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Abstract — minimum-mean
squared error (MMSE) receivers are designed and

Low-complexity

analyzed for multiple data rate direct-sequence code
division multiple access (DS-CDMA) systems. In a
previous paper, it was shown that the optimal MMSE
receiver for multirate DS-CDMA systems may be
periodically time-varying. When the period of the
optimal receiver is large, the optimal MMSE receiver
may have prohibitive complexity. In this paper,
suboptimal receivers are proposed to achieve a lower
complexity implementation. The proposed receivers
are designed as a function of the cyclic statistics
of the signals. Simulations show that significant
performance gains are realized by the proposed
periodically time-varying MMSE receivers over their
time-invariant counterparts. It is also observed that
near optimal perforamance can be achieved by the

reduced complexity receivers.

I. INTRODUCTION

Direct sequence code division multiple access (DS-CDMA)
is a promising technique for providing multi-user access in
wireless systems. Past efforts to create robust and efficient re-
ceivers for DS-CDMA communication had been driven by the
current cellular telephony network and thus focused on con-
stant bit rate traffic such as voice [1-3]. With the exploding
growth of cellular communication systems, there has been a
considerable interest in the provision of wireless transport for
a variety of data sources, including images (facsimiles), video,
data, and voice. To serve sources with inherently different in-
formation rates in a wireless system, it is desirable to develop
multiple data rate systems [4, 5].

Among the receivers proposed for multi-rate DS-CDMA
systems are the conventional receiver [6], decorrelator-based
receivers [7-9], minimum-mean-squared error receivers [10],
the optimum receiver [11], and receivers based on successive
interference cancellation [12]. Much of the prior work on
multi-rate receiver design assumed a constant chipping rate,
with multi-rate access being achieved by varying the spreading
gain or by multiplexing the high rate traffic [5,13].

In [10,14], the optimal MMSE receiver was designed for
multiple data rate CDMA systems, which was shown to be
periodic in most cases of interest. The complexity of linear
MMSE receivers in future systems with variable symbol pe-
riods will be governed by two major factors: periodicity of
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the receiver?, and length of the receiver. The length of the
receivers is in turn dependent on the sampling rate, or equiv-
alently, on the front-end filter bandwidth. The effect of the
front-end filter bandwidth in multiple bandwidth systems was
studied in [14]. In this paper, we derive low complexity subop-
timal MMSE receivers for multiple rate DS-CDMA systems.
The suboptimal MMSE receivers, of which the time-invariant
MMSE receiver is a special case, can offer near-optimal per-
formance in some cases.

The inherent cyclostationarity of the multirate signal is ex-
ploited to construct the MMSE receivers. Cyclostationarity of
the received DS-CDMA signal was inherently exploited in [10]
to obtain optimal MMSE receivers for a dual rate system; the
role of cyclostationarity was made explicit in [14] to derive the
optimal MMSE receiver for multiclass systems. While a time
domain derivation of the optimal MMSE receiver was pro-
vided in [10], we have relied on a frequency domain representa-
tion in [14] and in this paper. Furthermore, we derive MMSE
receivers without any causality constraints; this extends the
work in [15,16] to data demodulation for multirate signals.
The primary motivation for not imposing causality constraints
is to learn the structure of optimal MMSE receivers, thus this
work is a necessary precursor to considering practical, adap-
tive (possibly blind), causal implementations. The proposed
framework is applicable to DS-CDMA systems with multi-
ple spreading gains, multiple chipping rates and multicarrier
transmission, in the presence of multipath. The suboptimal
MMSE receivers, of which the time-invariant MMSE receiver
is a special case, can offer near-optimal performance in some
cases.

The rest of paper is organized as follows. In Section II,
the signal model is described and the cyclostationarity of the
received signal is briefly reviewed. In Section III, we derive
the proposed suboptimal MMSE receivers and compute the
achievable mean-squared error. For a given receiver complex-
ity, there is more than one choice of suboptimal receiver. We
also consider the choice of suboptimal receivers in Section III.
Brief numerical results for a three class system are given in
Section IV. Finally, some conclusions are provided in Sec-
tion V.

II. SIGNAL MODEL

For simplicity of presentation, we assume that all users use
the same carrier frequency; multicarrier systems are consid-
ered in [17]. The methods considered in the current work are
applicable to multiple carrier systems without any modifica-
tion.

2Multirate traffic in the next generation systems will range from
tens of kilobits per second to roughly 2 Mb/s [4].



The received baseband signal is
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where zix (t) = Y ;2 bir()sin(t — 1T, — 7). The number of
service classes is denoted by C; each class corresponds to a dif-
ferent symbol period. There are Pj, users in class k. Each user
in a particular class transmits at the same symbol rate, Tik,
with spreading gain L;;,. Users are indexed by two variables:
k indicates the class and ¢ indicates the user number within
class k. The received signal for user ik is denoted by @k (t).
The corresponding received amplitude is A;;. Each user ik is
received after a propagation delay of 7;,. The additive noise
process, n(t), is assumed to be white and stationary with zero
mean and power % The information stream for user ik is
denoted by b (1) and E {|b;x(1)]*} = 1. For simplicity of pre-
sentation, BPSK modulation is assumed. The information
bits are assumed to be independent from user to user and in
time. The effective spreading waveform is denoted by s;i(t)
and is the convolution of the multipath, m;(t), and the actual
spreading waveform; the actual spreading waveform is formed
by modulating a pseudo-random noise sequence, a;;(n), with
the pulse shape ¢;x(t) :

sik(t) = mlk (t) ® Zazk
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actual spreading waveform

such that || 325 a;,(n)puk (t — nTe,, ) || = 1. The convolu-
tion operator is denoted by ®. The chip duration of class
k is T, where T, = LT" . Arbitrary pulse shapes, ¢ (t),
are considered herein, but in practice, bandlimited pulses are
used?®.

The autocorrelation of the received multirate signal, y(t)
in (1) is
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where R;i(t,u) is the covariance of z;r(t), and is periodic
with period 7. The covariance function of n(t) is denoted
by R,(t —u). Under the assumption of equally probable bits,
the covariance of z;,(t) can be computed as follows

Ri(t,u) =E {z?,(t)}
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where Ry(n) is the correlation of the stationary data se-
quence. For ii.d. data, Ry(n) = d,, where the Kronecker
delta function 6, = 1 if n = 0 and zero otherwise. Note
that Rir(t + Th,u + Tx) = Rix(t,u). The periodicity of
R,(t,u) depends on the ratio of individual symbol periods,
Ty. For the rest of the paper, we assume that the least com-
mon multiple, T = LCM(T1,T>,...,Tk), exists and hence
is finite. If T is finite, the period of Ry(t,u) is T, i.e.,
Ry(t + kT,u + kT) = Ry(t,u) Vk. Finally, we define the
constants, vy = le; clearly, v, € Z*.

3Rectangular pulse shapes and thus very wide bandwidth front
end filters are assumed in [10].

III. PROPOSED MMSE RECEIVERS

The desired linear receiver structure is shown in Figure 1,
where h(t) is the front-end filter. The front end filter, h(t),
is assumed to be a linear and time-invariant, and its band-
width is chosen based on the sampling period. The MMSE
receiver, u(t,l), is constrained to be linear, but no constraint
on time-invariance or causality is imposed. Further, we con-
sider symbol-by-symbol demodulation, i.e., symbol decisions
are made at the end of each symbol.

A Suboptimal Receivers

In [14], it was shown that the optimal MMSE receiver may
be periodically time-varying, by decomposing each user into
several virtual users to convert the problem into a single rate
multiuser problem. This implies that the optimal time-varying
receiver admits a Fourier series representation,

Ui (f) = Ul (f)

vy —1

= Y w(pHe (3)
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where U;(f) is the Fourier transform of u(¢,l). The reduced
complexity receivers are obtained by truncating the series,

=5 dalf)e P, (4)
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where Q = {ai,a2,...,ax} C {0,1,... ,v1 — 1}. Note that

Ui(f) = Uiy, (f); v1 may be a multiple of the actual period
of Ul(f)

Without loss of generality, we consider user 1 in class 1,
i.e., user 11; the symbol period of user 11 is Ti. The soft
symbol estimates are obtained by sampling the output of a
linear receiver (4) at t = [T1,

D=3 [yt

where Y (f) is the Fourier transform of y(¢). Actual bit esti-
mates are obtained by hard limiting the soft estimates, b11 (1),
to the closest symbol. The objective is to minimize the mean-
squared error between the true data symbols and their soft
estimates,
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where E; is the time average and E, is the ensemble average.
The reason for introducing the time average, [, is to account
for the time-variation of the linear receiver output. In [17], it
is shown that (6) is equal to the following

{ua(t)}aea = arg
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The key steps of the derivation are reproduced below; more
details can be found in [17]. Denote the Fourier transform of
h(t) and s;r(t — 7ir) by H(f) and S;x(f), respectively. Let
Va(f) = E{b1:(d)Y™(f)}. Define the vector of Fourier trans-
formed signature waveforms of all the virtual users [14] corre-
sponding to user ik,

{va(f)} =arg min ) =bu@IP. (D)
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Further define the (super)vector of all P virtual users, to concisely write (10) as

i o (-3)e (1-5)
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Qv (f) So(f-52)+521)6 (f - 3) = baBo.
o(f) = T . N -~ ,
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Also define A sufficient condition required to conclude (11) from (10)
is that the signature waveforms of all the virtual users are
L(ff) = E{HY ()} linearly independent [16]. Also it suffices to consider f €
o - [0,1/T1] since both S,(f) and &.(f) are periodic with pe-
_ 1 Z ’_y(n) ( —f - _) riod 1/T,. Furthermore it is easy to verify that S,, —.(f) =
T il S_.(f). Thus, the AP x 1 interference suppression vector
T — — 231" can be obtained by solvin
'ngn)(f) _ QT ( ) [§a1 (f ) Eax ( )] Y g
Vd(f) _ QT(f)Bd d=0,... 01 —1. expxxpgxpxl :6AP><1 (12)
where
The P x 1 vector By is a vector of zeros except for the (d+1)* = ay oy oy
location which is equal to A1 and So (f 22) Sa1 ( o ) Sa (f o?;)
o Si2(f=F) So(f-%#) Sxz (£ = %)
an = AjLy, B : :
A, = diag(ai,..- 7aPkk)kak X Py vy, ? Six (f - %) Sax (f - QTA) So (f - ak)
A = diag(A1,... ,A0)pyp>
5041 (f - %) 60&130
where I,, is the vy x vy identity matrix. The optimal o (f — 32) 30y Bo
¥°(f) should satisfy the following first order optimality con- €= . , 6= .
dition [18] for a € 2, N )
N (f - T) by Bo
vy —1
ieﬂwf—li / Z¢ —J2rr—z e—ﬂrr(f—f’)iTldf/ with Stm (f) = Sap—am (f). f a =0 ¢ Q, then MMSE op-
, o timization (7) has a trivial solution; all filters equal to zero.

This implies that to have a useful suboptimal solution, the ze-
No 2 ° —g2m el 7272 roth cycle frequency, a = 0, should always be included in the

+ - |H a (fle 7| = e "1 Vo(f), P .
2 1H(F)] Zd) () ] Z o(H) optimization for suboptimal receivers. Further, the smallest
(8) set Q which yields a non-trivial solution is 2 = {0}, the time-
invariant solution. Equivalently, the time-invariant solution

which simplifies to can be derived from Wiener-Hopf equations by only using the
zeroth cyclic spectrum.
vi—1 _la—a), Consider the case of v1 = 2 for Q; = {0} and Q, = {1}.
Z /F;(f: e (f) Z e w eI g Corresponding to the sets 2 and €2, the matrix equation (12)
o i (9) yields
No =1
Haar—~ [H(f)| %r] =0.Vo(f), a €. &(f) = So (f)Bo, for @ = {0}

&(f) = S, (Ho=0, for Q=1{1}

Clearly, the zeroth cycle frequency must be included in Q. The
1 (koy o’ ) . kv + o —a above subop.timal receive?s can bfe compared with tl}e optimal
™ Z [’Yy } Yo | f———— | + MMSE receiver [17], which is given by the following set of

By using the cyclostationarity of y(t), we obtain for a €

>
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prall r equations. The matrix equation (12) for A = 2 is
Gucar P02 | = 8350 I TN | O
Si(f=7) So(f-m)]l&(f~7) 0]’

(10)

which implies
It is easy to verify that ¢2(f) can be written as [16,17]
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P2(f) = QH(f)%,a:Q, where £.(f) is a P x 1 vec- (s B = ( _l)l ( _l)
tor with periodic entries, each with period v1 /T = 1/T;. We bof) = So(£) =S1(H)So | f T S/ T Bo
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B Performance analysis

The MSE achieved by the proposed suboptimal receivers,
€min(Q2), is given by

i@ = 1= 3 vt [ V(DS
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vy /T
— / BT A7'So(Héo(H)df. (13)
0

The mean-squared error expression (13) can be rewritten in
terms of & (f) by using (11),

vy /T
emin(Q) =1 — i T / BYA'So()S0 (/)
(0]

, (14)
Bo— 3" Sur (f) (f - %) df.

aleQ
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Note that the first two terms denote the MSE achieved by
the optimal time-invariant MMSE receiver, and the last term
is the extra reduction in the MSE achieved by introducing
additional cycle frequencies.

C Choice of cycle frequencies

From the discussion in the Section IV(B), it is clear that
the zeroth cycle frequency should always be a member of
Q. Given a bound on the number of cycle frequencies, A,
which can be used, an obvious approach to find the best sub-
set of {0,1,... ,v1—1} is an exhaustive search over all possible

U1
(,21)

Two heuristic methods of choosing the best subset, €,
of a given cardinality, A,, are as follows. The first method
requires calculating the Fourier coefficients for the optimal
time-varying receiver and retaining the cycle frequencies cor-
responding to the strongest A, coefficients. This requires com-
putation of the optimal receiver, computation of which may
have prohibitive complexity. The second heuristic can be ob-
tained by inspecting (14). Observe that the mean-squared
error contribution of each Fourier coefficient, €,/ (2) is

subsets of cycle frequencies®.

Ea’(Q)
vy /T 1
< wr / 1Boll, [|A="S0(1)85 " (£)Sw (1)
0 e
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604’ <f_ T qdf
vy /T 1
< w7 |aTsns (s (] ar
0 4

v/
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where we have used the Schwarz and Holder inequal-

ity [20] such that ¢ > 1 and % + % = 1. Here
|| - lle is o-vector norm and || - ||o is the corre-
sponding vector induced matrix norm.  Also, the con-

stant & = 01 T|Bollo supy rcono 6w (Il and Jor(f) =

4A systematic non-exhaustive technique to choose an appropri-
ate subset of cycle frequencies has proved to be elusive so far [19,
and references therein].

AISo(N)S5 (£)Sar () = A'So(£)S5 (NS0 (- 5+, us-
ing the definition of S,(f). The above bound on the mean-
squared error contribution of each Fourier coefficient requires
computation of only So(f) and choosing cycle frequencies
based on the magnitude of the norm fo”/T 3o (O, df;
hence, this technique has a lower computational complexity
than truncating the Fourier series of the optimal receiver. In
all our simulations, all three methods of choosing the best sub-
set of cycle frequencies of a given size, i.e., exhaustive search,
magnitude of the Fourier filters and using the induced norm
in (15), led to the same solution.

IV. NUMERICAL RESULTS

In this section, we provide representative simulation results
to verify the performance of the proposed receivers. A three
class multirate multiuser scenario in the presence of multipath
is considered to compare the performance of the suboptimal
MMSE receivers with the optimal MMSE receiver.

The symbol periods of the three user classes are chosen to
be Th =1, T, = 2, T3 = 4. The spreading gain of users in
Classes 1, 2 and 3 are Ly;1 = 16, Lpy2 = 32 and Liy3 =
32, ki =1,... ,P;, 1t =1,2,3. With these parameters, users
in Classes 1 and 2 have the same bandwidth, but different
information rates. The total number of users in the system is
11, with P, = 3, P, = 4 and P3 = 4. Further, all users in all
classes have the same amplitude, A;;, = 1. The delay for each
user is chosen randomly and varied from zero to two chips.
Each user employs a raised cosine pulse with rolloff of 0.5, to
allow a discrete time implementation. The sampling period is
chosen to be i. Thus, we consider a mixed variable chipping
rate, variable spreading length, single carrier system.

Each user encounters a different multipath channel, which
is randomly generated as follows. The delay spread of the
channel is fixed, which implies that the number of taps in the
discrete time representation of the channels is the same for
all users because the sampling rate is the same for all users.
The length of the discrete time representation of each chan-
nel is chosen to be 8, which is equal to 2 chips for Class 1,
2 chips for Class 2 and 1 chip for Class 3. The actual re-
alization of the channel for each user is obtained by adding
a random vector (independent, identically distributed with a
uniform distribution on [0, 0.1]) to the following 8-tap channel,
1 3 .2 —-15 -1 -1 —.01 .01].

The probability of error performance as a function of SNR
for users 11, 12, 13 is shown in Figures 2-4. The curves are
labeled with cycle frequencies used, e.g., 013 means that the
zeroth, first and third cycle frequencies were used. The period
of the optimal MMSE receiver for users in Classes 1, 2 and 3
are 4, 2 and 1, respectively; thus, the number of nontrivial
suboptimal receivers obtained by using a reduced set of cy-
cle frequencies is 7, 1 and 0, for users in Classes 1, 2 and 3,
respectively.

Consider the performance of user 11 in Figure 2. From Fig-
ure 2, it is clear that cycle frequency 2 is the most important
among {1,2,3}. Because of the conjugate symmetry, cycle
frequencies 1 and 3 can be exchanged without affecting the
results. The following can be concluded from Figure 2.

1. Each additional cycle frequency leads to improved per-
formance. The performance increases monotonically for
the sets 0, 01, 012 and 0123.



2. A smaller set of cycle frequencies may outperform a
larger set of different cycle frequencies. The perfor-
mance for the set 02 is better than for 013.

3. The time-invariant receiver can be considerably worse
in performance than the optimal receiver, and most of
the performance loss may be recoverable by a moderate
increase in complexity (i.e., by including a modest num-
ber of cycle frequencies). The set 02 performs consid-
erably better than the time-invariant receiver, and only
about 2 dB away from the optimal MMSE receiver.

4. The normalized 2-norm of the filter coefficients may
be good predictors of suboptimal receiver performance,
for example, ||¢i(f)]|2, at SNR=12dB, are [1, 0.1249,
0.4150, 0.1249]. The second cycle frequency coefficient
is three times in magnitude as that of the first and third
cycle frequency coefficients. The combined magnitude
of 1 (f) and ¥3(f) is less than that of ¥»(f), thereby
suggesting that the cycle frequency set 02 may outper-
form the set 013, which is supported by the results in
Figure 2. The normalized matrix norm in (15) also fol-
lows a similar trend; they are [1, 0.2704, 0.6024, 0.2704]
for p =1 and ¢ = co. The choice of p =1 and ¢ = o0
is ad-hoc and was found to be the most accurate pre-
dictor of the performance among different values of p.
It is conjectured that the sup-norm (¢ = oco) on the
filter coefficients makes the inequalities tighter, leading
to better estimates of the mean-squared error contribu-
tions of different filter coefficients.

V. CONCLUSIONS

In this paper, we have derived low-complexity suboptimal
linear MMSE receiver for multiple data rate communications,
with applications to multirate DS-CDMA and multicarrier
systems. The proposed receiver structure applies to signals
with arbitrary multiple chipping rates and spreading gains. It
was shown that the time-invariant receiver may suffer a sig-
nificant loss as compared to the optimal MMSE receiver and
most of this loss may be recovered by a moderate increase in
complexity.
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Fig. 1: Receiver structure.
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Fig. 2: Probability of error versus SNR for user 11 using the
matched filter, seven suboptimal receivers with different set of cycle
frequencies and the optimal receiver; single user bound is also given

for comparison.
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Fig. 3: Probability of error versus SNR for user 12 using the
matched filter, suboptimal time-invariant receiver and the optimal
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Fig. 4: Probability of error versus SNR for user 13 using the
matched filter and the optimal receiver which is time-invariant in

this case; single user bound is also given for comparison.



