
Chapter 5Frequen
y Modulation
5.1 Ba
kground5.1.1 ModulationIn amplitude modulation, the message signal modulates the 
arrier ampli-tude; in 
ontrast, for phase modulation the message signal modulates theinstantaneous 
arrier phase, �(m(t)), to yields(t) = A 
os(�(m(t))): (5.1)Frequen
y modulation (FM) is the spe
ial 
ase in whi
h the message signalmodulates the instantaneous frequen
y of the 
arrier waveform. Re
all thatthe instantaneous frequen
y is given by2�fi(t) = ddt�(m(t)) (5.2)For FM, let fi(t) = f
 + kfm(t) (5.3)where kf is the frequen
y sensitivity and f
 is the unmodulated 
arrier fre-quen
y. Thus, we haves(t) = 
os(�(m(t))) = 
os�2�f
t + 2�kf Z t0 m(�)d��: (5.4)The signal s(t) 
an be written in terms of in-phase and quadrature 
ompo-nents (see Fig. 3.1 using the trigonometri
 identity
os(A+B) = 
os(A) 
os(B)� sin(A) sin(B) (5.5)55



56 CHAPTER 5. FREQUENCY MODULATIONwhere A = 2�f
t and B = 2�kf Z T0 m(�)d�: (5.6)AM and FM modulation of a sinusoidal message signal are depi
ted in Fig-ure 5.1.
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Figure 5.1: Comparison of AM and FM modulation of a sinusoidal messagesignal.The modulation index � is the ratio of the peak deviation frequen
y, �f ,to the modulation frequen
y,� = �ff
 = kf max jm(t)jf
 : (5.7)FM is a nonlinear modulation, and in 
ontrast to AM the spe
trum ofthe modulated signal is not easily 
hara
terized. For the simple 
ase ofm(t) = sin(2�fmt) it follows thats(t) = 1Xn=�1Jn(�) 
os(2�(f
 + nfm)t) (5.8)



5.1. BACKGROUND 57where Jn is the n-th order Bessel fun
tion of the �rst kind,Jn(x) = 1Xm=0(�1)m (12x)n+2mm!(n +m)! : (5.9)An approximation known as Carson's rule provides an estimate of the band-width of an FM signal, B = 2(�f +W ) (5.10)where W is the one-sided bandwidth of the message signal. In
reasing thefrequen
y sensitivity, kf , de
reases spe
tral eÆ
ien
y but in
reases robust-ness to noise and interferen
e.5.1.2 DemodulationThe dis
riminator is the earliest demodulation te
hnique for FM signals. The
hain rule of di�erentiation givesddt 
os�'(t)� = �d'(t)dt sin�'(t)�: (5.11)Consequently, the derivative of the modulated waveform isddts(t) = ddt 
os�2�f
t+ 2�kf R t0 m(�)d��= �h2�f
 + 2�kfm(t)i sin�2�f
t + 2� R t0 m(�)d��: (5.12)Observe in Eqnation 5.12 that the derivative of s(t) is a large-
arrier AMsignal (assuming f
 > kfm(t)), whi
h 
an be demodulated using an envelopedete
tor, as shown in Figure 5.2.PSfrag repla
ements
r(t) v(t)envelopedete
tor DC blo
kddtFigure 5.2: Dis
riminator for FM demodulation.



58 CHAPTER 5. FREQUENCY MODULATIONFor digital implementation, 
onsider pro
essing the inphase and quadra-ture 
omponents, ~v(t) = vI(t) + jvQ(t), provided by an RF-to-IF down
on-verter. The down
onverter shifts the 
arrier frequen
y f
 to an IF frequen
yfIF and introdu
es a phase o�set, �. A

ordingly, the IF signal 
an be writ-ten ~v(t) = A expf2�fIF t + �+ �m(t)g (5.13)where �m(t) = 2�kf R t0 m(�)d� . The phase of ~v(t) is given by (t) = atanvQ(t)vI(t) = 2�fIF t+ �+ �m(t): (5.14)Observe that the derivative of this phase yieldsddt (t) = 2�fIF + ddt�m(t)= ddtatanvQ(t)vI(t)= vI(t) ddtvQ(t)� vQ(t) ddtvI(t)v2I (t) + v2Q(t) : (5.15)Equation 5.15 suggests a digital implementation of the dis
riminator, asshown in Figure 5.3.
PSfrag repla
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vQ(t) d=dtd=dt
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Figure 5.3: Digital implementation of an FM dis
riminator.



5.2. EXERCISE: ANALOG DISCRIMINATOR 595.2 Exer
ise: Analog dis
riminatorIn this exer
ise, you will use the simple analog 
omponents from Chapter 2to implement a dis
riminator 
ir
uit for non
oherent demodulation of an FMsignal. From the Fourier transform, re
all that a derivative 
orresponds to alinear frequen
y response, ds(t)dt F ! j2�fS(f):Thus, the derivative of a bandpass signal 
an be approximated (up to a s
al-ing fa
tor) by a �lter H(f) that has linear magnitude response and 
onstantgroup delay a
ross the passband of the signal.1. To begin, �nd the transfer fun
tion H(f) of a parallel LC 
ir
uit inFigure 2.7. Re
all from Chapter 2 that the variable 
apa
itor has 
a-pa
itan
e 30 � 160�F and the 
oil has nominal indu
tan
e to giveresonan
e at 880 kHz. Question 5.1: H(f)Use Matlab to 
reate an approximate magnitude response plot, andwrite the transfer fun
tion in terms of arbitrary L and C. Question 5.2: plot2. Build the 
ir
uit shown in Figure 5.4. The itali
ized notes in the �gureidentify the 
olors of leads to the various 
omponents. The variable
apa
itor has three leads, whi
h are labeled left-to-right with tuningknob fa
ing upwards. (See Chapter 2 for a

essing s(t) from the SMA
onne
tor using alligator 
lips.)
+

−
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Figure 5.4: Simple 
ir
uit to implement an FM dis
riminator.



60 CHAPTER 5. FREQUENCY MODULATION3. Copy Tx Streaming.vi to your workspa
e and modify the MatlabS
ript Node to implement FM modulation of an audio or sinusoidalmessage signal. You will need to determine the inphase and quadrature
omponents to implement Equation 5.4. (In Matlab, you may �ndthe 
ommand 
umsum useful for integration of the message signal.)Question 5.3: mI(t)and mQ(t) Sele
t 
arrier frequen
y f
 and peak deviation frequen
y �f for properoperation, based on your results from step (1).Question 5.4: Sele
tf
 and �f . 4. Transmit an audio waveform and listen to the demodulated output.Repeat using a 440Hz tone.5. Using an audio signal as the message, in
rease the peak deviation fre-quen
y �f in small in
rements until you 
an hear signi�
ant distortionof the demodulated waveform. Re
ord your results and explain yourobservation in terms of H(f).Question 5.5: Ob-serve & explain. 6. Using an audio signal as the message, in
rease f
 on the Tx Streaming.viFront Panel. Listen to the demodulated waveform. Re
ord your resultsand explain your observation in terms of H(f).Question 5.6: Ob-serve & explain. 5.3 Exer
ise: Digital dis
riminatorIn this exer
ise, you will 
reate and test a digital implementation of an FMdis
riminator.1. Copy Rx Streaming.vi to your workspa
e. Modify the VI to imple-ment the re
eiver stru
ture shown in Figure 5.3. (Sear
h LabVIEW forderivative.) Set IQRate to 1MHz and mat
h the 
arrier frequen
yto the transmitter. Display the time signals vI(t) and y(t).2. Use Tx Streaming.vi to transmit an audio �le and observe the results.Repeat using a 100 kHz tone as the message signal.3. Using a 100 kHz tone as the message signal, vary the re
eiver 
arrierfrequen
y so that there exists a frequen
y o�set between the transmitterand re
eiver. Observe y(t) and vI(t). Re
ord your results (amplitude,frequen
y, DC shift, et
.) and explain your observation in terms ofEquation 5.15.Question 5.7: Ob-serve & explain.



5.4. EXERCISE: FM CHIRP WAVEFORM 614. Lower the IQRate at your re
eiver until the message is distorted. Re
ordyour results and explain your observations. Question 5.8: Ob-serve & explain.5. In Figure 5.3, signals are split into two paths and multiplied. In yourLabVIEW implementation, do the signals remain phase 
oherent?Why or why not? Question 5.9: Co-heren
e?5.4 Exer
ise: FM 
hirp waveformunder 
onstru
tion5.5 Exer
ise: Range/Doppler radarunder 
onstru
tion
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