KANNU AND SCHNITER: MMSE PILOT-AIDED CYCLIC-PREFIXED BLOCK TRANSMISSIONS

our study applies to the general class of cyclic-prebxed (CP)
afbPne precoding [21] schemes. AfPne precoding subsumes
all schemes which transmit the sum of an energy-constrained
pilot vector and a linearly precoded data vector, where the
choice of the precoding matrix is arbitrary. For this setting, we
derive necessary and sufPcient conditions on the combination
of pilot vector and precoding matrix that yield MMSE channel
estimates. These conditions reveal the fundamental structure of
all PAT schemes (i.e., irrespective of modulation format) that
are MMSE for this DSC, paving the way for the design of novel
MMSE-PAT schemes. Using these conditions, we then analyze
the achievable rate of afPne MMSE-PAT transmission and pro-
pose pilot/data power-allocation guidelines for it. The ergodic
achievable rate is further analyzed in the high-SNR regime, and
the spectral efPciency of systems which transmit a stream of
afPne MMSE-PAT blocks are characterized. This latter analysis
provides insight into the roles of delay- and Doppler-spread
on MMSE-PAT performance. Finally, numerical examples are
presented to illustrate the theoretical results.

We now comment on related work. In [12] and [14], the
authors investigated DSC PAT design for SCM with the goal
of maximizing achievable rate. Due to connections between
achievable-rate maximization and MSE-minimization, the PAT
schemes proposed in [12] and [14] turn out to be MMSE. How-
ever, as a consequence of our more general afPne-precoding
framework, we are able to show that the MMSE-PAT scheme
obtained in [12] is but one of many afbne MMSE-PAT schemes
possible for the DSC. Furthermore, our achievable-rate anal-
ysis provides a means of comparing among different afPne
MMSE-PAT schemes and establishes that a particular mul-
ticarrier MMSE-PAT scheme achieves higher rates than the
single-carrier MMSE-PAT scheme from [12] when the DSC®
discrete delay-spread dominates its discrete Doppler-spread.

The paper! is organized as follows. In Section II, we de-
rive MMSE conditions and design MMSE-PAT schemes for
single-block transmission. In Section III, we perform an infor-
mation-theoretic analysis of MMSE-PAT, also for single-block
transmission. In Section IV, we study the spectral efPciency
of schemes which transmit a stream of MMSE-PAT blocks. In
Section V, we present numerical results, and, in Section VI, we
conclude.

II. MMSE-PAT DESIGN

In this section, we consider afPne precoding for CP block
transmission over the single-antenna DSC, where a CE-BEM is

INotation: Matrices (column vectors) are denoted by upper-case (lower-case)
bold-face letters. Hermitian is denoted by -)H ,transpose by -) ,and conjugate
by -)*. The determinant and Frobenius norm are denoted by det -) and || -
|| r, respectively. The expectation, trace, Kronecker delta, Kronecker product,
modulo- and integer ceiling operations are denoted by E{- , tr{- ,6 ) @,
(-Y~ and [-], respectively. The null space and column space of a matrix are
denoted by null -) and ¢ 1 -), respectively, and the dimension of a vector space
is denoted by d m -). The operation []n m extracts the n m) " element of a
matrix, where the row/column indices n m begin with O, whiled g ) denotes
a diagonal matrix constructed from the vector-valued argument. The
unitary DFT and identity matrices are denoted by F' x- and I y, respectively, and
appropriately dimensioned identity and all-zero matrices are denoted by I and
0, respectively. The union, intersection, and set-minus operators are denoted by
U, ,and \, respectively, while the empty set is denoted by . Finally, the sets
of integers, reals, positive reals, and complex numbers are denoted by Z, R, R,
and , respectively.
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used to characterize the channel variation over the block dura-
tion. We outline a procedure for designing MMSE-PAT schemes
for this DSC and provide several novel MMSE-PAT examples.

A. Cyclic-Prefix Block Transmission Model

The sampled complex-baseband DSC output {y( )} is related
to the transmitted signal { ( )} via

N —1

y() = GO =0+ () M

=0

where { ()} is zero-mean o2-variance circular white Gaussian
noise (CWGN) and ( , /) is the time- channel response to an
impulse applied at time — /. Here, N denotes the channel®
delay-spread normalized to the sampling interval 7. To avoid
interference from the preceding block, each length- N transmis-
sion block? { ()}¥5! is preceded by a CP of length N —

The received vector is formed as y = [y(0), ,y(N — )],
from which it can be seen that the CP portion is discarded. The
effect of CP overhead will be discussed at length in Section I'V.
Throughout this section, we assume modulo-N indexing, i.e.,

z() = z( )n). With the debnitions X = [Xg X_n 4+1],
X; = dag( (), (+N=)) =1lo¢ ~x-l.
4 :[ (0'/[)7 ’ (N_ 75)]1—’ :[ (0)7 ’ (N_ )]T’

the DSC block transmission model (1) can be written as
y=X + 2

where X € CVXNN and € CVN x1,

The transmitted signal is constructedas () = () +d(),
where { ()} is the pilot sequence and {d( )} is the zero-mean
data sequence. Using () and d( ) to construct P and D, re-
spectively, in the manner of X, we bPnd

X=P+D 3)

with P = E{X}. The data vectord = [d(0), ,d(N — )]"
is constructed via linear precoding as d = B , where =
[ (0), (N,— )]T is the information-bearing symbol vector
and B € CN*Ns is an arbitrary full-rank precoding matrix.
Thus, our transmission strategy coincides with the general case
of afPne precoding [21], i.e.,

- +B @

with =] (0), , (N— )]Tand =1[(0), , (N -
)]T. As we will see, the channel estimate MSE is a direct func-
tion of the pilot energy

| 1?=E, )

Our generic transmission model allows us to analyze PAT for
many modulation schemes under a common framework. Notice
that, for SCM and OFDM systems, the columns of B are chosen
from those of n and |, respectively.

2When we refer to a Qransmission block of length Owe do not include the

contribution from the CP.
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B. Doubly Selective Channel Model C. MSE Lower Bound
The following CE-BEM [18, p. 65], [19] will be used to de- The linear-MMSE (LMMSE) estimate of given the knowl-
scribe the channel response over thdength block duration. edge of and the knowledge of the second-order statistics
For and , we assume Of is [26]
that
(8)
— - (6)  where and . With
our transmission and channel models, we have
, and hence and
where the CE-BEM coékients are zero-mean and Oour

uncorrelated with positive variance. The CE-BEM (6) has be@Rannel estimator is pilot-aided, noniterative and nondeci-
widely used to model time-varying communication Channegon-aided. The channel estimation error has

(e.g., [12], [17H19]) and can be interpreted as an -term o0 o given by [26]

truncated Fourier-series approximation of each of theoef-

bcient trajectories . The appli- ©)
cation of truncated Fourier series can be motivated by the ban-

dlimited nature of codfcient trajectories that results fromite | this paper, we are interested PAT schemes which minimize
mobile velocities. Spebcally, path lengths which vary by atthe MSE (9) of the LMMSE channel estimate (8) subject to

most meters per second imply a maximum single-sidegl pilot power constraint . Specbcally, we are interested in
Doppler-spread of _ Hz, where  denotes the pnding the combination of -constrained pilot vector and
carrier wavelength [18]. Since the use of orthonormal data modulation matrix which minimize the es-

terms in the Fourier series yields a reasonably accurate giation MSE . We refer to such combinations of as
proximation to each trajectory, we assume this value of afbne MMSE-PAT schemes. We shall see later that there are

throughout. We allow CE-BEM cokéients with possibly un- many combinations which lead to minimal MSE. We
equal variances in order to model arbitrary delayRtes and now proceed to the characterization of thesmafMMSE-PAT
Doppler spectra. schemes.

We emphasize that, like all models, this CE-BEBproxi-  Theorem 1 (MSE Lower Bound§or -block CP abne PAT

matesthe DSC; it does not yield @erfecOdescription. (See over the CE-BEM DSC with the pilot-aided channel estimator
[17] for a thorough discussion on the validity of the CE-BEM.Jg), the channel estimate MSE (9) obeys

While alternative BEMs have been proposed that, in some cases,
yield (hette® approximations (e.g., the polynomial [22] and
Slepian [23] BEMS), they make MMSE-PAT analysigtifilt, if

not impossible. We adopt the CE-BEM (6) because it is reason-
ably accurate and yields a tractable MMSE-PAT analysis withhere equality in (10) occurs if and only if the following two

— (10)

insightful results. conditions hold:
With debPned element-wise as
o , Pilot-Data Orthogonality (12)
! Optimal Excitation — (12)

, (6) can be written

compactly as
When (11) and (12) are met, and

(7) are given by

Note that, because and because —_— (13)
is diagonal and positive taite, (7) gives the Karhunen=leve
(KL) expansion of . We assume that the DSC has an L (14)
average energy gain of unity, so that

In the sequel, we refer to as theQliscrete delay-spre&x Proof: See Appendix I. ]
and to as theQiiscrete Doppler-spreadin addition, we Condition (11) says that pilots and data should be multiplexed
refer to as theGhormalized Doppler-spre@ind to in a way that preserves orthogonality at the channel output,

as the chann& Gspreading indeX®XWe while condition (12) says that pilots should be constructed so

restrict our focus to channels for which  , known asQun- that the channel modes are independently excited with equal en-
dersprea@channels [24], so that , the number of indepen- ergy. Dédoning , we rephrase the MSE optimality
dent channel parameters per block, is less than the block lenggjuirements (11), (12) in terms of the pilot sequence

. The underspread assumption is standard for radio-frequeatyd modulation sequences , using the index sets
channels [25]. and
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Lemma 1 (Time-Domain Conditions): For N -block CP afPne
PAT over the CE-BEM DSC, the pair (15), (16) form necessary
and sufbcient conditions for equality in (10)

N-1 o
() "= Je?!¥™=Ep()é( )
i=0
V eN,V eNg (15)
N-1
by() (= )eT!F™ =0
=0
V eN,V €Ny Vge{0, ,N,— } (16)
Proof: See Appendix II. [ |

We are not aware of previous results which specify the con-
ditions on afPne transmission parameters that are necessary and
sufbcient to minimize the MSE of LMMSE DSC estimates (8).
Previous work on DSC PAT design [12], [14] was based on the
maximization of a channel-capacity lower bound for the specibc
case of SCM. Requirements on pilot-data orthogonality to min-
imize the least squares (LS) estimation error variance were dis-
cussed, for frequency selective channels, in [4]. Our pilot-data
orthogonality requirement (16) establishes that, for DSC afPne
MMSE-PAT, the data modulation basis must be orthogonal to
certain time- and frequency-shifts of the pilot vector.

D. Bounds on “Data Dimension” N,

In this section, we obtain bounds on the data dimension N,
of afbne MMSE-PAT schemes, i.e., schemes for which ( , B)
satisPes (15) and (16). Debning € C2V7=1*N element-wise
as [ Jom = (/ N)emi@ N®=N+hm and dePning
P,=dag( (), ,(+N=)), ;= P aswellas

T
= I—N +1 ; _1] , we see that (16) can be written
as b, = 0, implying that each b, must lie in the null space of

. Clearly, N;, the number of columns in B, must obey

Ne<dm(n 1I( )) (17)

We restrict3 our attention to the case when equality is attained
in (17) by choosing B such that its columns form a basis for
n 1I( ). Based on the structure of , we can bound N, as
follows. From the construction of , it follows that the Ny N
rows of (PU)" are contained within the (2N; — )(2N — )
rows of . To satisfy (12), the rows of (PU)" must be orthog-
onal. Thus, NyN <rank( )< (2N;— )(2N — ),andso
(15), (16) imply

N —(2N;— )2N — )< N, <N —NyN (18)

From (18), we see that MMSE-PAT dedicates at least NV Ny,
but no more than (2N — )(2N; — ), signaling dimensions to
pilots. The implication is that the PAT schemes which achieve
equality in (10) obey N, < N — N;N . This result is intu-
itive, because, to minimize MSE, the pilot symbols must es-
timate all NyN independent BEM coefbcients, thereby con-
suming at least Ny N signaling dimensions. Our analysis also
shows that PAT schemes can support a data dimension of at least
N — (2Ny — )(2N — ) without sacribcing MSE.

3In Section III, we establish that higher N, leads to higher data rates in the
high-SNR regime.
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E. Time-Frequency Duality of MMSE-PAT

Time-frequency duality is a well-known and fundamental
concept in communication theory (see, e.g., [24]). While it has
been recently applied to the design of space-time codes (e.g.,
[27]), we now demonstrate that it can be applied to the design
of afbne MMSE-PAT schemes for the DSC. We refer to (*, B),
for ¥ = y and B = yB, as the Qrequency-domain
counterpartOof ( , B). Using this notation, Lemma 2 gives the
frequency-domain analogy of Lemma 1.

Lemma 2 (Frequency-Domain Conditions): For N-block CP
afPne PAT over the CE-BEM DSC, the pair (19), (20) form nec-

essary and sufPcient conditions for equality in (10)

N-1 G
)7 = eI = Eps( )6 )
1=0
V oeN, ¥ eN (19)
N-1 o
by()7*( = Je T Em =0
1=0
V eNp,V €N, Vge{0, ,N,— } (20

Proof: Plugging () = (/ N) 5! “(q)e/® Mai
into (15), it is straightforward to show that (15) and (19) are
equivalent. A similar technique proves the equivalence between
(16) and (20). [ ]

Note that the conditions in Lemma 2 mirror those in
Lemma 1, except that the discrete delay-spread N and discrete
Doppler-spread N have interchanged their roles. Our duality
result can be stated concisely as follows.

Lemma 1 (Duality): If ( ,B) parameterizes N-block CP
MMSE-PAT over the CE-BEM DSC with discrete delay-spread
N, and discrete Doppler-spread Na, then ( n , nB) pa-
rameterizes N-block CP MMSE-PAT for the CE-BEM DSC
with discrete delay-spread N, and discrete Doppler-spread N;.

To our knowledge, the application of time-frequency duality
to the design of DSC MMSE-PAT schemes is novel. Similari-
ties between the structure of MMSE-PAT schemes for SCM over
time-selective channels [28] and OFDM over frequency selec-
tive channels [4] have been previously noted in [28]. However,
our result on the duality of DSC MMSE-PAT is more general,
and applies to any afPne modulation scheme (including, but not
limited to, SCM and OFDM), as illustrated by the MMSE-PAT
examples given in Section II-F.

F. Examples of Affine MMSE-PAT

Here we give several examples of NN-block CP afbne
MMSE-PAT schemes for the CE-BEM DSC with discrete
delay-spread N and discrete Doppler-spread Ny, using the
( , B) parameterization. It is straightforward to verify that the
following examples satisfy the MMSE-PAT conditions (15),
(16) and (19), (20).

Example 1 (TDKD): Assuming (N/Ny) € Z, debne the pilot
index set P = {I,1+ (N/Ns), .1+ ((Nyf— )N/Ng)}
andtheguardindexsetg(l) =Upe O-N+ +, N -

+ }. An N-block CP MMSE-PAT scheme for the CE-BEM
DSC is given by the pilot vector ( ) = +/E,/Nse/ () if

e PV, ()=0if ¢« P and by B constructed from
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Fig. 1. (a) Structure of TDKD with N and N 5

the columns of  with indices not in the set g(’). Both | €
{0, ,(N/Ny)— }and6( ) € R are arbitrary. The corre-
sponding data dimension is N; = N — Ny(2N — ).

Example 1 specibes a PAT scheme in which the data and pilot
sequences are nonoverlapping in the time domain, where the
pilot pattern consists of periodic time-domain bursts, and where
each burst has a truncated Kronecker-delta structure, with [ con-
trolling the time-offset of the Prst burst. (See Fig. 1). Note that
the burst period N/N; ~ /2f T, satisPes a Nyquist-sampling
criterion. This Qime-domain Kronecker deltaQ(TDKD) scheme
bears similarity to the PAT scheme proposed in [29] (heuristi-
cally) and later in [12], with the difference that [12] focused on
zero-padded (ZP) block transmission, which allows for efPcient
concatenation of blocks. We make a thorough comparison of CP
and ZP schemes in Section IV.

Example 2 (FDKD): Assuming (N/N ) € Z, debne the pilot
index set P\ = {I,1+(N/N), ,I+((N — )N/N )} and
the guard index setgj([l) =Upe O{-N¢g+ + . Ny-—

+ ). An N-block CP MMSE-PAT scheme for the CE-BEM
DSC is given by the pilot vector = 7, with *( ) =
VE,/Ne ®if e PO () =0if ¢ P andby B
constructed from the columns of the IDFT matrix Rf with in-
dices not in the set g}”. Bothl € {0, ,(N/N)- } and
6( ) € R, are arbitrary. The corresponding data dimension is
Ny =N—-N(@2Ny— ).

Example 2 specibPes a PAT scheme in which the data and
pilot sequences are nonoverlapping in the frequency domain,
where the pilot pattern consists of periodic subcarrier clusters,
and where each cluster has a truncated Kronecker-delta struc-
ture, with [ controlling the offset of the Prst cluster (see Fig. 1).
Note that the cluster spacing N/N satisPes a frequency-do-
main Nyquist-sampling criterion. This Grequency-domain Kro-
necker deltaO (FDKD) scheme is the time-frequency dual of
TDKD and bears similarity to the heuristic PAT schemes pro-
posed in [29] and [30]. For the special case of frequency-selec-
tive channels (i.e., Ny = ), FDKD coincides with the MSE-op-
timal OFDM system identiPed in [3] and [4], where the pilot
clusters reduce to pilot tones.

Example 3 (Time-Domain Chirps): Assuming even N,
an N-block CP MMSE-PAT scheme for the CE-BEM
DSC is given by () = /E,/Ne/@ MOy 2K and
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. (b) Structure of FDKD with N and N s

[Blrgy = (/ N)ei@ M@+NN)kei2 N)(Ny 2)k*  for

€{0, ,N-— }andqe {0, ,N;— },wherethe data
dimension Ny, = N — 2NN +

Example 4 (Frequency-Domain  Chirps):  Assuming
even N, an N-block CP MMSE-PAT scheme for tlvle
CE-BEM DSC is given by = % and B = Y§B,
with *( ) = /E,/Nei@ MO 2K ang [B],, =
(/) N)ed@ N@HNN)kgi(2 N)(N 2)k*  for c
{0, ,N - }andq € {0, ,Ns;— 1}, where the data
dimension N, = N — 2NN +

To our knowledge, the use of QhirpOsignaling for DSC
MMSE PAT is novel; though a chirp-based PAT scheme was
suggested in [31], it was not MMSE. We refer to examples 3
and 4 as @hirpOschemes because the pilot and data waveforms
are linear chirps, as evidenced by the 2 term in the complex
exponentials. With our chirp schemes, the pilots and data are
superimposed in both the time and frequency domains, but
still linearly separable at the channel output, as required by
(11). Note that the PATs in Example 3 and Example 4 are
time-frequency duals.

III. ACHIEVABLE-RATE ANALYSIS OF MMSE-PAT

We now calculate bounds on the ergodic achievable rate of
afPne precoded MMSE-PAT schemes for the CE-BEM DSC,
paying special attention to the high-SNR regime. Lemma 1,
which distills the fundamental properties of these MMSE-PAT
schemes, allows this achievable-rate analysis to be conducted
in a uniPed manner. In particular, we derive bounds on the mu-
tual information between the input and output of the DSC when
an afPne MMSE-PAT scheme is employed. In addition, we pro-
pose a pilot/data power allocation procedure, recalling that, until
now, we have assumed Pxed pilot energy F,, and arbitrary data
energy. Finally, we deepen our analysis in the high-SNR regime
and compare the MMSE-PAT examples from Section II-F.

A. Definitions

As before, we consider the transmitter and channel models
discussed in Sections II-A and II-B, respectively. Suppose that
the MMSE-PAT scheme ( , B) has pilot energy E,, [recall (5)]
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and yields data dimension N;. It will be convenient to write the
input-output relation (2) as

y=H +HB + Q1)
where H € CV*N is debned element-wise as
[H]n,m = (TL, n— >N) (22)

A

with (n,f) = Ofor ¢ # {0, ,N — }. We also dePne H
and H in the same way as H, but from and , respectively. It
can be veribed that E{HH"} = | E{HH } = t{R;}/N
and E{fIfIH} = r{R,}/N, where R, and R; were given
in (13) and (14), respectively.

For Section III, we make two additional assumptions on our
model. First, we assume that the channel coefPcient vector
is Gaussian and varies independently from block to block. In
practice, independent fading across blocks can be achieved
through block-level interleaving. Second, we assume that the
columns of precoding matrix B are orthonormal (whereas
earlier B was specibed as full rank). Note that, for the purpose
of ergodic achievable-rate analysis, this assumption can be
made w.l.o.g., since the mutual information between and
y remains unaffected by invertible transformations of . We
then dePne the data energy E, = E{||d||*?} = E{|| |I*}.
the total energy E, = FE, 4+ E, and the transmission power
o2 = (/N) NJ'E{ ()2} = E./N.In addition, we
debPne SNR = 02 /02, as motivated by our energy-preserving
channel model. Finally, we dePne the normalized data power
02 = E,/N,. Note that these energy and power dePnitions
do not take the CP into account; the effects of the CP will be
discussed in Section IV.

B. Achievable-Rate Bounds

In this section, we obtain achievable-rate bounds assuming
a zero-mean i.i.d. Gaussian distribution for . The gen-
eral distribution case will be treated in Section III-D. To
present the bounds, we use the normalized channel estimate
H = H,/N/ t{R;}, where E{HH"} = .

Theorem 2 (Achievable-Rate Bounds): For the N-block
CP afPne MMSE-PAT scheme ( ,B) with zero-mean i.i.d.
Gaussian € CH: over the CE-BEM DSC, the per-block
ergodic achievable rate Cpnms —ga —pbik in bits/block obeys
Cmms —ga —blk—Ib < Cmms —ga —blk < Cmms —ga —blk— b» where

Crms —ga —blk—b=F 1 gde [ NS+PIbBHfIHiIB:|} (23)
Coms —ga bl b=E 1 gde [ N, +p bBHHHHB}} 24)

_ oir{R;} 25)
M52 R} No?
2
0—9
o=t (26)
U’U
Proof: See Appendix III. ]

The lower bound (23) describes the Gvorst caseOscenario of
channel estimation error acting as additive Gaussian noise. This
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concept was previously used in, e.g., [10]. The upper bound (24)
describes the Qest caseOscenario of perfect channel estimates.
The achievable rate Cryms —ga —bik Specibes a rate below which
codes can be designed so that the probability of the decoding
error is arbitrarily small. Though we have not considered any
particular decoding technique in Theorem 2, it follows from [32]
that weighted minimum distance decoding can facilitate a rate
0f Cms —ga —blk—Ib- In Section IV, we consider the effects of the
CP and write the achievable rate in units of bits/s/Hz.

It is insightful to compare Cmms —ga —blk, the achievable rate
of afPne MMSE-PAT, to C s_z —pik, the achievable rate of a
system with perfect receiver-CSI, under equal transmission
power 03. (With perfect CSI, there is, of course, no need for
pilots.) With i.i.d. Gaussian data, the achievable rates are known
tobe [331C g g i = E{l gde [ n+p <H"H]} bits/block
with p 5 = 02/02. Two principle factors separate C s_ga —bik
from Cmms —ga —bik- First, MMSE-PAT suffers from channel
estimation error, which degrades Crms —ga —bik by affecting the
Qffective SNRO(25). Second, MMSE-PAT uses only N, out of
N total signaling dimensions for data transmission. Note, from
(21), (23), and (24), that MMSE-PAT communicates the data
through the Qffective channelOHB € CN*Ns which offers
only N, degrees of freedom. The perfect-receiver-CSI system,
on the other hand, communicates data through the effective
channel H € CV*¥  which offers N degrees of freedom. Our
asymptotic analysis in Section III-D provides further insight on
these issues.

C. Pilot/Data Power Allocation

Until now, our MMSE-PAT schemes were designed using
Pxed pilot energy E,. Now we consider the problem of ju-
diciously allocating a Pxed energy F, between pilots and
data. Notice the inherent tradeoff: increasing the pilot power
decreases the channel estimation error but also decreases the
data power, which in turn increases the sensitivity to noise and
channel estimation error. Intuitively, power should be allocated
to maximize an @ffective SNROwhich takes into account both
the noise and channel estimation errors. The approach we take
is to maximize pyp.

Let € (0, ) denote the fraction of energy allocated to the
data symbols, ie., s = aE, and E, = ( — a)E,. We are in-
terested in Pnding o, = argma ,, pip(a). Recall that o, must
satisfy (Opip(a)/0) a=a = 0, which is equivalent to satis-

fying
E, o By
(Y(aw) + ) (NSO'2 — ' (ay) = <]\;;U’2 —p(ay) P (ay)
27
with
N;N -1
oaF,
= 28
@) —o NN.GZR\ +( —a)E,.N, 28
and ¢'(«) = 01 /0a. Numerical techniques can be used to

Pnd the roots, within the interval (0,1), of the polynomial (27).
Among these roots, «, is the one which maximizes pyp.
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the perfect-receiver-CSI bounds, as a consequence of the higher
spreading index.
In Fig. 5, we compare SZP-TDKD to SCP-FDKD on

two channels with N = and Ny = 3. One has
iid. BEM coefbcients (ie., A( ,£)2 = N/NyN
for € {—=((N; — )/2). .((N; — )/2)} and
¢ € {0, ,N — }), and the other has independent but

nonidentically distributed BEM coefbcients, as would re-
sult from a nonuniform delay proble and a nonuniform
Doppler spectrum. In particular, we consider a channel with
a QakesODoppler spectrum and an exponential delay proPle,
for which {A( ,6)2} = e 0U(f2_ 2(NT,)~2)7"°
for € {~((Ny — )/2), .((Ny — )/2)} and
¢ e {0, ,N — 1}, and where is chosen such that
r{R,} = N. For the channel with i.i.d. BEM coefbcients,
we allocate pilot/data power according to the procedure in
Section III-C, while, for the non-i.i.d. channel, we allocate
equal power between pilots and data. In both cases, we see
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Fig. 5. Bounds on ergodic achievable rates for N for (a)

nonuniform and (b) uniform decay and Doppler probles.

and N ¢

that the achievable rate bounds grow (asymptotically) linearly
in I gSNR with slopes proportional to the pre-log factors in
the asymptotic rate expressions (36) and (37). Since, for this
channel, N > N;, SCP-FDKDQ higher pre-log factor trans-
lates into signiPcant rate gains over SZP-TDKD at high SNR.

VI. CONCLUSION

This paper presented necessary and sufPcient conditions for
cyclic-prePxed block-based affPne PAT to yield MMSE channel
estimates for the single-antenna CE-BEM DSC. Using these
conditions, novel MMSE-PAT schemes were proposed, and cer-
tain heuristic PAT schemes were shown to be MSE-optimal.
In addition, bounds on the ergodic achievable rates of afPne
MMSE-PAT systems were derived, and a pilot/data power al-
location scheme was developed. A high-SNR analysis was then
presented which suggested that, to maximize high-SNR achiev-
able rate, the channel® spreading parameters should be taken
into account when choosing among afPne MMSE-PAT schemes.

APPENDIX I
PROOF OF THEOREM 1

We begin with the singular value decompositions
PU = V,5,Q;) and DU = V £ Q", where £, and £
are diagonal and full-rank. Let K < NyN denote the rank of
¥,. DePning z = Vy and using (2), (3), and (7)

Z2=S,Q A+ V) VEQ'A+V]
—_ ——
d n
Since projection onto ¢ 1(V) does not attenuate the pilot
component of y, the pilot-aided MMSE channel estimate given
{y, P} is equal to that given {z, P}. With R., = E{zA"}
and R, = E{z2"}, the MMSE estimate of X given {z, P} is
A= R?’ARz_lz, where R, » = LR, and

R.= R\ ['+0? x+E{ R, "}
—_— Y—m/———
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