd(conv(Nc, N(il,:)), conv(Dc, Di2:)));

% Pi ck and store the maxi mumreal part of all roots

% of current pol ynom al

max_real part_of _roots((il-1)*4+i2)= ..



max(real (roots(CurrentPoly)));

% This i ndexing yields indices from1 to 16
end

end

% Check stability of all 16 pol ynom al s

% and reduce range for next search of q accordingly (binary search):
if max(max_real part_of roots) >= 0 % If unstable

previ ous_gnmax=gnmax; % store current gqmax for future use
gmax=(qgnax+qm n)/2; % decrease gmax for next search

else %If stable

gm n=gmax; % increase qm n for next search

gmax=(previ ous_gmax+qmax)/ 2; % i ncrease gqnax and

end

error =qmax- qm n;

end

g K(j)=q; % Store the q value corresponding to current K, i.e., K(j)
end

% Pl ot the curve of g with respect to K

figure(l)

plot (K, g_K);grid on;zoom on;

axis([0 1 0.5 5]);

title('Curve of {\itg} with respect to {\itK}',...

" Font Nane','times new roman',' Font Si ze', 12);

xlabel ("{\it K}', 'FontName','tines new roman', 'FontSize', 12);
ylabel (" {\it q}', 'FontNane','tinmes new ronan', 'FontSize', 12);
set (gca, ' Font Name','tines new ronan');

set(gca, ' Font Si ze', 12);

hol d on;

% Fi nd Kmax where g reaches its nmaxi mum point:

[ maxq, the_index]=nax(q_K); % Find the naxi mum point in vector g K
maxq % maxq = 4. 5298

Kmax=K(t he_i ndex) % Find the corresponding K K(the_index) = 0.24
line([O0 1], [maxg naxq], 'LineStyle', ':', "Color', [1 0 0]);
line([ Kmax Kmax], [0.5 5], 'LineStyle', '":', "Color', [1 0 0]);

pl ot (Kmax, maxq, 'ro');

%88886 O Course finer search on K woul d give nore preci se answer
%0888080880

Matlab m-file of the polyadd function called by the main program: polyadd.m
function[ pol y] =pol yadd( pol y1, pol y2)

% Copyright 1996 Justin Shriver

%ol yadd( pol y1, pol y2) adds two pol ynom nal s possi bly of uneven | ength
i f length(polyl)<length(poly2)

short =pol y1;

| ong=pol y2;

el se

short =pol y2;

| ong=pol y1;

end

ne=l engt h(1 ong) -1 engt h(short);

if nez>0

pol y=[ zeros(1, ne), short] +l ong;

el se

pol y=I ong+short;

end
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