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MMSE Recelvers for Multirate DS-CDMA Systems

Ashutosh SabharwaMember, IEEEUrbashi Mitra, and Randolph MoseSenior Member, IEEE

Abstract—Minimum-mean squared error (MMSE) receivers use of the conventional receiver predominated. Recent atten-
are designed and analyzed for multiple data rate direct-sequence tion has been directed toward the development of DS-CDMA

code-division multiple-access (DS-CDMA) systems. The inherent . . .
cyclostationarity of the DS-CDMA signal is exploited to construct receivers for multirate systems. Among the receivers proposed

receivers for asynchronous multipath channels. Multiple- and for multirate DS-CDMA systems are the conver?ti.onal receiver
single-bandwidth access are treated for both single and multi- [3], [4], decorrelator-based receivers [5], [6], minimum-mean-
carrier scenarios. In general, the optimal receiver is periodically squared error (MMSE) receivers [7], the optimum receiver [8],

time-varying. When the period of the optimal receiver is large, 5,4 raceivers based on successive interference cancellation [9].
suboptimal receivers are proposed to achieve a lower complexity h of th . K I . desi d
implementation; the receivers are designed as a function of the Much of the prior work on multirate receiver design assume

cyclic statistics of the signals. In multiple chipping rate systems, a constant chipping rate, with multirate access being achieved

complexity of receivers for smaller bandwidth users can also by varying the spreading gain or by multiplexing the high rate
be controlled by changing their front-end filter bandwidth. The traffic.

effect of front-end filter bandwidth on receiver performance and If hesi h Kinthe d | fmul
system capacity is quantified for a variable chipping rate system. one synthesizes the recent work in the development of mul-

Analysis and simulation show that significant performance gains tirate receiver design, an interesting dichotomy appears. Re-
are realized by the periodically time-varying MMSE receivers ceivers that truly exploit the nature of multirate signals have fo-
over their time-invariant counterparts. cused on synchronous and pseudosynchronous systems [6], [8].
Index Terms—Asynchronous DS-CDMA, cyclostationarity, mul- Designs which accommodate asynchronous or multipath chan-
ticarrier systems, multipath channels, multimedia systems, mul- nels [7] do not take advantage of the multirate nature of the sig-
tiple data rate, MMSE receivers. nals. In the current work, we seek to design practical receivers
which can accommodate the distortion induced by the wireless
|. INTRODUCTION channel while simultaneously exploiting the multirate nature of
the signals.

IRECT-SEQUENCE code division multiple access (DS- . . .
Q . pie e ( Proposed third-generation DS-CDMA standards consider a
CDMA) has emerged as a promising technique for pro- . . . :
- . : . variety of methods for accomplishing multiple data rates. Vari-
viding multi-user access in outdoor wireless systems. Past ef- ) . : .
. . able spreading length (constant chip-rate), multi-code, and dis-
forts to create robust and efficient receivers for DS-CDMA com-_ . . . .
munication had been driven by the current cellular telephor(%ontlnuous transmission schemes are discussed in [10] and [11]
. , |r¥reference to UMTS/IMT2000 and W-CDMA. In [11], mul-
network and thus focused on constant bit-rate traffic such as ) e o . .
. ; . tiple chip rates are also specified for the radio link. It is antic-
voice, e.g., [1], [2]. With the exploding growth of cellular com- - . .
o . . ipated that future standards will incorporate hybrid versions of
munication systems, there has been a considerable interest in . . :
. . : -the different multirate access schemes to tailor the data rate to
providing wireless transport for a variety of data sources, |rF -
the application.

cluding images (facsimiles), video, data, and voice. To serve .
Y ) . . . . The current work is informed by past research on the develop-
sources with inherently different information rates in a wireless

system, itis desirable to develop systems that operate at mumn]ent of rate-separation filters for multiple chip-rate systems. In

data rates. This paper considers receiver design for DS-CD ] we exam"?ed the feasibility of preprocessing thg received
. : signal into multiple single data-rate signals. The filtering oper-

systems which allow multiple data rate access. ; . . : o

. ation was followed by modified single-rate receivers. Filtering

Early work on DS-CDMA multirate systems focused on re- - .
. . . improved performance over matched filtering, but only marginal
source allocation [3], [4], rather than on receiver design; the .
Improvements were seen for low rate users. The reasons for lim-

ited gain of the rate-separating filters will be explained in the
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problem is mapped to a set of decoupled single-raterent if the signaling bandwidth is more than the information
(virtual user) problems, which clearly demonstrates thate as is the case in DS-CDMA.
periodic nature of the optimal solution. In the frequency In concept, our paper shares much with that of [18], though
domain, the filter coefficients are shown to satisfy &oth works were done independently. Both works exploit the
set of linear equations, which can be understood asirdnerently cyclostationarity of the multirate receiver to design
multichannel extension of a single-rate MMSE receiver MMSE receivers. In [18], an approximate discrete time repre-
» The periodicity of the optimal MMSE receiver is ex-sentation of an infinite bandwidth system (with square pulses)
ploited to design low-complexity suboptimal MMSEwas used. Our derivation in continuous time requires no discrete
receivers. The periodic MMSE receiver admits a discreteane approximations and applies to arbitrary bandwidth sys-
Fourier series expansion, which is pruned to obtain difems. Both in [18] and this paper, truncation of discrete Fourier
ferent low-complexity receivers. Though the suboptimaleries of the optimal receiver is used to obtain low-complexity
receiver does not admit a decoupling as the optimedceivers; a time-domain approach is used in [18]. Our deriva-
receiver, our derivations show that it can be obtainetbn of suboptimal receivers in the frequency domain leads to
by deleting certain rows and columns from the set @fn important result that the zeroth Fourier coefficient, corre-
linear equations for the optimal receiver. Based on theponding to the time-invariant MMSE receiver, should always
mean-squared error analysis, a heuristic method for the included to derive low-complexity MMSE receivers. In addi-
choice of best suboptimal receiver is also proposed. tion, we consider systematic methods for reducing complexity
* We study the effect of front-end filter bandwidth inof the complete MMSE receiver while maintaining near-op-
multiple bandwidth systems, which quantifies the perfotimal performance. Finally, the consideration of band-limited
mance complexity tradeoff for lower bandwidth users isignaling enables our discussion on the effects of front-end filter
multiple bandwidth systems. bandwidth.

The proposed framework is applicable to DS-CDMA systems This paper is organized as follows. In Section Il, we formulate
with multiple spreading gains, multiple chipping rates, and mulhe problem and review the cyclostationarity of DS-CDMA sig-
ticarrier transmissiohin the presence of multipath. The MMSEnals. In Section Ill, we derive the optimal MMSE receiver and
receivers are derived without any causality constraints; this éts Fourier coefficients. We derive suboptimal, low-complexity
tends the work in [14] and [15] to data demodulation for multireceivers in Section IV. The mean-squared error is also com-
rate signals. The primary motivation for not imposing causalifyuted in Section IV, and the issue of choosing among low-com-
constraints is to learn the structure of optimal MMSE receivepexity receivers is investigated. In Section V, we discuss the
and use it as a precursor to practical adaptive and blind causté&ct of the front-end filter bandwidth on system capacity in
implementations. multiple-bandwidth systems. The performance of the proposed

The motivation for seeking low-complexity receivers comesceivers is studied via simulations in Section VI, and conclu-
from the range of proposed data rates in the next generation ssiens are presented in Section VII. Appendix A provides rep-
tems, from tens of kilobits per second to roughly 2 Mb/s [10fesentations of key matrices. In Appendix B, the reduced com-
The complexity of linear MMSE receivers in future systemplexity receiver is derived.
with variable symbol periods will be governed by two major fac-
tors: periodicity of the receiver, and length of the receiver. For II. PROBLEM FORMULATION

large-periodicity optimal receivers, we derive low complexity In this section, we first define the multirate DS-CDMA signal

suboptlmal MI\I/ISE.receINers. The subop.tlmal' MMSE rgcewer§nodel used in this paper. We also briefly review wide-sense cy-
of which the time-invariant MMSE receiver is a special casg,

can offer near-optimal performance in some cases. The Ienwﬁ
of the receivers depends on the sampling rate, or equivalently,
on the front-end filter bandwidth. Thus, we study the effect of ~ signal Model

the front-end filter bandwidth to quantify the complexity-per- L .
For simplicity of presentation, we assume that all users

formance tradeoff. lov th or f ) lticarri A
Cyclostationary signals with multiple periodicities have beer P.OY € Same carmer frequency, mullicarner systems are
nsidered in [19]. The methods considered in the current

extensively studied in ([16] and references therein) and the oo ¥ licable t il ) ‘ thout
cepts have been extensively used in communications, e.g.}’%ﬂr are applicable 1o mulliple carner systems without any

cyclic signal separation [16], system identification [16], [17](”9%202[::08?\'/6 d baseband signal is

and synchronization [16]. The results in this paper are in the

stationary stochastic processes and some of their properties,
ich are used throughout the paper.

same spirit as cyclic Wiener filtering [16], but differ in one key c P
aspect. We consider data demodulation instead of estimating the y(t) =D Api(t) +n(t) 1)
complete modulated signal as in [16]; the two problems are dif- k=1 i=1

where

INarrow-band interference suppression is a special case of multicarrier trans-
mission. Typically, the narrow-band data interferer is modeled as a stationary
interferer (see [13] and references therein), which leads to a loss in performance Tik (t) = Z bix (l)szk (t =Ty — Tzk) (2
as can be concluded from the results in this paper. = — oo

oo
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The number of service classes is denoted’heach class cor- R.(t + kT, w + kT)Vk is a periodic function of and« with
responds to a different symbol period. There &eusers in period7, its Fourier series expansion exists with fundamental
Classk. Each user in a particular class transmits at the sarftequencyl/T". The harmonic frequencies in the Fourier series
symbol rate(1/7}.), with spreading gah L;, and chipping pe- expansion of?,.(¢, «) are known agycle frequenciesror the
riod T, = T3 /Ly. Users are indexed by two variablésindi- raised cosine pulse with a nonzero roll-off factor, only the coef-
cates the class andndicates the user number within Class ficients corresponding toycle frequencie$0,1/7’,...,L/T}
The received signal for usék is denoted by, (¢). The corre- are nonzero [16]. LeX ( /) denote the Fourier transform oft)
sponding received amplitude i4;,. Each useik is received [20], then defind’,.(f, /') = E{X(/)X™*(f")}, whereX*(f")
after a propagation delay of;. The additive noise process,is the complex conjugate ot (f’). If R..(¢,u) is harmonizable
n(t), is assumed to be white and stationary with zero mean aj2d], thenl",.(f, /) is the two-dimensional (2-D) Fourier trans-
power (N, /2). The information stream for usék is denoted form of R, (¢, ). SinceR,.(¢,«) is periodic with period’, itim-

by b (1) andE{|b;(1)|*} = 1. For simplicity of presentation, plies that the following series representation exist&fd(f, )
BPSK modulation is assumed. The information bits are assumnijéd]

to be independent from user to user and in time. The effective

spreading waveform is denoted by,(¢) and is the convolution y 1 < " , N

of the multipath,m(¢), and the actual spreading waveform; Lo(f, 1) = T Z ()8 (f —f- T)

the actual spreading waveform is formed by modulating a pseu-

dorandom noise sequenegy(n), with the pulse shapgy.(t) wherefyén)(f) = S(HS*(f — (n/T)), S(f) is the Fourier
transform ofs(¢) andé(f) is the Dirac delta function. The cy-

n=—oo

LZk . . . - .
sin(®) = ma(®) ©S au(n)du (t — nT,,) clostauon_anty ofz(t) implies that th(_e 2-D Fourier transform
—— z_:l * I'.(f, ") is nonzero only along the diagongis= ' +n/T.
multipatl N Given the prior discussion, we can determine the autocorre-
actual spreading waveform . . . . .
lation of the received multirate signg{¢) in (1) as
such thaf] 35 aix(n)¢w(t — nT..,)|| = 1. The convolution c P
olperator is dgnoted_t@ Arbﬂrary puIs_e §hapa$k (t) are con- R,(t,u) = Z Z A2 Ri(t,u) + Ry (t— ) ©)
sidered herein, but in practice band-limited pulses are tised. P
B. Cyclostationarity of the DS-CDMA Signal whereR;.(t, v) is the covariance of ;. (¢) and is periodic with

We first investigate the second-order statistics of a singﬁ’ riong. The dgoyariafnce functcijon @;f(g) Is denhoted *?ﬁvgt.‘ di
spread spectrum signal in the absence of noise. Consider The periodicity o [, (t,u) depends on the ratio of indi-
DS-CDMA signal,z(t) = A, b(1)s(t — IT), with symbol vidual symbol periodq},. For the rest of the paper, we assume
period T and spr'eading gaiml where s(t) i’s the symbol there exists a finitd” such that the ratid’/T; is an integer for
waveform. Due to the assumption of equally probable ar?t!il z.:dl,fé.,k;as.s;m_e thgf |sth:TsmaII:§E sgc}r;mtegevr.k'.l'he
independent data bit&{x(¢)} = 0. Thus, the covariance period o y.(t’“) 'S ,|.e/., ?(t+ LUt ) " ol u.) X
function ofax(¢), Ry (t, ), is the expression fdr,,(f, f*) will be given in Section Il1. Finally,

AR we define the constants, = (17'/1%); clearly,u;, € ZT. Inthe

R (t,) next section, we will observe that the paramefeindicates the
’ o o number of virtual users associated with usgrresent in dura-
_ tion 7.
- {Alzz_:oo bDs(t ~IT)A k;m bk)s(u kT)} The results in the following sections are derived in the con-
oo o0 tinuous time to allow infinite bandwidth systems [18]. Since
= A2 Z Z E{b(D)b(k)}s(t — IT)s(u — kT) the discrete time representation is more commonly used, the
I=— 00 k=00 following results on cyclostationary processes [21] will clarify
o o the results in the sequel. Consider an arbitrary cyclostationary
=A% Y Ry(n) > s(t—IT)s(u—IT —nT) processy(t), with a period ofT” seconds.
nETeo l=—oo 1) SamplingIf »(t) is sampled everyT secondsk € 77,

then the sampled sequenge(n] = v(nkT)}52 isa
stationary sequence.

If (¢) is sampled ever{l’/k secondsj € Ztthen
{v[n] = v(nT/k)}$2 __. is a cyclostationary sequence

with period. If we form the following vector process:

— 00!

whereR,(n) is the correlation of the stationary data sequence.
For i.i.d. data,R,(n) = 6, where the Kronecker delta func-
tion 6, = 1if n = 0 and zero otherwise. Sinc&,(¢,u) =

2User classes can be defined in several different ways. A class could consti-
tute users with same bandwidth, which requires same chipping periods for the T
member users, with possibly different spreading gains for each user. For our »[n] = [v[nk] v[nk—1] --- vink—(k—1)]]
purposes, class members will have the same symbol periods with possibly dif-
ferent chipping rates and hence different bandwidths; the reason for this choice 0o . .
will become evident in the next subsection. then{'/[n]}n:—oo I5a VeFtor ste_mongry p-rocegs.

3Rectangular pulse shapes and thus very wide bandwidth front-end filters are2) Filtering: Let 2(t) be a linear time-invariant filter, then

assumed in [18]. h(t) ®r(t) is cyclostationary with period'.
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[ll. OPTIMAL MMSE RECEIVER Frlg'l"tt End MMSE Receiver \ G“U)
In this section, we will derive the optimal linear MMSE re- X ~] Ih(:; u(t,) 1
ceiver. Two equivalent formulations for the optimal receiver ar: T1

given. The first derivation relies on decomposing each user inw

several virtual users [22] to convert the original problem intgig. 1. Receiver structure.

a single rate multiuser problem. This solution clearly demon-

strates the cyclic time-variation of the optimal MMSE filter. 1 1 -1 1

Having established the periodic time-variation of the optime

receiver, we then determine the Fourier series expansion of t

optimal receiver. The Fourier series expansion enables the ¢  ——

velopment of lower complexity suboptimal receivers. U
The desired linear receiver structure is shown in Fig. 1, whe ____ 1

h(t) is the front-end filter. We includé(¢) to facilitate the dis- l

cussion of the effects of front-end filter bandwidth in Section v

The MMSE receivery(¢,1), is constrained to be linear, butno  ——

constraint on time-invariance or causality is imposed. Furthe
we consider symbol-by-symbol demodulation, i.e., symbol de
cisions are made at the end of each symbol.
-1
A. Optimal MMSE Receiver
Without loss of generality, we consider user 1 in Class 1, i.e ‘J—_‘_'—
user 11; the symbol period of user 117s. The soft symbol

estimates are obtained by sampling the output of a linear filti 1

att = IT, ’ |
ba (1) = w(t) @h(t) ()| =i, (4)

wherew;(t) is the linear receiver used to demodulate symbélg. 2. Decomposition of a user into virtual users for the case of 4. The
b11(1). Actual bit estimates are obtained by hard limiting the soft?®!s °1 the signals represent the data bit values.
estimatesh;; (1), to the closest symbol value. The objective is to

minimize the mean-squared error between the true data symbol&hUs: the optimal MMSE receive; (#) can be obtained as a
and their soft estimates solution to (6) and can be derived using the results in [2], [15].

. Next we show that we need to solve the optimization problem
min  EE,||bii(?) — b1 (D||* (5) (5) for only v; consecutive values df
RARNESE Since the symbols for each usé&r are uncorrelated, user
wherel; is the time averagd;, is the ensemble average, andk’s signal can be decomposed inip virtual users, each with
{w (t)}72_ . is the sequence of receivers for each symbol. Tleymbol ratel” = v, 15 (see Fig. 2). The received signal for user
reason for introducing the time averafg, is as follows. If the ik can thus be rewritten as

(W (OFZ o =g,

receiveruy (t), for thelth symbol is optimized independently of v—1 oo
the receivers for the other symbols, then the solution to (5) isx(t) = Z Z b(lug, + d)sir(t — (lug, + d)Tx — Tir).
same as that for the conventional MMSE problem ([2], [15] for d=0 l=—o0
the single-rate MMSE receiver) (8)
u () = argmin Ey||by1 (1) — by (D). (6) Note that the original multirate problem hg;,f:l P users and
w () is equivalent to a single rate problem with= "_ Py, vir-
This can be concluded by observing tual users. The only difference is that the symbol period of each
N ) virtual user is possibly longer than its original symbol period.
BBy [[011(1) — bua (D] The user of interest is now decomposed intirtual users; the

M symbols of thelth virtual user of interest argh; ; (Iv; +d) }. The

- A}inmm Z Eullban (D) = b DI () notion of virtual users is depicted in Fig. 2. Since the original
=-M multirate problem has been converted to a single-rate problem

and that the first-order sufficient condition [23] (orthogonalityyia the decomposition into virtual users and optimal MMSE re-
for the optimization problem (5) is identical to the condition foceiver for the single rate problem is time-invariant [2], [15], we
(6) (under the assumption that the limit in (7) converges urimmediately obtain that{ () = 7, (¢),Vl € Z. The above
formly). In contrast, if the receivergu;(t)} are chosen from a conclusion is formally stated in the following proposition.
constrained class of receivers, then the decoupled optimizatioiProposition 1: For the C class DS-CDMA system in (1),
in (6) cannot be used; instead, (5) should be used for a joint ape optimal (symbol-by-symbol) MMSE receiver for symbol
timization. The joint optimization (5) will be used in Section IV, « (¢), for Clas< users is periodic with periog in the discrete
to derive low-complexity suboptimal receivers. variablel. We emphasize that the optimal receiver is a function
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of two time variables, continuous variabland discrete variable The P x 1 vector3, is a vector of zeros except for tifié+ 1)

l. For each symbol, the optimal receiver changes, representeddmation which is equal tol;; and

[, and the time variation of the receiver for a fixew captured

by ¢t. Note that optimal receiver is periodic irand nott. _
The fact thatu (¢) is periodic inl also implies that (5) is Ay = diag(aik; - - ark) py oy xPrwy

equivalent to A =diag(A1,...,Ac)p.p

2
ag = Aj Ly, ,

vy —1

o1 1 . . , Wherel,, isthev, x vy identity matrix. The coefficient$§") (N

{udhgmy =arg e > Eullbus(hvn +d) = b (ko + DIF can also be expressed in terms of the signature waveforms of
d=0 the actual users (see Appendix A); these representations will be

useful in interpreting future results. Minimizingwith respect

to U4(f) and using the cyclostationarity gft), we obtain the

following equation [15] to determine the optimal receiving filter
Note that the change in indices fron¥(t) to u(¢) is done for the dth virtual user:

to highlight the fact that we need onlyy unique receivers, oo .

{ug}ot, instead of an infinite sequence of receivers, as im= [ Z hgn)(f)} Ug (f - ﬁ)]

plied by the notation{u?(¢)};2___. For the rest of the docu- Ty, T

ment, we will labelS(t) as receiver for thelth virtual user of N, S

interestd = 0,...,v; — 1. Also, it is clear from the above dis- + 7|H(f)| Ug(f)=Va(f). (10)

cussion thatu;() = ug(t) whered = Imod vy, i.e., thedth  The optimal filter admits the following form:
receiver demodulates symbgi({v; + d)}72

v—1

=arg min > Epllbu(d) —bu(d)*.  (9)
{uat)} =

The solution to (6) was derived in [15] for the case of single- Us(f) = Q") gd(f)2 (12)
user, single-rate systems; the key steps are reproduced below |H(f)

for the multiuser multirate problem. For the derivation, definghereGy(f) = G=1(f)By is aP x 1 vector of periodic func-

Y (f),Ua(f), H(f) and Si.(f) as Fourier transform with re- tions, each with period/7". Under the assumption that the sig-
spect to variable of y(t), uu(t), h(t) ands;.(t — 71 ), respec- nature waveforms of all the virtual users are linearly indepen-
tively. Also, letVy(f) = E{b11(d)Y"(f)}. Define the vector of dent, theP x P matrix G(f) is given by

Fourier transformed signature waveforms of all the virtual users A S0 n) QH " N
corresponding to useék as shown in the equation at the bottom G(fy== Z (f _ T) (f2— T) +2°1
of the page. Further define the vector of signatures aPallr- T = |H(f— %) 2
tual users The matrixG(f) is positive semidefinite since bota and the
T infinite sum are positive semidefinite, and the product of two
Qu(f) = [alx Qb infinit are p¢ S R proguct
w(7) [q”‘(f) qp’“k(f)]T'“kPk x1 positive semidefinite matrices is also positive semidefinite [24].
AN =[21(H - BN pey- Note thatUs(f) is a bank of filters matched to the signature

] ) ] waveforms of each virtual user followed by a bank of interfer-
The signature waveforms for the virtual users of interest are o ce suppression filteg( £) and then combining. This struc-

the firstv, entries °2f the vectoQ( /). The mean squared error.;re can be converted into the one with filters matched to signa-
E{[b11(d) — b11(d)["}, for an arbitraryl/y(f) can be written as ¢,re waveforms of each actual uskrfollowed by the following

0o poo , filters, Ky . (f) and then combining. The filter§, ;. (f) are
e = / / Ui (T (f, fYUa(f)e 2" U= df df' defined as
N,

’kal

+= | HOPU) df Kair(F) =D Gana(fle 2/ (12)
-0 =0
+1-— 2Re/ Ui(HVa(f)df whereM = (i —1) P+ Y5 Zt Pyor,. Note thaGy ar1i(f) rep-
- resents théM +[)th element of the vect@. (/). The resultant
where filter structure forl7,( ) is notionally depicted in Fig. 3, and the
complete time-varying optimal solution is seen in Fig. 4.
n_ (n) _p_n
(£, 1) T n:z_:oo LAl (f / T) B. Fourier Series Coefficients
) — of wfe T In this section, we will derive the Fourier series coefficient
7 () = (HAQ (f T) of the optimal receiver with respect to the discrete time variable
Va(f) = QY (H)By, d=0,...,01 — 1. . The derivation uses the linear independence of the user
T
a() = H(DSw(H) |1 e T om?e2he . empeflan i)
v X1
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R R Note that{T/8(f)}sy! and {¢S(f)}it are isomorphic to
S0 Ko each other. Thus, to directly compute the Fourier coefficients,
{¥3.()}, we substitute/3(f) from (13),d = 0,...,v; — 1
» . into (10), to obtain the following set of equations in the vari-
— %0 K@ — ablesys (f):
—  H * * +—' LT .
. . 71X ) e
’Ul—l n
hd b o o —]2775‘—1(1
(L0
s, Kinc® N 1
+ S H (NPT Tl (e T = Va(f).
=0

Fig. 3. MMSE receiverl/,( f), for virtual userd.
(15)

INVERSE
" U 1(f) —| FOURIER

Using the fact that/z(f) = ¢ 772747114 ( f), (15) simplifies to

TRANSFORM
] Uz(f)éwr' N Eﬁ%ﬂm S 1§ (n) T o2wised o n
x(t) — * N
o o —27=d

. + S HHWOPYLNTT5 = Vo(f) (16)
8, ford =0,...,v; — 1. Aweighted combination of the, equa-
_emivur|___| INVERSE . . . . i
= U he FOURIER  —— . tions in (16) can be converted into the following setolequa

tions. The weights used are the discrete Fourier transform coeffi-

i 327 (L/v)B ... pa2m((ni—1)/v1)8 = —1
Fig. 4. Complete MMSE receiver for user 11 in the presence of multira{%'ems[le € ]' for4=0,...,01-1

interference.
w2t * n
codes to obtain a set of linear equations in Fourier coefficients. Z T Z [’Vé")(f)} Va (f - f)
The resultant set of linear equations can be viewed as a a=0 1"=_°°
multichannel extension of the MMSE receiver equations for o Jaxmatsy N, 2 1o
single-rate DS-CDMA systems. X ¢ s S HHOPRAS)
In Section IlI-A, it was shown that the optimal linear MMSE i:_ol _—
receiver for user 117 (¢), is cyclically time-varying in variable % 6]2w%d = Vo(f) Z Cﬂw%d
[ with a periodv,. Thus, it admits a Fourier series expansion in = 0 = '
the discrete time indek
vl Using > 41t er2m(B3/vid — 4,6, for 8 = 0,...,v1 — 1, the
° © o —127 =1 d=0 G ’ ’ ’
Ur(f) = U, () = Z palfe (13)  above equation reduces to the following:
=0
Thus, ¥5(f) are coefficients of a 2-D Fourier transform ofirzl [ =2 " kv, +o— B
ug(t). We determine the Fourier series expansion to facilitatg | - > [G;kbﬁa_’@)(f)} Va <f - #)
the derivation of low-complexity receivers. Following [16], wex=0 k=—o0
label («v/v1),« = 0,...,v1 — 1, as thecycle frequenciesf N, 5 o
the optimal MMSE receiver. Note that, instead of converting + ‘5,8—a7|H(f)| ()| = 8sVo(f)- (A7)

the original problem into a set of single-rate problems, we will

apply the time-varying filter (13) directly to the input. This

implies that the output of the filter is sampled evéiyseconds Sincey . (f) is a linear combination of th&(f), it is easy to
and the symbol estimates are computed as follows: verify that+?,(f) can be written in the following form:

vi—1

@) = Y [Y(Dralne e Ty @8 yeyoonp @Yoo w1 g
a=0
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whereé,(f)is aP x 1 vector with periodic entries, each withNow each of the;; equations in (21) have the same frequency
periodvy /T = 1/T14. US|ngny") QY (HAQ*(f — (n/T)) shifts of thev; P unknowns which are

andVy(f) = Q¥ (£)By, (17) can be rewritten as B 1 _1\”
an=lgw & (r-7)-aa (-2

g T The equations in (21) can be rewritten in matrix form as shown
O (f B k'vl—l—a—ﬂ) oH (f B kv1+a_,a) at the bottom of the page. More insight about the madr{¥)
Z T T can be gained by using the alternate representatiqwﬁ‘bqf) in
Sl ‘H (f _ k'v1+a—,8> ‘2 (35) in Appendix A. The matrix (22) can be obtained in terms of
. Q(f), augemented spreading code matrix in the frequency do-
a—pf o — main, by modifying the first; P, entries of the vectorg. (f).
X Lo <f - ) +Q Z bp—a ng‘l () The firstv, P, entries of Q(f) contain actual signature wave-
I forms of the users in Class 1, instead of time-shifted copies as
=627 (/)Bo, F=0.....,u1 -1 (19) i Q(f); the remaining entries iQ)(f) are the same as those in
We define lQ(g). De;]ivafti(l)ln qf the F(_)urlier cfoefﬁcéefnts in terms OXf)
o v . eads to the following equivalent form &f.:
S(f)_é Z Q(f—kéﬁ)QH(f—k;“) o A kv +r\ AH kvy+r
I H (f - butr)? s (= Bilr) Q(f = *H) Q7 (f = =)
ke ; (D ==0 D (7 )
to concisely write (19) as follows: h=—oo T 23)
v —1
Z |:Sa—8(f)£ <f _ = ﬁ) With this representation &,., we see that the equations in (22)
g ' r T mimic those of the classical MMSE single-rate solution of [2].
a#s

N It is also noted that, given our description of the cyclic correla-
+ <So(f) + 5,3_0—0117) @(f)} =638, (20) tion matrix, we could also develop cyclic decorrelating detec-

2 tors using the methods in [25]. The functi@h () is periodic
for 3 =0,...,v — 1. The sufficient condition required to con-With respect to- with periodv; and from Appendix B-I1, it fol-
clude (20) from (19) is that the signature waveforms of all tHews that onlyB; (v, ) depends on the amplitudes of the users
virtual users are linearly independent [15]. Also it suffices tth Class 1. This implies that, for > 0, the matrixS..(f) de-
considerf € [0,1/71] since botrS,.(f) and¢,(f) are periodic pends only the power of the interfering users from other classes.
with respect tof with period1/7;. Furthermore, it is easy to This immediately implies that ad;, — 0,k > 1, the matrices
verify thatS,, _,.(f) = S_,.(f), a property which will be used S — 0 for r > 1, leading to¢.(f) — 0 for o« > 0, i.e., the
later. Note that there aie equations foreverg = 0, ..., v —1 optimal receiver for the case of a single-rate signal is time-in-
in (20), and all1 /T frequency shifts of,, appear in (20). To variant.

obtainv; P equations in, P variables, frequency shift théth In order to gain further understanding about the pre-
equation in (20) by-/3/T to obtain vious representations, it is useful to consider some spe-
i cial cases. The entries in the matri%,.(f) represent
IE:S <f—ﬁ>£ (f—a) cross correlations between the user signatures. Con-
«=p * T sider the single user case, i€, = 1,P, = 1 and
azp v1 = 1. The matrixSo(f) has only one entrySo(f) =

&) N, 3 A2 /TS (Sulf + (R/T)I/Hf + (k/T)%),
+<S° < - T) * 71> & < T) = d9bo. \(/vh]:éé i)szt%ke spe(<|:trur(n of s;rr/lpl)e)cl {rLatE:hed fi(lte/r 331|tp2ut. If
h ~ the effective signature waveforrfsy1(¢)/A(t)) satisfies the

Nyquist criterion for intersymbol interference (ISI), then
(21) So(f) = T for |f| < 1/2T and zero otherwise [26], which

40n the other handj.( f) is periodic with respect t¢ with period1/T, for implies thatéo(f) is constant and the MMSE receiver reduces

alld =0,...,0, — 1. to the matched filter [26].
So(f) ~ Su(f) o Sya(f) So(f) By
G 7) So(f~7) o Sy (f-7) RGN I I
S o (1= 57) S on (- o) o Solr- o) ) Lan (o] Lo

Q(f)lexung(f)lexl :Blexl (22)
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Now consider the single-rate multiuser case, i®., = whereQ = {«ay,@s,...,an} C {0,1,...,v; — 1}. Note that
1,P, > 1 andwv; = 1. The mnth entry of the matrix, U;(f) = Uiy, (f); v1 may be a multiple of the actual period of
So(f), is the spectrum of the sampledth matched filter U;(f). Since the reduced complexity receiver is periodic with
output to thenth user signal,So..(f) = (42,/T) respecttd with periodv;, the MSE cost consists of terms as
St oSt (f + (/TS5 (f + (k/T)) /[ H(f + (B/T))). in (9)
It is easy to verify the time orthogonality of the signature
waveformsforusers andn, m # nimpliesthaty ., (f) = 0. R . ) a

Finally consider the multirate multiuser casezzjf(>) 1 for WaN} = A8 Z Eylbu () — b (D). (24)
the user of interest, the period of the cyclostationarity of the re- =0
ceived signal.l’, is larger tharil}, thereby making the output Note that we have chosen to change the index of summation
of the matched filters a cyclostationary sequence (if samplgdm 4 to, to emphasize the fact thét( f) may no longer cor-
everyT; seconds). Thus, there is a spectral correlation [16] bgsspond to receivers for each virtual user; the subsédiiptised
tween different frequency shifts of the sampled matched filtgs denote the receiver for th#h virtual user in Section IIl. If
outputs, which is captured i8,.(f),r > 0. Themnth entry of the cardinality of the s¢f2| = A is less than,, the optimiza-

S (f) is the output spectrum of theth virtual matched filter tjon (24) can no longer be decoupled as in (6). Thus, we need to
to thenth virtual user signal, both frequency shifted by /7",  perform a joint optimization to obtaift)2 (f)}acs- The deriva-

and the output sampled evety seconds. Thus, thenth entry tjon of the suboptimal receiver is similar to that of the optimal
of S,.(f) is the cross correlation between the frequency shiftggceiver in Section Il and is given in Appendix B. Thé x 1
versions of different virtual user signals. This cross correlatigfterference suppression veclet (f — (ar/T))... €L (f —
between frequency-shifted copies of the signals is similar to the, /7°))]” can be obtained by solving (25), shown at the bottom
one encountered in cyclic Wiener filtering [16]. It is the congfthe page.Without loss of generality, assume< oy < - - - <
sideration of this cyclic correlation which provides the perfory,  Note that (25) can be directly obtained from (22) by simply
mance impl’ovements of the current work versus our pl’ior Wofgmoving rows and Co'umns Corresponding to the Suppressed

vy—1

[12]. Consider the case of = 2. The matrix (22) is cycle frequencies. However, it is not obvioaspriori, that the
S.(f) S1(f) &ol(f) | Bo solution would admit this form due to the coupled nature of the
[Sl (f—4%) So(f- %)} [51 (f - %)} - [ 0 } cost function in (24). The above result forms the extension of
which implies reduced complexity signal separation filters in [16] to reduced

complexity data demodulation, and both results are clearly evi-

—1
. . 1\t 1 dent in the 2-D Fourier domaifty, f).
S(f)= <SO(f) = 81(f)So <f - T) S1 <f - T)) Bo If « =0 ¢ Q, the MMSE optimization (24) has a trivial so-
lution: all filters are equal to zero. This implies that, to have a

& (H=Sx (NHS1(Hé <f - l) . useful suboptimal solution, the zeroth cycle frequency- 0
T should always be included in the optimization for suboptimal
Note thaté: (f) is a function oféy( f). receivers. Thus, the smallest $etvhich yields a nontrivial so-
lution isQ2 = {0}, the time-invariant solution. Consider the case
IV. SUBOPTIMAL RECEIVERS of v; = 2 for ; = {0} and2; = {1}. Corresponding to the

For the cases where the periodicity of the optimal MMSE r&€tS¢21 andf2,, the matrix (25) yields
ceiver is large, the complexity of the optimal receiver may be _—
prohibitive, e.g., rate ratios;, up to 100 [10]. Thus, it is of in- ¢o(f) =85 (f)Bo, for 1 = {0}
terest to investigate the design of a lower complexity receiver &L(f) =S5 (NHo=0, forQ,={1}.
and the performance loss incurred due to the use of such re-
ceivers. Clearly, the zeroth cycle frequency must be include&inVe
note that our prior work in [12] considered only the zeroth cycle
A. Low-Complexity Suboptimal Receivers frequency.

In this section, we consider reduced complexity receivers by _
truncating the Fourier series of the optimal receiver. The redudd Performance Analysis

complexity receiver thus has the following form: In this section, we provide the MMSE expressions for the
U(f) = Z Po(fle ! suboptimal receivers discussed in Section IV-A; the derivation
e is straightforward, the reader is referred to [27] for details. The
So (f - %) Sag*al (f %) Sax—a (f QT]) €an (f - (;“_1) ba, Bo
Sai—as (f QTQ) So (f - QTQ) Say—as (f QTQ €as (f - %) _ by Bo (25)

Sal_a)\ (f_ aT_\) S‘l2—‘l>\ (f_ %) SO (f_ a_T\) APXAP 5‘”\ (f - %) AP X1 6‘”80 AP X1
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MMSE, when expressed in terms#f,( /) takes the following In (28)

form:

v =uTlBoll, sup |l€a (Nl

[,/ €Q\0
Emin(f2) =1 — Z Uléa/vo*(f)¢g(f) df (26) and
ach Jo(f) = A7ISo(NST (NS (f)
!

where_éa =1 i_f @ = 0 elsed, = 0. From _the discussion = A7ISo(£)S5(f)So <f_ %) (29)
following (25), it is clear that the MSE is 1 i ¢ (1, since

Pa(f) = 0, forall o € Q; the same can be concluded fronjyhere we have used the Schwarz and Holder inequality [24]
(26). The MSE error hence depends only on the zeroth Fourigich thaty > 1 and(1/¢) 4 (1/<) = 1. Here|| - ||, is o-vector
coefficient,»5(f), which in turn depends on the setthrough  norm and||| - |||, is the corresponding vector induced matrix
(25). The minimum error expression can be expressed in terfym. The above bound on the mean-squared error contribution
of {£a(f)}acs as follows (assuming € ©): of each Fourier coefficient requires computation of o8y f)
and choosing the cycle frequencies based on the magnitude

of the normfd“l/T 1T ()l df; hence, this technique has
a lower computational complexity than truncating the Fourier
/ series of the optimal receiver. In all our simulations, all three

o methods of choosing the best subset of cycle frequencies of
% |Bo 2 Ser () <f B T) . @0 4 given size, i.e., exhaustive search, magnitude of the Fourier

’UI/T _
Cmin(Q) =1- UIT/ BgA_ISO(f)Sal(f)
0

aleq

al#0 filters and using the induced norm in (28), led to the same
solution.
Note that the first two terms denote the MSE achieved by the
optimal time-invariant MMSE receiver, and the last term is the V. EFFECT OFFRONT-END FILTER BANDWIDTH

extra reduction in the MSE achieved by introducing additional

cycle frequencies. In a system with multiple chipping rates, users with smaller

bandwidth will potentially be provided with low-complexity
C. Choice of Cycle Frequencies (i.e., low-cost) receivers. This motivates us to investigate the

From the discussion in the Section IV-B, it is clear thaefﬂ‘fect of front-end filter bandwidth on the receiver perfor-

mance, since the sampling rate is an important factor in the
the zeroth cycle frequency should always be a member ofa Piing P

Q. Given a bound on the number of cycle frequencies cost of the receiver. Clearly, if a front-end filter bandwidth is
w.hici:Vcan be uused an ob\l/Jious a rgach toqflijnd the’bee ployed which is smaller than the received signal bandwidth,
' . PP . iRsufficient statistics for detection will result. It is the highest
subset of{0,1,...,v; — 1} is an exhaustive search over y . . . .
: : rate users’ signal bandwidth that determines the received signal

the POSSibK?)\ Ui 1) cycle frequency subsets. A systematipandwidth. The sequel is an attempt to qualify the loss in

nonexhaustive technique to choose an appropriate subsesufficiency. Furthermore, the same analysis will also indicate
cycle frequencies has proved to be so far elusive (see e.g., [I8] effect of the front-end filter on system capacity in terms
and references therein). of the number of users which can be served simultaneously.
Two heuristic methods of choosing the best subef a The subsequent analysis allows us to draw conclusions without
given cardinality,\,, are as follows. The first method requirediaving to resort to any assumptions about the correlation
calculating the Fourier coefficients for the optimal time-varyin§etween user codes; for the same reason, the results in this
receiver and retaining the cycle frequencies corresponding to §&€&tion only provide trends.
strongest\,, coefficients. This requires determining the optimal Consider a multirate system with two user classes with
receiver, the computation of which may have prohibitive congymbol periods,71 > T3, chipping ratesi., > 7., and
plexity. The second heuristic can be obtained by inspecting (28preading gainsl.; and L,. Let the number of users in each
Observe that the MSE contribution of each Fourier coefficiertlass bel’y and P, respectively. We denote the front-end filter

eor(£2) can be bounded as follows: bandwidth used byB.
For demodulating the low rate users, the observation interval

v /T ~ is Ty and B is such tha{1/27.,) < B < (1/2T.,). The ap-
€ () < vlT/ 1Boll, ||[A*So(£)S5H(F)Sa (]|,  proximate number of dimensions in a signal of bandwidtand
0 observation interval} is 2873 [28]. Each high-rate user con-

/
X ||€qr <f - ﬁ) df tributes at mos# = [(71/7»)] + 1 virtual users. Thus, the total
T/l number of active users in the systenis+ 6 P, which is upper
< uT[|Boll, SUP\ e (D] bounded by the maximum number of available dimensions
[’ €Q\O
P, + 6P, < 2BT:. (30)

’UI/T —
« / I1IA™*S0()S5 (H)Sar (D], df
0

Since the low-rate users may occupy less bandwidth fan
B w/T 3 d 28 the number of low-rate users is upper boundedlhy i.e.,
=K o I a’(f)m@ if. (28) P, < L. Each of thedP; virtual users has approximately
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Probabiiity of error
=
T
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Fig. 5. Probability of error versus SNR for user 11 using the matched filtefjg. 6. Probability of error versus SNR for user 12 using the matched filter,
seven suboptimal receivers with different set of cycle frequencies, and tigboptimal time-invariant receiver, and the optimal receiver; the single user

optimal receiver; the single user bound is also given for comparison. bound is also given for comparison.

L, = |L:2BT.,| dimensions. Combining the individual : E ; g\(alcl:;d—l;ilter
. . . (optimal

bounds onP; and P with (30), we conclude that the feasible R e G | — single-user |

tuples( P, P») satisfy

P 6P
L < 1.
I + T, = 1 (31)

Since the total number of dimensions increase with front-er
filter bandwidth B, the interference suppression capability o
multiuser receivers for the low rate users increases \#ith

Thus, increasing the bandwidth of the front-end filter beyon
the low-rate user bandwidth leads an improved low-rate ri 1o®
ceiver performance for a fixed number of users, or equivalentl
an increase in system capacity without loss in performance.

10°F

Prebability of error

VI. NUMERICAL RESULTS 0 2 4 6 10 12 14 16 18 20
SNR (in dB)

In this section, we provide representative simulation results y ) )
to verify the performance of the proposed receivers. A muliraf 7 Probaityof etoersus SN oruser 13 usng e matehed er and
multiuser scenario in the presence of multipath is considergaiso given for comparison.
to compare the performance of the suboptimal MMSE receivers
with the optimal MMSE receiver. Also, the front-end filterband- g4 yser encounters a different multipath channel, which is
width is varied to study its effect on the receiver performancerandomW generated as follows. The delay spread of the channel

. ) ) . is fixed, which implies that the number of taps in the discrete

A. Optimal and Suboptimal Receiver Comparison time representation of the channels is the same for all users be-

The symbol periods of the three user classes are chosen taaese the sampling rate is the same for all users. The length of
11 = 1,7, = 2, andZ3 = 4. The spreading gain of users inthe discrete time representation of each channel is chosen to be
Classes 1, 2, and 3 afg,,; = 16, L2 = 32, andL,,s = 8, whichis equal to 2 chips for Class 1, 2 chips for Class 2 and
32k, =1,...,F,¢=1,2 3. With these parameters, users irl chip for Class 3. The actual realization of the channel for each
Classes 1 and 2 have the same bandwidth, but different infaser is obtained by adding a random vector (independent, iden-
mation rates. The total number of users in the system is 11, wittally distributed with a uniform distribution of#, 0.1]) to the
P, = 3,P, = 4, andP; = 4. Further, all users in all classesfollowing 8-tap channell 3 .2 —-.15 -1 —-.1 -
have the same amplitudd,; = 1. The delay for each user is.01 .01].
chosen randomly and varied from zero to two chips. Each usefThe probability of error performance as a function of SNR
employs a raised cosine pulse with rolloff of 0.5, to allow a dider users 11-13 is shown in Figs. 5—7. The curves are labeled
crete time implementation. The sampling period is chosen to Wéh cycle frequencies used, e.g., 013 means that the zeroth,
1/4. Thus, we consider a mixed variable chipping rate, variabfiest, and third cycle frequencies were used. The period of the
spreading length, single carrier system. optimal MMSE receiver for users in Classes 1-3 are 4, 2, and 1,
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SNR = 14 dB

respectively; thus, the number of nontrivial suboptimal receive 4+
obtained by using a reduced set of cycle frequenciesis 7, 1, a
0, for users in Classes 1-3, respectively.
Consider the performance of user 11 in Fig. 5. From Fig. *
it is clear that cycle frequency 2 is the most important amon
{1, 2, 3}. Because of the conjugate symmetry, cycle frequencit
1 and 3 can be exchanged without affecting the results. The fiz
lowing can be concluded from Fig. 5.

1) Each additional cycle frequency leads to improved pes
formance. The performance increases monotonically (&
the sets 0, 01, 012, and 0123.

2) A smaller set of cycle frequencies may outperform
larger set of different cycle frequencies. The performanc
for the set 02 is better than for 013.

3) The time-invariant receiver can be considerably worse i
performance than the optimal receiver, and most of tt o o1 o0z 03 o4 05 06 o7 05 09

. Front-end filter bandwidth/Total Bandwidth
performance loss may be recoverable by a moderate in-
crease in complexity (i.e., by including a modest numbeig. 8. Probability of error versus front-end filter bandwidth for user 13 using
of cycle frequencies). The set 02 performs consideradiif optimal MMSE receiveSNR = 14 dB.
better than the time-invariant receiver, and only about 2

dB away from the optimal MMSE receiver. . reason for monotonic improvement in receiver performance is
4) The normalized two-norm of the filter coefficientsrelated to monotonic increase in number of degrees of freedom,
may be good predictors of suboptimal receiver perfogs argued in Section V. A larger bandwidth for low-rate users in
mance, for examplef|y;(f)l|2, at SNR = 12 dB, are cjass 3 allows the receivers to observe more dimensions of the
[1,0.1249,0.4150,0.1249]. The second cycle frequencyinterference from other classes, thereby leading to an improved
coefficient is three times in magnitude as that of the firshltiaccess interference suppression.
and third cycle frequency c.oefficients. The combined Thys, if out-of-rate (or out-of-bandwidth) interference is
magnitude of)1 (f) andys(f) is less thanthat ab2(f),  weak, the users in Class 3 can use a smaller front-end filter
thereby suggesting that the cycle frequency set 02 mgyngwidth, thereby reducing the computational load and hence
outperform the set 013, which is supported by the resulige power consumption. This adaptive sampling technique

in Fig. 5. The normalized matrix norm in (28) also folmay e useful for receiver design with strict battery power
lows a similar trend; they arfg, 0.2704,0.6024,0.2704]  constraints.

for ¢ = 1 and¢ = oo. The choice ofp = 1 andg = oo is
ad hocand was found to be the most accurate predictor
of the performance among different values ©flt is
conjectured that the sup-norfs = oo) on the filter In this paper, we derived the optimal linear MMSE receiver
coefficients makes the inequalities tighter, leading t&r multiple data rate communications, with applications to mul-
better estimates of the mean-squared error contributidif@te DS-CDMA and multicarrier systems. All the major results

[— Time-invariant MMSE Receiver |

ility of ern
3
&
T

VIl. CONCLUSION

of different filter coefficients. in this paper can be attributed to precise modeling of the mul-
tirate interference. Stationary models of the interference indi-
B. Effect of Front-End Filter Bandwidth cate time-invariant processing, leading to system performance

The th | d ibedin th . bsecti which is strictly inferior to solutions based on the correct cy-
€ three-class case described In the previous subsection Wagtationary models of communication signals. Note that the

also used to verify the effect ofthefront-end filter on probabilit dditional gain from exploiting cyclostationary nature of the

0; error petrZQrma}nge. 'II'_h_et S’:IhR vaas lee(:ia;j[ltm dB. For: the S? Smmunication signals is accompanied with increased compu-

of computational sSimplicity, the front-end hiler was chosen o, requirements. We presented a preliminary investigation

have a finite impulse response and its length was fixed at complexity performance tradeoffs with a class of low-com-
5 X X ) .

taps: tﬁl;XW MMSE receivers. A deeper understanding of relation be-

Users in Class 3 have smalle_r bandwidth than users in een computation, power, and performance at system level re-
other two classes. So, we consider the effect of the front-e ins elusive

filter bandwidth on the performance of the users in Class 3. The
results of varying the filter bandwidth for user 13 can be seen
in Fig. 8. From the figure, it is clear that the performance of
the MMSE receiver improves monotonically until the front-end
filter bandwidth is the same as that of the received signal. TheTwo equivalent representations%f‘) are derived in this sec-
tion, the first in terms of actual signature waveforms of all the

users and second in terms of the actual signature waveforms of
SIn practice, the front-end filter should be chosen carefully to minimize thgsers of Class 1.
intersymbol and co-channel interference.

APPENDIX A
ALTERNATE REPRESENTATIONS OF%(,")
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A. Actual Signature Waveforms of All Users APPENDIX B
Consider the virtual users of rake DERIVATION OF SUBOPTIMAL RECEIVER

N =5 S ] e (r- - )

The mean-squared error is given by

up—1

P o —1+ZZZ [l DT Ty(f, £)
- ZAsz > we(n)H(F)Si(f) o //

Vg 4
— n=—o0 . . n X P (f )6]27T
(i__)szk(f 2e(r-r-7) +_‘222/|H 2 [ulf
= > mE()A )

( o ZG—JQW(f—f )Ty df df’

vi—1
T o (DT g R
G (-5) - g) OETR
which implies -Z/Vi(f)z/;;(f)eﬂ’fﬁzeﬂﬂfm df.  (36)

n = ~k n
W) =@ (DAQ; (F-Z) . (32)
The optimaly°( f) should satisfy the following first-order op-
In (32), jur () is the indicator function which is oned, divides  timality condition fora € Q:
n else it is zero

vy—1

tjz;(f) =H(f)Sx(HL 1 - 1]14 ><17]T and Z L [/F* f.f <Zz/} ]27r—z>

Qi) =Tl Bl - Tl =0
Define Q(f) = [QT(f) Q3 (f) -+ Q&(N]bx1. then we x e~ U=IDM gt + ls Zw J2w:_1i]
have (33) and (34), as s shown at the bottom of the page. Note
that theP x P matrix B(n) is periodic inn with periodv = nlo .,
LCM(v1,v2, .- .,v¢). = Z V() (37)

B. Actual Signature Waveforms of Users in Class 1
which simplifies to

Define
oaf =1 EW - QBN 5 l / “21 RS (- T g
Following steps similar to the previous section, we obtain o i=0
¥ () + Boa ]Z |H(f)|21/;g,] =6 Vo(f), a€Q. (38)
vip(n)A; 0 0
- 0 Ay, -~ 0 . n
=Q(f) : : Q" (f - T) By using the cyclostationarity af(t), we obtain fora € Q2
0 0 - Aclp.p | & .
Bl Sl 2 pw] e (r-7)
= QT (HBm@ (£ - 7). B8 wor .
- U1 60 o’ 0 ol = 60
The P x P matrix By (n) is periodic inn with periodw, . * ; ‘ o+ |H(f)| va ] olf)
C
WU = Y v QE(NAQ (£ - 7) (33)
k=1
vl (7’L)A1 0 0
_ 0 (n)A 0 _
~Q" () P : @ (- 2) =@ nBme (1 - 1) @4
0 0 UCUC(”)AC PxP
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