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Abstract— We consider the effect of mobility on a wideband
direct sequence spread spectrum (DSSS) communication system,
and study a scale-lag Rake receiver capable of leveraging the
diversity that results from mobility. A wideband signal has a
large bandwidth-to-center frequency ratio, such that the typical
narrowband Doppler spread assumptions do not apply to mobile
channels. Instead, we assume a more general temporal scaling
phenomenon, i.e., a dilation of the transmitted signal’s time
support. Based on a uniform ring of scatterers model, we
determine that the wideband scattering function, which quanti�es
the average scale spreading, has a “bathtub-shaped” scale pro�le.
We compare the performances of a scale-lag Rake and a
frequency-lag Rake, each capable of leveraging the diversity
that results from mobility. Such analysis applies, for example, to
ultra-wideband (UWB) radio frequency channels and underwater
wideband acoustic channels.

Index Terms— Mobile wireless communication, scale-lag diver-
sity, spread spectrum, wideband systems.

I. I NTRODUCTION

W IDEBAND communication systems are deÞned as hav-
ing a fractional bandwidthÑthe ratio of single-sided

bandwidth to center frequencyÑthat exceeds 0.20 [1] [2].
Otherwise, the system is callednarrowband. We are interested
in studying the effect of mobility (i.e., temporal variation in the
physical geometries between transmitter, receiver, and scatter-
ers) on wideband communications systems and in designing
transceivers capable of leveraging the potential diversity gains
that result from multipath propagation in mobile environments.

First, it is important to note that the combined effects of
multipath and mobility on transmitted signals are modeled
quite differently for wideband systems than for their narrow-
band counterparts. For example, in narrowband systems with
a dense ring of scatterers surrounding the receiver, mobility
imparts a spreading of the signal in the frequency-domain that
is commonly referred to as Doppler spreading [3, p. 809]. In
wideband communication systems employing direct sequence
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spread spectrum (DSSS)Ñthe focus of this manuscriptÑthe
effects of mobility in the multipath mobile environment are not
well described by frequency-domain spreading, but rather by
time-domainscale spreading. Note that scale-spreading arises
from the same fundamental mechanism that causes Doppler
spreading. For example, changing the time scale of a single
sinusoid is equivalent to shifting the signal in frequency. By
scale spreading, we mean that several copies of the transmitted
signal combine at the receiver, each with a different dilation
of the time support of the original signal. In addition, each
copy may be attenuated and temporally delayed by a different
amount.

When the different propagation paths are characterized
by independent dilations and delays, the fading inherent to
multipath propagation can be mitigated by using diversity
reception. For wideband DSSS signaling, we propose ascale-
lag Rake receiver that extracts this diversity.1 The scale-
lag Rake employs a basis composed of shift-dilates of the
transmitted waveform in order to match the scale-lag spreading
induced by the wideband channel. In general, the transmit
waveform could be designed tooptimally enable the scale-lag
diversity; however, for practical considerations, we constrain
the transmit waveform to be a DSSS signal. The analysis
can be applied to underwater acoustic systems [4] as well
as to radio frequency ultra-wideband (UWB) systems [5]. In
particular, this paper considers mobile wideband systems with
limited available lag diversity where extracting dilation diver-
sity has the potential to signiÞcantly improve performance [6].

The rest of the paper is organized as follows. Section II
describes the DSSS waveform and deÞnes the transformation
used to model the input-output characteristics of the wideband
channel. Section III motivates the scale-lag Rake receiver and
discusses the scale-resolution property of a wideband DSSS
waveform. Furthermore, a low complexity implementation of
the scale-lag basis projection is proposed. In Section IV, the
wideband scattering function, which quantiÞes the scale-lag
channel energy proÞle, is examined and scale-lag diversity is
deÞned. Section V supports the analysis by providing numeri-
cal results for a system employing second-derivative Gaussian
chip pulses. Finally, we provide conclusions in Section VI.

II. SYSTEM MODEL

A. Transmit Signal
Throughout, we assume baseband DSSS signaling, where

the transmitted signals(t) results from linearly modulating a

1The possibility of a scale-lag receiver was mentioned in [3], but no details
were developed.
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Fig. 7. Example scale-lag Rake conÞgurations: (a) rectangular, and
(b) ÒT-shapedÓ.

and subsequently combines the projection coefÞcients to infer
thekth bit. The index setI speciÞes the coordinates of active
Rake Þngers. For example, Fig. 7(a) shows a Rake with a
rectangular grid of scale-lag Þngers and Fig. 7(b) shows a
Rake with two active non-trivial scale Þngers. Note that the
conventional lag-only Rake is a special case of the scale-lag
Rake withI = {(0, n) : n = 0, . . . , N}, i.e., with only trivial
scale Þngers. Note also that, for typical values of dilation-
spacing (i.e.,ao ≈ 1), a Taylor series approximation around
the pointao = 1 givesam

o ≈ 1+ m(ao − 1) = 1+ mγo. Thus
{x(k)

m,n(t)}m∈Z constitutes an approximately uniform sampling
of the scale domain with sampling intervalγo.

Using the wideband channel transformation (3), we now
analyze{r

(k)
m,n}, the scale-lag Rake projection coefÞcients for

the kth bit:

r(k)
m,n = 〈x(k)

m,n(t), r(t)〉,

=
Nb−1�

l=0

bl

�
x(k)

m,n(t),L{x(t − lTb)}
�

� �	 

≈0, for l �=k since τmax�Tb

+ 〈x(k)
m,n(t), w(t)〉

� �	 

w(k)

m,n

,

≈ bk

�
x(k)

m,n(t),L{x(t − kTb)}
�

� �	 

h(k)

m,n

+w(k)
m,n,

= bkh(k)
m,n + w(k)

m,n. (14)

In (14), {h
(k)
m,n} are the channel coefÞcients and{w

(k)
m,n}

are the noise coefÞcients. Collecting{r
(k)
m,n}(m,n)∈I into the

vectorrk, we can write

rk = bkhk + wk (15)

where vectorshk and wk are deÞned similarly. Because the
channel produces Þnite scaling and delay, there is negligible
energy in the scale-lag Rake components corresponding to

the following set of indices:{m, n | m > �γmax
γo

� or m <

−�γmax
γo

�, n > � τsup
to

� or n < 0}. Thus, in the case thatI
speciÞes a rectangular array of Rake Þngers with dimension
(2M+1)×(N+1), it would be advisable to chooseM ≈ γmax

γo

andN ≈ τsup
to

in order to limit complexity while capturing a
signiÞcant fraction of the received signal energy.

F. Reduced-Complexity Rake Implementation

Anticipating the high expense of accurate wideband analog
Þltering, we propose a low-complexity means of scale-lag
projection. For ease of illustration, we focus on a(2M +1)×
(N + 1) rectangular array of Rake Þngers. For this setup, we
propose to feed the output of a single chip-matched Þlter into
a bank of samplers with rates{(am

o to)−1, m = −M, . . . , M}.
Each sampler output is connected to a tapped-delay line with
Þngers down-sampled to the chip-pulse rate1

To
. (See Fig. 8.)

Here, we have assumed, for simplicity, that the chip-spacing
To is a multiple of the translation-spacingto, i.e., To

to
= Nt for

Nt ∈ N. Focusing on the0th bit and dropping the superscripts
in (14), the proposed structure can be justiÞed as follows.

rm,n

=
�

xm,n(t)r(t)dt,

=
1

a
m/2
o

Np−1�

i=0

ci�
Np

�
p

�
t−ntoam

o −iToam
o

am
o

�
r(t)dt,

=
1

a
m/2
o

Np−1�

i=0

ci�
Np

p
�
− t

am
o

�
∗r(t)

�
�
�
t=(n+iNt)am

o to

,

≈ 1

a
m/2
o

Np−1�

i=0

ci�
Np

p (−t) ∗r(t)
�
�
�
�
t=(n+iNt)am

o to

,

=
1

a
m/2
o

Np−1�

i=0

ci�
Np

zm,n[i], (16)

where ∗ denotes linear convolution and where

zm,n[i] := p (−t) ∗r(t)
�
�
�
�
t=(n+iNt)am

o to

. (17)

The approximation in (16) is premised on the idea that dilating
the Tp-duration chip pulsep(t) by am

o has a negligible effect
on the Rake outputs.8 Note that, sinceTb � Tp, dilating p(t)
is insigniÞcant in comparison to dilating theTb-duration bit
waveformx(t).

Notice that the translation-spacingto is analogous to the
sampling period in lag-only Rake reception (i.e., them = 0
components); the scale components (i.e.,m �= 0) are obtained
by slightly lengthening or shortening the sampling period.
An interesting question is how sampling frequency offset will
affect the performance of the scale-lag Rake. We conjecture
that as long as the sampling of the scale-lag plane is ÒdenseÓ
enough to collect all the received energy, then sampling
frequency offsets will not adversely impact performance.

8A similar approximation is used for analog-to-digital conversion in a
narrowband DSSS system, i.e., the Doppler distortion of chip pulses are
ignored [15].
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Figure 9 compares performances of the rectangular and ÒT-
shapedÓ scale-lag Rakes to a rectangular frequency-lag Rake
and a lag-only Rake. Our baseband channel mandates that
we use a real-valued version of the frequency-lag Rake from
[15], the details of which are given in Appendix II. The lag-
only Rake employs a linear array ofN + 1 Þngers, the ÒT-
shapedÓ Rake employsN + 1 lag Þngers plus two non-trivial
scale Þngers, as illustrated in Fig. 7, and the rectangular Rakes
employ an array of(2M + 1) × (N + 1) Þngers.

For the scale and lag spacing of the scale-lag Rake Þn-
gers, we chosekγ = 0.28 (equivalent to half the mini-
mum resolvable dilation) andkτ = 0.236 (equivalent to the
minimum resolvable lag), respectively. Smaller scale and lag
spacings were found to yieldlittle performance gain due to
increasing correlations between Rake Þngers; larger scale and
lag spacings led to a degradation in performance. We chose
M = �γmax

γo
� = �γmaxTbfo

kγ
� and N = � τsup

to
� = � τsupfo

kτ
� to

ensure that the majority of the signal energy was captured by
the receiver. The experiments were performed with a Òbathtub-
shapedÓ scale proÞle11 (27) and a (truncated) exponential
delay proÞlefT (τ) = Ke−ατ for 0 ≤ τ ≤ τsup andfT (τ) =
0 otherwise, whereα = ln(4)

τsup
and K = α

1−exp(−ατsup) .
The normalized effective delay spread wasτsupfo = 0.5
and normalized scale spread was chosen fromγmaxTbfo ∈
{0.005, 0.05, 0.1}. Recalling the examples given in Section II,
γmaxTbfo = 0.01 and τsupfo = 0.5 would occur in a 2-ray
RF system with mobile velocity67.5 km/hr, data rate25 kbps,
and bandwidth8 GHz; or in an underwater system with mobile
velocity 11 km/hr, data rate10 bps, bandwidth100 Hz, and
delay spread of 10 ms. In both of these examples,τmax � Tb,
so that ISI can be prevented using guardbands that are much
shorter than the bit interval.

In Fig. 9(a), the normalized scale spreadingγmaxTbfo =
0.005 is minimal, and so the four receivers show similar
performance. In Figures 9(b) and (c), with normalized scale-
spreads ofγmaxTbfo = 0.05 and0.1, respectively, the scale-
lag Rake exploits an approximate effective diversity order
of three at SNR= 30 dB, while the lag-only Rake exploits
only an approximate effective diversity order of two at the
same SNR. The approximate effective diversity orders can
be determined by counting the number of eigenvalues above
−30 dB and dividing by two [c.f. (32)]. The frequency-lag
Rake also exploits an approximate effective diversity order
of three, though with smaller eigenvalues and hence worse
BER performance. Note that the ÒT-shapedÓ scale-lag Rake
performs nearly as well as the frequency-lag Rake, and much
better than the lag-only Rake with only a slight increase in
complexity.

For the remainder of this section, we report Monte Carlo
results that verify the above theoretical results. The setup and
results are described in the following paragraphs.

The DSSS signal was speciÞed by the following parameters:
Tp = To = 2

fo
, wherefo is the frequency of the chip-pulseÕs

spectral peak,Tp is the chip-pulse duration, andTo is the chip-
pulse spacing. While, in practical systems, the chip-pulses
might be spaced farther apart, complexity precluded us from

11Here we assume a uniform angle-of-arrival distribution; practical systems
may deviate from this assumption.
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Fig. 9. For the scale-spacing relationk� = 0.28 (set to half the
minimum scale resolution) and translation-spacing relationk� =
0.236 (set to minimum resolvable lag), we compare the eigenvalues
and BER performances of the receivers for the ÒbathtubÓ-shaped
scale proÞle (27) with scale-spreads of (a)� maxTbf o = 0.005,
(b) � maxTbf o = 0.05, (c) � maxTbf o = 0.1, and an exponential
delay proÞle truncated to an effective delay spread of� supf o = 0.5.
The curves are described as follows: (◦) the lag-only Rake, (+) the
ÒT-shapedÓ scale-lag Rake shown in Fig. 7(b), (∗) the real-valued
rectangular frequency-lag Rake from Appendix II, and (�) the scale-
lag Rake.

doing so. The second-derivative Gaussian pulse (8) was chosen
as the chip pulse, and the spreading sequence{ci}Np−1

i=0 was
a random binary sequence of lengthNp = 128.

An N = 10 tap random dilation-delay channel was gen-
erated with a ÒbathtubÓ-shaped scale proÞlepA(a) and with
a truncated exponential lag proÞlefT (τ). The dilations and
delays for each tap were chosen uniformly over the non-
zero support of the respective proÞles, and the tap amplitudes
were zero-mean Gaussian distributed with variance satisfying
the scale-lag power proÞle. The normalized scale spread
was γmaxTbfo = 0.1, and the normalized effective delay
spread wasτsupfo = 0.5. In total, 25000 channel realizations
were generated and each realization consumed approximately
500000 multiplies.12

The channel coefÞcientshT := [h−M,0, . . . , hM,N ] were
obtained by projecting the noiseless received signal onto the

12We would like to point out that a high simulation complexity does not
necessarily imply a high receiver complexity. Our wideband DSSS simulations
are numerically intensive because thesampling rate required to simulate
wideband signaling is inherently high; there is no simplifying Òbaseband
equivalent representationÓ as there would be with a carrier-modulated nar-
rowband system.








