
Chapter 6Mat
hed FilterIn this 
hapter, a linear �lter is found to provide a solution for three relatedtasks: maximizing re
eiver signal-to-noise ratio, estimating time-of-arrival,and estimating a 
hannel impulse response. The linear �lter in ea
h 
ase isa 
orrelator known as the mat
hed �lter.In the exer
ises, you will use use mat
hed �ltering for e
ho lo
ation, phaseequalization, and 
hannel estimation. The experiments are implemented ata
ousti
 frequen
ies using Matlab, rather than at radio frequen
ies usingthe PCI-5640R IF trans
eiver, so that sub-meter range resolution may beobtained with only a few kiloHertz of bandwidth. Note that the speed ofpropagation of a
ousti
 waves in air is approximately one million times slowerthan that for ele
tromagneti
 waves.6.1 Ba
kground6.1.1 Maximizing SNRConsider linear pro
essing of a known signal, s(t), observed in additive noiser(t) = As(t) + w(t) (6.1)where the noise is assumed to have power spe
tral density PW (f). Thepro
essing goal is to maximize the output signal-to-noise ratio at time t0. The�ltering must balan
e suppression of the noise and emphasis of the signal.By linearity, the �ltered outputy(t) = ys(t) + yw(t)63
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omponents due to the signal and to the noise. The mat
hed �lter max-imizes the SNR at time t = t0 and is given byH(f) = S�(f)PW (f)e�j2�ft0 (6.2)If the noise has a 
at power spe
tral density (white noise), then the mat
hed�lter has impulse response h(t) = s�(t0 � t): (6.3)Equation 6.3 reveals that, for white noise, the �lter's impulse response is as
aled time-reversal of the known waveform, and is hen
e \mat
hed" to thewaveform (North, 1943).Proof The �lter output at time t0 is the inverse Fourier transform ofH(f)S(f)evaluated at time t = t0,ys(t0) = Z 1�1H(f)S(f)ej2�ft0df:The average power of the noise output isEfjyw(t0)j2g = Ryw(0) = Z 1�1 j H(f) j2 PW (f)df:The signal-to-noise ratio to be maximized is thereforeSNR = R1�1H(f)S(f)ej2�ft0dfR1�1 j H(f) j2 PW (f)df :The maximizer is found with the aid of the Cau
hy-S
hwarz inequality,����Z 1�1 a(x)b(x)dx����2 � Z 1�1 j a(x) j2 dx Z 1�1 j b(x) j2 dx (6.4)where equality is a
hieved if and only if a(x) = Kb�(x) for some 
onstant K.To pro
eed, make the assignmentsa(x)$ H(f)qPW (f); b(x)$ S(f)ej2�ft0qPW (f)to observe H(f)qPW (f) = KS�(f)e�j2�ft0qPW (f) :
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h Equation 6.2 follows.The implementation of the mat
hed �lter is a 
orrelator:y(t0) = Z 1�1 r(�)h(t0 � �)d� = Z 1�1 r(�)s�(� � t0)d� (6.5)For sampled-data pro
essing, we havey[k℄ = 1Xn=�1 r[n℄s�[n� k℄: (6.6)6.1.2 Time-of-arrival estimationFor time of arrival estimation, we seek to 
ompute the time at whi
h a knownwaveform with unknown gain arrives at a sensor, su
h as a mi
rophone,hydrophone, or antenna. The signal model is familiar:r(t) = As(t� t0) + w(t) (6.7)For additive white Gaussian noise (AWGN) w(t), the maximum likelihoodestimate (Poor, 1994) of the arrival time, t0, is 
omputed using the absolutevalue of the output from a mat
hed �lter:y(t) = Z r(�)s�(� � t)d�bt0 = argmaxt j y(t) j : (6.8)Further, an estimate of the unknown amplitude A is also produ
ed by themat
hed �lter: Â = y(bt0)R j s(�) j2 d� (6.9)That is, A is revealed from the ratio of the observed peak value to the knownnoiseless auto
orrelation peak from s(t). For 
omplex-valued signals, A 
on-tains both a gain and phase.In radar and sonar, the pro
essing in Equation 6.8 is known as pulse
ompression, be
ause a signal s(t) of some duration T se
onds produ
es asharp peak at the re
eiver.
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overyIn many 
ommuni
ation systems, digital data are transmitted in pa
kets,and a re
eiver must lo
ate the start of ea
h pa
ket of data. This is known asframe syn
hronization. A re
eiver 
an estimate frame timing using a markersequen
e and the mat
hed �lter. The time referen
e is lo
ated using the peakabsolute value of the 
ross-
orrelation between the known marker sequen
eand the re
eived marker-plus-noise.Thus, a good marker sequen
e must have a very sharp auto
orrelationpeak, so that the 
ross-
orrelation peak is easily identi�ed in noise. Amaximum-length pseudonoise sequen
e (m-sequen
e) of plus and minus onesis the peakiest possible auto
orrelation sequen
e:R
(k) = 1N N�1Xn=0 
[n℄
�[n� k℄ = ( 1; k = N�1N ; k 6= N: (6.10)The m-sequen
es are easily 
onstru
ted for lengths that are a Mersenne num-ber, i.e., a number of the form N = 2n � 1 for some positive integer n.6.1.4 Channel estimationFor a marker signal 
[n℄ with good auto
orrelation properties, the auto
or-relation is approximately a s
aled delta sequen
e. From Equation 6.10 wehave 1N Xn 
[n℄
�[n� k℄ = ( 1; k = N�1N ; k 6= N: ) � Æ[n�N ℄: (6.11)With this observation and the asso
iative property of 
onvolution, we 
an usethe 
orrelation re
eiver and a marker signal to estimate a 
hannel impulseresponse, h[n℄. Let r[n℄ = h[n℄ ? 
[n℄ + w[n℄ be a noisy re
eived version ofthe marker sequen
e 
[n℄ distorted by 
onvolution with the 
hannel impulseresponse, h[n℄. The 
orrelator at the re
eiver yields1N r[n℄ ? 
�[�n℄ = 1N fh[n℄ ? 
[n℄ + w[n℄g ? 
�[�n℄= h[n℄ ? � 1N 
[n℄ ? 
�[�n℄� + 1Nw[n℄ ? 
�[�n℄� h[n℄ ? Æ[n�N ℄ + 1Nw[n℄ ? 
�[�n℄� h[n�N ℄: (6.12)



6.2. EXERCISE: ECHOLOCATION 676.2 Exer
ise: E
holo
ationIn this exer
ise, you will use the mat
hed �lter to implement a simple e
holo-
ation devi
e. UseMatlab for transmitter and re
eiver pro
essing; an audiospeaker will serve as transdu
er for transmission, while a mi
rophone willprovide the transdu
er on re
eive.1. Write a short Matlab program to 
reate a DSBSC-AM transmitter.To speed you on your way, below is an outline for your 
ode, withsuggestions for useful Matlab 
ommands. Using a sampling rate of44100Hz, use pn=sign(randn(1,Np)) to 
reate a pseudorandom se-quen
e of �1. The pseduorandom noise-like sequen
e is a simple wayto generate a broad-band signal with good auto
orrelation properties.Choose Np to a
hieve a duration of approximately 400mse
. Use a\seed" with the random number generator so that your results arerepeatable. The integer given as a seed sets the state of the pseu-dorandom number generator so that identi
al values are generated atea
h repeated exe
ution of the 
ommand. (For more on the use of aseed, sear
h randn at the Matlab online help page.) Lowpass �lterthe pseudonoise (pn) sequen
e to 
ompute a message m having one-sided bandwidth of 4000Hz; a �lter order of 50 to 100 should suf-�
e. Modulate the resulting baseband waveform to a 
arrier frequen
y8000 � f
 � 17000. Save the message m so that it may be used at there
eiver. The 
ommands pause and wavplay 
an be used to play thea
ousti
 signal through the speaker.% E
ho Lo
ation Lab, Tx% ECE508%% define parameters%% Make message sequen
e to share at Tx and Rx%Useful 
ommands: firls, 
onv, saverandn('seed',myNum); %myNum is an integer seedpn = sign(randn(1,Np));%Np is length of pn sequen
e%% quadrature amplitude modulate



68 CHAPTER 6. MATCHED FILTER%% plot the auto
orrelation of the baseband message% and plot the baseband spe
trumfigure;plot([-length(m)+1:length(m)-1℄*Ts*1000,abs(x
orr(m,m)));title('Auto
orrelation','fontsize',14);xlabel('time (millise
onds)','fontsize',14);figure;freqz(m,1,4096,fs);title('spe
trum of transmit signal','fontsize',14);%% Prompt and transmitdisplay('Ready to transmit: hit enter');pause;wavplay(s/max(abs(s)),fs);%note s
aling to [-1,1℄ to avoid 
lipping2. Create a similar program for your quadrature re
eiver. To speed you onyour way, below is an outline for your 
ode, with suggestions for usefulMatlab 
ommands. De�ne parameters identi
al to those used at thetransmitter; load the transmit waveform, m, from memory, and usewavre
ord to re
ord an a
ousti
 waveform. Plot the re
eived waveform.Compute and plot the 
ross-
orrelation of the re
eived signal and thetransmit signal, m. For the 
ross-
orrelation plot, label the horizontalaxis in millise
onds, and pla
e t = 0 at the lo
ation of the maximumabsolute value. (Use Matlab help for assistan
e with any Matlab
ommands.)In Windows, use Volume >> options >> properties to insure thatthe mi
rophone is \sele
ted." so that sound may be re
orded.% E
ho Lo
ation Lab, Rx% ECE508%% define parameters%useful 
ommand: load%% Prompt, then re
orddisplay('Ready to re
ord: hit enter.')pauser = wavre
ord(Re
ordTime*fs,fs);% Sample and re
ord



6.3. EXERCISE: CHANNEL ESTIMATION 69r = r(:)';%for
e re
eived signal to be a row ve
tor%% plot the re
eived signal%% quadrature demodulate and implement mat
hed filter%useful 
ommands: fliplr, 
onv, exp, 
onj, max, abs%% plot the 
orrelation output3. Pla
e a speaker and mi
rophone on lab stools approximately 30 
mapart and approximately 60 
m from a wall (or large 
abinet). Fa
e themi
rophone and speaker dire
tly towards the wall, rather than towardsea
h other. Measure distan
es using a tape measure.4. Exe
ute your re
eiver from one Matlab 
ommand window, and exe-
ute your transmitter from a se
ond Matlab 
ommand window.5. Plotting the absolute value of the 
ross
orrelation at the re
eiver, de�net = 0 at the �rst 
orrelation peak and label the arrival times of otherprominent peak(s). Using 343m/se
 as the approximate speed of soundin air, 
ompute the round-trip distan
es 
orresponding to the 
orrela-tion peak(s). Compare your e
holo
ation 
omputations with physi
almeasurements of potential sound paths. Question 6.1: Re-port ranging results.6. Repeat twi
e with the mi
rophone and speaker in new positions. Re
ordyour data and 
ompare ranging results among the three experimental
on�gurations. Question 6.2: Re-port ranging results.7. Append your Matlab 
ode to your laboratory report.6.3 Exer
ise: Channel estimationIn this exer
ise, you will use the 
ross
orrelation to estimate a 
hannel model.1. Use your transmit and re
eive programs to 
ompute an estimated im-pulse response and frequen
y response for your baseband a
ousti
 
han-nel. (Refer to Equation 6.12.) Plot the absolute value of the impulseresponse, and plot the magnitude and phase response. Provide a brief



70 CHAPTER 6. MATCHED FILTERinterpretation your plots. (The 
ommand freqz may be useful.) Isyour 
hannel model a

uarately des
ribed by a single gain and phase?Why or why not?Question 6.3: Wide-band 
hannel model. 2. Modify your transmit and re
eive programs for a one-sided messagebandwidth of 300Hz. Repeat part (1).Question 6.4: Nar-rowband 
hannelmodel. 6.4 Exer
ise: Phase re
overyIn this exer
ise, you will use the 
ross
orrelation to estimate a gain and phaseat the re
eiver.1. Modify your transmit and re
eive programs for a one-sided messagebandwidth of 300Hz. What is the value of the auto
orrelation peak ofthe your noiseless signal, m?2. Pla
e the mi
rophone and speaker dire
tly fa
ing ea
h other on stoolsno more than 50 
m apart. Exe
ute your transmit and re
eive pro-grams, re
ording the 
ross
orrelation at the re
eiver.3. What is the magnitude and phase of the 
ross
orrelation at the index
orresponding to the peak absolute value? Call this value Cmax. De-termine the relation between the index of the 
orrelation peak and thestarting index of the transmit message embedded in the long re
eivedsignal. Test in Matlab using a very small example, su
h asv = randn(1,11);v(5:7)=[2,3,4℄; 
onv(fliplr([2,3,4℄),v).Question 6.6: Startindex? 4. Use the index and value of the 
orrelation peak to both lo
ate yourmessage in the re
eived signal (frame timing) and to perform gain andphase equalization on your inphase and quadrature re
eive 
hannels.Verify your results by plotting the inphase and quadrature 
hannelsafter equalization. Des
ribe your method and report the plot of I &Q after equalization. In addition, overlay the original real-valued mes-sage signal with the I 
hannel and 
ompute the normalized root-mean-squared error (NMSE) using the Matlab norm 
ommand:norm(vI �m)norm(m) � 100%:Question 6.6:Method and result.NMSE.
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