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Quantization Based on a Novel
Sample-Adaptive Product Quantizer (SAPQ)

Dong Sik Kim, Member, IEEE and Ness B. ShroffMember, IEEE

Abstract—In this paper, we propose a novel feedforward quantized by a codebook (e C,) is given by
adaptive quantization scheme called the sample-adaptive prod-
uct quantizer (SAPQ). This is a structurally constrained vector 1
quantizer that usesunions of product codebooksSAPQ is based Dvq = E{— min || X; — y||”}. (1)
on a concept of adaptive quantization to the varying samples of k yec
the source and is very different from traditional adaptation tech- . . ) . ) )
niques for nonstationary sources. SAPQ quantizes each sourceln this k-dimensional VQ, the bit-rate (defined as bits per
sample using a sequence of quantizers. Even when using scalarsource point inR) required isk = (log, n)/k. In this paper,
?Ua”“faﬁon i“t_SAtF_’Q‘ (Wet can aChievle p_ﬁrfomarl‘ce Ctomtﬁaiabf'e we focus only on block coding schemes that are based on
0 vector quantization (wi e complexity still close to that of . .
scalar quantization). We also show that important lattice-based fixed-length COquz_O]'
vector quantizers can be constructed using scalar quantization in L€t an observation ofX,,---,X,, be denoted by
SAPQ. We mathematically analyze SAPQ and propose a simple X7,---, X7, wherew is a sample point of the underlying

m?

algorithm to implement it. We numerically study SAPQ for sample spac€; we call this observation aample Suppose
independent and identically distributed Gaussian and Laplacian that the codebook<: are C; € C for i = 1.--+.m
T T ;o - ) ) )

sources. Through our numerical study, we find that SAPQ using o . .
scalar quantizers achieves typical gains of 1-3 dB in distortion Wheren; are positive integers. If we quantize this sample by

over the Lloyd—Max quantizer. We also show that SAPQ can be applying thek-dimensional VQ using codebooks; to each
used in conjunction with vector quantizers to further improve X independently, then the overall average distortidpg

the gains. is given by
Index Terms—Feedforward adaptive quantization, structur-
ally constrained vector quantization, vector quantizer. 1
Dpg = E{ — min || X; —w||" ;. 2
rQ = z_; Inin [|X; — ] )

I. INTRODUCTION

LOCK source codingr vector quantizations a mapping e call this quantization scheme tpeoduct quantize(PQ),
from R into a finite subset called @debooklt is well  SINCe the quantizer is a mapping fraf#™ to the Cartesian
known, from theSource Coding Theorenihat the average product Se_Cl X - x Cn,. The size of th_e prOd‘_JCt set or PQ
distortion of a vector quantizer (VQ) on a random vectdiodebook is[[;Z, n;. Hence, the total bit rat& is given by
can be decreased as the block (vector) &izgets large. The .
average distortion can be made to approach the distortion given R— 1 log H " 3)
by the correspondingate distortion function  km 2 b v
We consider a sequence of random vect&rs, ---,X,, B

as the discrete-time source to be quantized, wh¥ge:= A specific example of PQ fot = 1 (scalar quantization) is the

(X1, -+, Xx;) is a random vector ilR* andm is thesample pulse-code modulation (PCM) scheme, where a codebook is
sizeor theadaptation period Suppose that’|| X ;||" < oo, for  applied independently and identically to each random variable.
i = 1,---,m, where|| - ||” denotes theth power of thel, However, even if the source is independently distributed,

norm to be used for the distortion measure. Cetdenote the jndependently quantizing each random vectoXaf - - -, X .,

class of sets that take points fromR¥, and let the sets in jg just one of many possible coding schemes. For a given
Cn be called %:-level codebooks,” where each such codeboqdit rate, a natural question to ask is whether there exists a
hasn codewords. The quantization df; is the mapping of ¢oding scheme that yields an average distortion that is less
a sequence of observations &f; to a sequence of pointshan the average distortion achieved by PQ. From the source

of ¢ (€ C,) according to a mapping called the quantizet,ging theorem, the following method is well known for
The average distortion achieved when a random veXtpis outperforming PQ. If we represent a sampleXf, - -, X

by a single index taking];-, n; values (in other words,
if we use thekm-dimensional VQ), then we can achieve
Manuscript received February 1, 1998; revised June 1, 1999. a lower distortion, for the same bit rate, than with PQ.
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however, extremely high, especially at high bit-rates. In order
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VQ, various modifications of the VQ structure have beeappendix (Appendix D) in which we describe in more detail
studied [13]. Examples of VQ techniques used to redutiee encoding complexity of SAPQ.
this complexity are: tree-structured VQ (TSVQ), the classified
VQ, the product VQ, the multistage VQ, and the lattice VQ.
However, in the above schemes (except for product VQ), since
the quantizer still has thém-dimensional VQ structure, the In this section, we describe our proposed adaptive quanti-
complexity of implementing the encoder is high. Further, no&ation scheme. For every sample, SAPQ employs codebook
that the performance of these techniques will fall between tHgduences from a previously designed set2fcodebook
the performance of the-dimensional VQ and the performancesequences available at both the encoder and the decoder, where
of the km-dimensional VQ, due to the modifications made if iS @ nonnegative integer. In SAPQ, it is important to note
order to reduce the encoding complexity. In the case of tHeat the codebook sequence can be changed adaptively for each
product VQ, the complexity is significantly reduced at théample that contains. vectors. LetC; ;(C R¥) denote theth
cost of performance. codebook for eacX;, wherej € {1,2,---,27}. Assume that

Based on the above discussion, it would be interesting #fée samples ofX,.---, X, sequentially enter the encoder.
see if one could develop a coding scheme for the sourEBe adaptive scheme quantizes each sandffe---, X,
X.,---, X, which has the same structure as-dimensional Using the codebook§’, ;,---,C,, ; to form the2” candidates
VQ but could significantly improve upon the performance 3f the m-codebook sample distancesfined by
PQ ink dimensions. In this paper, we propose such a quantizer. m
We call the quantizer aample-adaptive product quantizer _1_ Z min || X% — ", forj=1,2,---,2". (4)
(SAPQ). km — yeCiy

SAPQ is based on a new concept of adaptation to each sam-
ple X¥, ..., X% . SAPQ quantizes each samp¥&’, ---, X%  Here, we suppose that; ; € C,,/, for j = 1,2,---,27, where
using a sequence of. codebooks and periodically replaces:; € N. The distance in (4) is a random variable defined on the
the sequence of: codebooks from a finite set of codebooksunderlying sample space X7, ---, X, is replaced with the
Note that, even for a memoryless stationary source, the efdndom vectotX, - - -, X,,,. Note that, for a fixed, in order
pirical distribution function (d.f.) [4] that is constructed using0 quantize then random vectors, a sequencerefcodebooks

¥ ..., X% is substantially different fron#”, the d.f. ofX;. Cij,---,Cm; are employed as shown in the-codebook
Hence, even for such a source, in SAPQ, different codebodi@mnple distance. For each sample, the adaptive scheme finds a
could be chosen from sample to sampleis important to codebook sequence, from a finite class of codebook sequences,
note that SAPQ is very different from the traditional adaptivéhat yields the minimum distance given by (4). The resultant
coding schemes that produce increased gains by replacing @igtortion of SAPQ, given by taking expectations in (4), is
guantizer depending on the varying statistical characteristics .

of a nonstationary sourcdl8, pp. 188-210]. SAPQ is a o 1 : It
Dp-sarq = Eqmin +— Juin X —yl". ()

II. SAMPLE-ADAPTIVE PRODUCT QUANTIZER (SAPQ)

structurally constrained VQn km-dimensional space. SAPQ J m <

uses codebooks that asmions of product codebookslence,

compared to PQ, this allows us more control over the poile call the SAPQ in (5), which is based on thecodebook

density of the codebook [15]. Therefore, we expect that tlsample distance;-SAPQ Note that SAPQ encoding is opti-

performance of SAPQ will be higher than that of PQ. Anal for a given codebook.

pictorial example will be shown in Section VI. We will In SAPQ, for each sample, the encoder transmits bits, for

also show that using the scalar quantizer version of SARQe codebook index with quantized element indices, in the

(k = 1) we can describe a number of important latticeform of a feedforward adaptive scheme. This makes it possible

based vector quantizers. We will formally study this codintp replace different codebook sequences for each sample of

scheme and propose a simple algorithm to implement X, ---,X,,. In other words, the encoder quantizessectors

Further, we will show via numerical analyses that our codingf a sampleX?,---, X, using a codebook sequence of size

scheme significantly outperforms PQ and achieves VQ-level from 27 codebook sequences and replaces the codebook

performance, even fok = 1. sequence for each sample. Therefore, the total bit rate in
This paper is organized as follows. In Section I, we describe-SAPQ is given by

SAPQ and provide some mathematical definitions. In Section .

[, we provide some mathematical observations which allow R— 1 log H o ©)

us to better understand the design principles of SAPQ. In km 2 ey " km

Section 1V, the relationship between SAPQ and several root ;

lattices is investigated and an asymptotic performance bountlerern are the additional bits required in our scheme as side

is provided. A simple codebook design algorithm for SAPQ ksits to indicate which codebook sequence is employed.

provided in Section V. In Section VI, we conduct a numerical Note thatm-SAPQ requires at most27 different code-

study using several synthetic samples, and compare SABGbks fromC, . Hence, if m is large, the decoder needs a

with current coding schemes, such as VQ, TSVQ, and thege memory7 for the codebooks and the codebook design

trellis-coded quantization (TCQ). In Section VII, we concludeomplexity may be high. In order to reduce the required

the paper and discuss future research. We also provide rmmber of codebooks, one possibility is to use trepdebook
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sample distancelefined by that of the minimalkm-dimensional VQ distortion. In other
m words, the performance of.-SAPQ lies between that of the
L Z min || XY — |, forj=1,2,---,27. (7) k-dimensional VQ and thém-dimensional VQ.
km yCo; In m-SAPQ, if n} = 1, for all ¢, andn = log, v, then
the m-SAPQ distortion can equal the distortion of the:-
dimensional VQ. Note that we can decrease the quantizer
distortion in this case by increasing the sample sizeuch that
for large enoughn the quantizer distortion would eventually
1 converge to the theoretically obtainable minimum distortion.
Di-sarq :IE{m,in - > min [|.X; —y||r}- (8) For the case whem/ > 1, for some4, and n > 0,
! D v the performance ofn-SAPQ can be worse than thien-
We call this SAPQ, which is based on theodebook sample dimensional VQ but better than any PQ. Note that, in this

distance,1-SAPQ Note that the bit rate fot-SAPQ is given Ca@se as well, we can obtain further gains withSAPQ, by
by R = (log, n')/k + n/km. increasing the sample size, since this would result in a larger

block size(km) for quantization. Of course, i} = n;, for all
1, and the side information = 0, thenm-SAPQ is equivalent
to the PQ; and we cannot expect any gain by increasing the
sample sizen. This tells us that it is important to correctly
designm-SAPQ by choosing appropriate parameters.
The quantization schemeSAPQ, described earlier by (7)
Let us assume that we are using-SAPQ, when our and (8), is a special case of-SAPQ. Hence, in PQ, if we
underlying quantization space is-dimensional. Then the use the same codebodke C,,, n € N for all random vectors
principle of m-SAPQ can be explained in terms ofkan- X,,---,X,,, then there exists &-SAPQ with distortion less
dimensional VQ. To do that we first describe the distortion fahan or equal to that of PQ, at the same bit rate as PQ. Note
a generakm-dimensional VQ for sourc&X,---,X,,. Here, that thekm-dimensional codebook af-SAPQ has the form
we call the quantitytm the quantizer dimensian o
Representing the source as a sequence of random variables L Am
Xl, s ,Xm, let km-tuplesX = (X117 Xlg, BRI ka) de- Ol-SAPQ o U (CJ)

1=

Note that for each distance, we use only one codel@pk
Here we assume that; € C,, for all j, andn’ € N. The
resultant distortion of this simplified SAPQ is given by

IIl. THEORETICAL OBSERVATIONS ON SAPQ

A. Structurally Constrained Quantization
in km-Dimensional Space

note a random vector iR*™. If C' is a subset oR*™ with =t

|C| = v, wherev is a positive integer, then the averaggvherecj € C,. It is obvious thatn-SAPQ is always better
distortion yielded by using &m-dimensional VQ forX is than (or equal to}l-SAPQ. However, depending on the input
E{(1/km)mingcc || X — €||"}, where the bit rate isR = source and appropriate valuesrdfandr for a given bit rate

(logy )/km. In this km-dimensional VQ, the codeboog £, the performance of-SAPQ can be made comparable to
can be any finite subset &*™. In a similar manner to the that of m-SAPQ. We observe the performanceleSAPQ by
km-dimensional VQ case, we now describe PQ an®APQ regardingl-SAPQ as an adaptive quantizer irdimensional
as quantizers ifR*". If Cpq denotes thekm-dimensional space. This will be shown in the next section.

codebook of PQ, therCpq is the Cartesian products of

codebooks defined &8pq := C1 x - - - x Cp,, WhereC; € C,,,  B. Feedforward Adaptive Quantization in

andn; € N. The average distortion of PQ in (2) can then bé&-Dimensional Space

rewritten as If the d.f’s of the random vectorX,,---,X,, are iden-
1 ) - tical, then it seems that employing thHecodebook sample
Dpq = E{mfgg; X =< } distance in (7) may be good enough to quantize the random
vectors. In this way, the required number of codebooks is
Let Cp-sarq € R*™ denote them-SAPQ codebook, then reduced fromm27 in m-SAPQ t02" in 1-SAPQ. Hence, it
C..-sarq is in the form of unions of the product codebooksmay be advantageous to u$eSAPQ if the coding scheme

i.e., yields a sufficient gain over PQ. However, unlike in the
om SAPQ case, simply increasing the sample sizedoes not
C,.-sapQ = U (Crj X - % Cpu ) 9) always guarantee performance gain in th8APQ case. We
j=1 will discuss this after Proposition 2. For the large codebook

) _ ) case, however]-SAPQ is asymptotically better than PQ for
where C; ; € C, andn; € N. The average distortion of niformly distributed data (this will be shown based on the root

m-SAPQ in (5) can then be rewritten as lattice analysis in Section IV). We will also provide numerical
1 ) . results in Section VI to show that under appropriate design
Dyp-sarq = E{% gec}n}&m X =]l } parameterd-SAPQ can significantly outperform PQ.

In the following discussion we will provide some asymptotic
By observing the codebooks iR*™, it is clear that the results which will help us better understand how to design
SAPQ distortion can be made less than or equal to that ari efficient sample adaptive coding scheme usirgAPQ.
PQ. However, the SAPQ distortion is at least as large &sr our analysis, we define a new constgnt= m/n’. We
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call 8 the sample ratiosince it is the ratio of the sampleof codebooks, where each such codebook minimizeslthe
size to the maximum number of available codewords for tlemdebook sample distance in (7) within the class. For different
quantization of a sample in tHeSAPQ case. In this section wecodebooks;, for j = 1,2,---,2", let a codebook class”,
assume that the random vectdXs, - - -, X,,, are independent denote the class of’;, i.e., C’, := {C;} with |C],| = 2".
and identically distributed (i.i.d.). Lef’ be defined as the d.f. Using the notationS(C, ) defined in (13), we can rewrite
of X;. Using F' for a codeboolC, the VQ distortion can be the distortion of1-SAPQ in (8) as
rewritten as
Dyq = % / miy [|z —y" dF(z). (10) Di-sapq =E { Clencle 6(C, Fm)}- (14)

The quantityinfeee, Dvq is called @-leve) F-optimal dis-
tortion and a codebook™ that yields thef"-optimal distortion
is called an f-level) F-optimal codebookif C* exists.
The corresponding quantizer, whéh = 1, is called the
Lloyd—Max quantizer [27], [22]. The optimal PQ is then
given byinf Dpq = infcee, Dvq, where the codebooks are E{ inf 6(C, Fm)} (15)
|C;| = n, for all 4. CeCu

Designing an optimal SAPQ for given parametersn’, and
7 is important in practical applications, since the paramete
are related to the encoding complexity of SAPQ. We no
simplify the 1-SAPQ design problem to finding codeboaKs
that satisfy

In (14), let us replace the codebook clags with C,,,. Then,
the 1-SAPQ distortion is changed to the empirically optimal
distortion defined by

n

ich is always less than (14). We call this distortion the

w-optimal distortion If 3 = 1, i.e., the codebook size’ is

equal to the sample size, then for all sample points € Q,

§(C¥,F«) = 0 holds if codebookC* = {X{,--- X}

is chosen for eaclt;. Hence, thef;,,-optimal distortion is
Di sapq(n',2") := inf D{gspq (11) obviously equal to zero. In the special case whér= 1 and

CieCr B8 > 1, we obtain the well-known relation

for givenm, n’, andn. Here, |C;| = n’ for all j. Note that

D3 _sapg(n/,2") could be even worse than PQ for some E{ inf §(C, Frn)} = (m—1)/m- Var (X1)

andn. We consider an optimah-SAPQ design problem in a CeCy

similar manner as in (11). For given parametersn’, andn,

define the optimat-SAPQ distortion as follows: which implies that the mean distortion is a biased estimator
of the variance. However, for thg >1 case, an explicit
D} sapq(n’,2") == c inf  Dyy-sarq (12) derivation of (15) is usually difficult in general. It will be
R shown that thisF},-optimal distortion is the infimum of the
where|C; ;| = »’ for all ¢ andj. It is obvious that sample-adaptive distortion dFSAPQ, for all7.
o I omy < Do I om Proposition 1: For an increasing sequen€g, CC2, C-- -,
and Di-sara(n’s2%) < Dissaraln’,2") the sequenceE{infcccr, 8(C, Fin)})y is monotonically de-
creasing, i.e.,

Dfn-SAPQ(n/v 2") <inf Dpq
FE{ inf 6(C,F,, E{ inf 6(C,F,.)}, asn — oo
{Clencg, (C.Fm)} | {clenc ) ( )} n

if (n)m27 = n™. A
In order to provide a lower bound aB{_g,pq(n’,2") of (16)
1-SAPQ, we first describe thempirically optimal distortion
introduced in [30]. We define the empirical distortion as., any positive integersn and
follows. Rewrite thel-codebook sample distance in (7) as Proof of Proposition 1: See Apbendix A for the proof.C]
a form of empirical distortions(C, F) as ' '
From Proposition 1, for givek, m, n’, andn, we have a

1 . .
6(C,Fp) = z / Iréiél”.'l‘ —y||" dF;; () lower bound to thel-SAPQ distortion as
N
1 & ‘ , ax{ DY, g, 1 on E{ inf §(C,Fn, }}
— = > min X5 - gl @) X{ sarq (', 27), By i (G, Fm)
oD v < DY sapq(n.27). (17)

for a codebookC € C, . In (13), F}% is the empirical d.f. From (17), it is clear that the distortion ®fSAPQ is bounded
constructed by placing equal masses at each ofitheectors by the F),,-optimal distortion. We now observe the quantity
of the sampleX?,---, X [4, p. 268]. The empirical d.f. D3 _sapq(n/,27) by investigating its relationship with thé,, -

that is constructed for each sample is quite different fromptimal distortion. In [28] and [1], the consistency problem
F and also quite different from sample to sample with higbf the F),.-optimal distortion is investigated based on the
probability (especially if» is chosen to be small). This allowsconvergence of the probability measure in metric space, and
us to tailor an appropriate codebook for a given sample lilye Glivenko—Cantelli theorem. From these investigations we
choosing a codebook from an optimally designed finite clasbtain an asymptotic result (as the sample sizgets large).
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Proposition 2: Suppose that there exists ari-level F- the normalized second moment Bf is defined as
optimal codebook. Then

1
D g, ! on inf F<{— min|X; —9||"
1 SAPQ(” ,27) — Clélcn, {k gggll 1=yl }7

asm — oo (18)

1 fp llz—=,|* de

G(Ay,) = = Jp B~ %ol %
m (fp dx)(rn—l—Q)/rn

(20)

The quantityG(4,,,) determines the performance of a lattice
for fixed integern’. VQ using the mean-square distortion measure,s.e,2 in || -
Proof of Proposition 2:See Appendix B for the prodil ||”, as the metric of performance [12], [6]. Conway and Sloane

. .have calculated the second moments of various lattices that
The above proposition tells us that as the sample size

m increases to infinity compared to the codebook size yield valueg c_Iose tqu“m G(Am) for various dlmenspns,
R y : ; . where the infimum is taken over ath-dimensional lattices
D?_sapq(n’,27) simply converges to the'-level F-optimal

distortion, which is greater than thelevel F-optimal distor- [61, .[7’ Table ]. For _exam_ple, the hexagqnal Iattl_ce, .Wh'Ch IS
LT . ) equivalent to the latticel, in [6], is the optimal lattice in two
tion, inf Dpq. Note that, sincer > n

dimensions. In the three-dimensional case, ke lattice (or,
equivalently, the latticeds) is a body-centered cubic lattice
inf Dpg < inf E{(l/k) min || X; —yll”}. and optimal in three dimensions [3]. Furthermore, Conway
cec,, yeC
and Sloane have found that

Further, for a fixedh’ and an increasing at a fixed ratiop/m, inf G(A2) = G(Az) = 0.0802
the bit rate is also fixed, anb?_g,pg(n’, 2") still converges Az

to the n’-level F-optimal distortion from Proposition 2, evenand

if there is constant side information/m. In other words, inf G(A3) = G(D3) = 0.0785

if we increasem for fixed n’ (increase the sample ratio As

), then the gain decreases and theSAPQ performance and they have also conjectured a lower bound for
eventually becomes worse than PQ, independently. athis inf, G(A,,) [8]. For the definitions of these lattices, see [6].
is an expected result since it implies that the adaptation

occurs over larger and larger time intervals compared to the

codebook size. However, as will be demonstrated in Sectign | attice VQ and SAPQ

VI, increasin while keeping the sample rati@ = ! o .
g ping b 8 = m/n It turns out that vector quantization based on many different

small (e, increasing the codebook sizé as well), will root lattices can easily be constructed by scalar quantization
allow for very efficient adaptation, and performance Iof . . : o
y P b in SAPQ, i.e., SAPQ witht = 1. For setsA*? C R,

SAPQ that is virtually identical to the optimat-SAPQ case, S~
Do Q ' on y P Q t=1,---,m, j =1,2,---,2" assume thatard (A“7) is
m-SAPQ(” ,27).

the same as the cardinality of the integer set &dis the
class of all sets that have the unions of the Cartesian product
IV. SAPQ AND ROOT LATTICES form U, (A% x - - x A™ 7). Note that(Al~ x - - - x A™) is

In this section, we provide further intuition as to why we coset of a rectangular lattice and thatpineduct codebook of

expect SAPQ to outperform PQ. We do this by observing tfg-SAPQIs a sub_se%c@f\ld XX A™). Hence, a truncated
Voronoi partitions of SAPQ and PQ d&sn-dimensional VQ. se_t of elements irL,, can be, |mpl?mented using-SAPQ
It is obvious that all the Voronoi regions that are generated Wth k =1 and». (For eachy, if A"/ are the same for all
the product codebook of PQ are rectangulaRfi*. However, * then we can USQ'S.APQ') . . . .
in SAPQ it is possible to make a Voronoi partition such that TheLﬂrst type of lattice thaF we investigate is the, |attICE.
each Voronoi region yields lower average distortion than ttjn,ﬁt A _denote the _dual latice [E] afl,,. Then AlLan_d 4
rectangular region for a given volume of the Voronoi regio\:Ere equwalent_ I, i€, Ay = Ay = L. 4x(= 4y) |s_the
Thus we expect that for a given bit-rate, SAPQ will achie exagonal lattice and can be gene.rated by the basis vectors
a smaller average distortion than by using PQ. Also note tH& = (1,-1,0) andw; = (1,0, -1). Sincew, and(2u; —uy)
the product codebooks of SAPQ can be efficiently assigned%e. orthogonalas, and 2u; generate a rotated rectangular
the joint d.f. of X, even if the random vectors are dependenlf’.‘ttlce A. Thus
The lattice VQ [14] is a uniform quantizer whose output Ay =AU (uz + A) (21)
is a truncated root lattice [17]. Am-dimensional lattice is
defined as a set of points ™ and it follows that there exists a latticé satisfying 4, =
A € Lé. In the three-dimensional casels; is the faced-
Ay ={zlz=Up,pc ™} (19) centered cubic lattice and has three basis vectors:1, 0, 0),
(1,0,-1,0), and(1,0,0,—1) [29]. Applying the same idea as
where them’ x m matrix I/ = (u; ---u,,) is a generator in the A, case, there is a latticd such thatds = A € L3.
matrix for A, u,;(€ Rm') are linearly independent vectors,To summarize, the lattice VQ based oh and A; can be
andm < m/. Herep is written as a column vector. Let thedescribed bym-SAPQ ¢n = 2 and 3, respectively), with
Voronoi regions that are constructed by the latticg have # = 1. By increasingn we can also describd,,, for larger
the shape of some polytoge with centroidz,. ThenG(4A,,,), values ofm.
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Another important type of lattice is thB,,, (m > 2) lattice. a well-known conjecture (that is generally believed to be
We can represer®,,, as the union o™~ cosets of rectangu- correct), it has been hypothesized that the asymptotically
lar lattices, and since one rectangular lattice corresponds togimal quantizer is a function ofy,,,, [12]. More specifically
product codebook in SAPQ, we obtad—! = 27. Hence, . 2/km o,
the side information required in this cases= m — 1 Jim v D) = il eme2)-
which corresponds to the number b in the d|agon2LPf Therefore, if this conjecture were true (as is typically as-
the D,,, generator matrix. This also means thay, € LT ~ sumed), thenm-SAPQ could achieve the asymptotically op-
can be implemented by using-SAPQ. Form va Dml's timal km-dimensional VQ performance [24], [10]. Based on
the dual of the latticeD,,, and it is clear tthDm_ € L, the asymptotic result given by Theorem 1, we can discuss the
This implies thatl-SAPQ can construct th®,, lattice with  5chievable performance of SAPQ. As shown in (25), since
only n = 1. Further, it _also teII_s us thal—SAPQ Wlth_n =1 _ SAPQ can achieve the performandg,,||/|lxm, m-z), the
can construct the optimal lattice in three dimensions, SiNg@ymptotic performance of the optimale-dimensional VQ

L 4L - .
Dy = Az Fugthermore, n a similar way to thB,,, case, We he advantages of SAPQ over PQ are the same as the advantage
obtain E; € L- and Eg € Lg. Hence, these lattices can alsqys VQ over scalar quantization [24], [25].

be implemented byn-SAPQ.
B. Asymptotic Lattice Bound V. CODEBOOK DESIGN FORNONUNIFORM SAPQ

Using the normalized second momeHifA,,,,) of a lattice For givenk, m, andn’, as shown in (11), the design problem

H km H :
A in R™™, we can obtain an asymptotic upper bound ogs 1 saApQ is to find an optimal codebook that achieves the
the m-SAPQ distortion for any vector dimensidn Define distortion D°

, . 2M). However, finding such an optimal
i -di i ; o 1-SAPQ(” ,27) , g p
the optimalkm-dimensional VQ distortiorD?(r') as codebook is not easy for the nonuniformly distributed inputs.

In order to find (sub)optimal codebooks, we have developed a
clustering algorithm that uses a large number of samples as a
. . ) . _training sequencgTS). But this TS size is still substantially
we now show th".ﬂ the pptlmalz-S_APQ dlstortlon_can achieve less than that of traditional VQ or modified schemes. (In a
the optimalkm-dimensional VQ in an asymptotic sense. straightforward manner, this algorithm can be extended to
Theorem 1: Suppose that the source designing then-SAPQ codebook.) Let; ¢, - - -, &, ¢ denote
the ¢th training sample in a given TS that hag samples,
X = (X, Xaz, oo Xiow) where a sample has training vectors The first part of our
has a joint density functiorf with E{|X]|2+<} < oo for some a!gorithm guantizes. training vectors in each sample us'r?fg
¢>0, and f is bounded onR*™. Then, for an increasing dlffe_rent c_odebooks_ and.then selects a codebook that yields the
sequence(n,), such thatn,/2(7/*™) — o, where« is a minimal distance (given in (7)) for the sample. The second part

orn 1 o
D°(v) = C,}Icl’f;uE{ - Igélél“x &l } (22)

positive constant, of the algorithm updates the codebooks using the partitioned
. N 27k TS in the quantization process of the first part. These two parts
lim sup[(ny)* ™27 " D} -s apq (1, 27) are then iteratively applied to the given TS. The clustering
n—oo . . .
algorithm is described below.
< G(Arrw) | fllkermy (ema2)  (23)
where the functional - || /(xm+2) is given by Clustering Algorithm {-SAPQ)
(km42)/km 0. Initialization (v = 0): Given sample sizen, codebook
1 f ey ermt2y == [/ frm/ D) (g g . (29) sizen’, side bitsy, distortion threshold > 0, initial code-
book Cy, and TS((x1 ¢, , &m,¢))PL,, setD_; =oc.

Proof of Theorem 1:The proof of Theorem 1 is givenin 1. Given codeboolC,, = UZ_,(C;)™, whereC; € Cp,
Appendix C. O find 27n partitions of each training vector in the TS for
the correspondin@”n’ codewords, where each train-

Note that, in them-SAPQ of Theorem 1, the size of the ing vector's codeword is determined by the following

codebookC,,,-saprq is (n,;)*™27. From Theorem 1, we can

. . guantization:
obtain the asymptotic result
. kmaoni2/km o n m
llzrisolip[(nn) 2 ] Dm-SAPQ(nﬁv 2 ) d[ = ) min — min ||xj7[ — y”’r7
JE{L,2, 27} M = YEC;
< ka||f||km/(km+2) (25) for ¢ = 1,---, M. (26)
where Ji,,, = inl,,, G(Axm). It is clear that the optimal ) )
km-dimensional VQ is such that Next, we compute the average distortibyy for the yth

iteration, given by
limsup 125D (1) < T Fllkom) (hmt2)-
V=00 M
1
From [31] and [5], we know that the sequence on the left- D, :=— E de. (27)
hand side converges under certain conditions. Further, from £=1
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2. f (Dy_1—D,)/D, < ¢ stop.C, is the final codebook. 0.25
Otherwise continue. ]
3. Compute centroids for each of tl&n’ partitions and

o
[N

replace the codewords ., by the new2?»’ centroids.
Increasey by 1. Go to Step 1.
It can be shown using similar techniques as in the case of the é 0.15
generalized Lloyd algorithm (GLA) or th&-means algorithm g
[2] that D, is a decreasing sequence. Thils converges to B 01

a (local) minimum, which depends on the initial codebook
C,. In the traditional scalar quantizer design problem, we ] m-SAPQ
can obtain the global optimum if the input source has a

log-concave density as in the case of the Gaussian source

o
fa ]
o

[19]. However, even for Gaussian sources, in the case of ST T TTTTT T T T T T T T T T
SAPQ, convergence to the global optimum is not guaranteed. 0 5 10 15 20
Therefore, it is especially important to choose an appropriate Iteration

initial codebook. We next outline a “split method” to determingig. 1. sample-adaptive distortio., with respect to iteration in the
the codeboolC\. For the generation of an initial codeboolkalgorithm atiz = 2. (Gaussian i.i.d. with unit variancé; = 1, m = 2,
C, from the split method, we need a start codebook that 1s= 2- adn = 2.)

denoted byCJ in R¥". The start codeboolC) = (C?)™

contains codebook’? that belongs ta’,.;, whereC? is a k- VI. SIMULATION RESULTS AND DISCUSSIONS
dimensional VQ codebook designed by the current VQ design

. For our experimental results, we use synthetic data that rep-
algorithm.

resents a Gaussian (or Laplacian) i.i.d. signal for all elements
. . of the sourceX,---,X,,. In other words, all the random
Initial C-o.dejboc.)k Guess (Sph.t Method) _ variables inX,---,X,, are i.i.d. In our numerical study, to
0. Initialization (v = 0): Given sample sizen, COdebO}?k ensure a good codebook design for the underlying distribution,
sizen/, side bitsn, split constantz;): (e,---,¢) € R*,  we have used more than 5000 training vectors per codeword.
where e > 0, start codebookC, C R*™, and TS The mean-square distortion measure is employed fi.e:,2

((wl,h"'vwm,f))é\il: o in (1)). In Fig. 1 we illustrate how the algorithm converges
1. If v = 5, stop.Cy is the initial codebookC, for the to a (local) minimum distortion in designing the-SAPQ
clustering algorithm. Otherwise continue. of (12) and thel-SAPQ of (11) (herem = 2, n' = 2,
2. Increasey by 1. Construct a new codebook’s’ = and, = 2), where the split constant is = 0.001. Since

U3L,(C;")™ by doubling the number of codebooks frome initial codebook is made of the Lloyd-Max quantizer at
the cosets of codebooks @y ' = U2, (C] )™ as n’ = 2, the starting distortiorD, in (27) is less thar0.363,

follows: that of the Lloyd—Max quantizer. The distortion sequence of
Ol = 74 ij—l and O :g_i_cjw_l 28) D., monotonically decreases with each iteration in both the

J 27+ m-SAPQ andl-SAPQ cases. In thex-SAPQ case in Fig. 1,
for j = 1,2,---,2771. the distortions for the first several iterations follow thatlef
3. GivenCy, find 27n’ partitions of training vectors ac- SAPQ, since thénitial Codebook Guessvhich is for1-SAPQ,
cording to the quantization is also employed form-SAPQ.
m For understanding the principle of SAPQ, the product
min 1 min ||#; —y||", foré=1,---, M. codebooks of PQ andn-SAPQ are shown in Fig. 2(a)
JEL,2,20) M A yC ey and (b), respectively, for thé& = 1 case. In the PQ case,

(29) since the 16(= n™) codewords in two-dimensional space
. .. m = 2) are the elements of the product codebddk C, the
Corlnputehthe c((jantrou(jjs fngCthf e 3 a/rt|t|ons %nd S/oronoi) regions are rectangular from the codebooks as shown
2388 ?gesttee Cf ewords @, by the new27z" centroids. in Fig. 2(a2). The product codebooks in the-SAPQ case
p L include the PQ case and further, can make nonrectangular
In this Split Method Step 2 doubles the number of codeVoronoi regions, which yield lower distortion than the PQ
books in thekm-dimensional codeboo&:-sapq by addingto case, by arranging the codewords as shown in Fig. 2(b). In
and subtracting from each element of the previous codewordsantrast, in thel-SAPQ case, all the product codebooks must
small constant. This doubling scheme is based on a principlbe symmetric with respect to the lin¥, = X; as shown
that the all-product codebooks IRSAPQ must be symmetric in Fig. 3. This means that the product codebookd-&APQ
with respect to the line;;, = o = --- = =z, in km- cannot include all the product codebooks of PQ for givén
dimensional space. However, even though the split methadd », and that the sample-adaptive distortionle6APQ is
is simple, and provides good results (as shown in Section Vipt always guaranteed to be less than the PQ case. In the
in order to find better optima especially fan-SAPQ, it is examples of Figs. 2 and 3, PQ yields9.30 dB of distortion
necessary to continue research on the initial codebook gueasthe bit rate of2. m-SAPQ decreases the distortion to
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Fig. 2. The product codebooks of PQ amdSAPQ in the quantizer dimen-
sion 2. (Gaussian i.i.d. with unit variancé, = 1, m = 2, andR = 2.) (a)
Product codebook in PQ. (Distortioe — 9.30 dB atn = 4.) (b) Product
codebooks inn-SAPQ. (Distortion= — 9.56 dB atn’ = 2 andn = 2.)

9.56 dB but,1-SAPQ increases the distortion te 8.75 dB.
However, we will show thatl-SAPQ can significantly do
better than PQ when appropriate parametersand 3 are

chosen.

In Fig. 4(a) and (b), for bit rates af and 3, respectively,
we compare the distortions af-SAPQ,1-SAPQ, and PQ for
increasing values of the sample sizeat fixed values ofi’ (or,
equivalently, for increasing values of the sample rat)o As
expected;m-SAPQ always yields better results than PQ al
1-SAPQ. In them-SAPQ case, increasing for a fixed value

= product codebook

1

i product cadebook 4
{product codebook 3

.

]
)
L |
~
= 2

R product codebook ;
. product codebook 2

LA L B S B S 2
T 1 1 T I

-3 -2 -1 0 1 2

(b)

3

X2=X1
- AN
3 1 product codebook 1 \
Iproduct codebook 2 \
27 . e
5 PR,
i " t. e "'-.."l_.l [ 1-
i P S .?_: - -« "=
< Loy L)
» 0] EEEC 4Tl Lo T
] . P . =
] T
-1 Y ST
- T
. Ly
2] N 'produ'ct c:;debook 3
] produot codebook 4
ST T
-3 -2 -1 0 1 2 3
X1
Fig. 3. The product codebooks afSAPQ in the quantizer dimensiah
(Distortion = — 8.75 dB for Gaussian i.i.d. with unit variance fat= 1,

m=2,n =2, R =2, andn = 2.)

a bit rate of3). Therefore, to obtain gains it+SAPQ for a
given bit rate, it is important to use as large a valuerfofand
n') as possible, while keeping the sample ratiemall (note
that since increasing increases the total bit rate, this implies
that for a given bit rate the side informatiofym should be
accordingly decreased).

We know thatm-SAPQ is always better tham-SAPQ.
However, observe Fig. 5(a) and (b). The signal-to-noise ratio
(SNR) of 1-SAPQ is nearly the same as that @fSAPQ,
especially forn’ > 4. In fact, through extensive simulation
studies, we have found that for fixed values @fand the
bit rate, increasing:’ results in each of then codebooks
of a codebook sequence im-SAPQ to approach a single
codebook (i.e., to become equal to one another). Therefore,
for a relatively largen’ (compared ta;) and a fixed value of
S, it is advantageous to useSAPQ, since its performance
will closely approximate that of:-SAPQ. Using these design
guidelines allows us to reduce the memory requirement by
a factor of m (from m-SAPQ to 1-SAPQ) without major
compromise on performance. Furthermore, for large codebook-
size cases, th&-SAPQ design problem is nearly independent
of the sample sizen. In other words, if we design a-
SAPQ codebook forn = 16, then this codebook also works
well for m = 4 cases; an example of this is shown in
Table I. The designed-SAPQ codebooks are cross-verified
using TS and the validating sequence (VS) [21]. In the next
few simulation studies, we will show results under the above
design guidelines, and hence show comparisons only between

Q and1-SAPQ.

of n yields more gain over the PQ case. As mentioned before, . ) ]
the 1-SAPQ distortion could be worse than PQ, which is agaffy Distortions for Different Parameters

illustrated in Fig. 4(a). However, by appropriately choosing

In Fig. 6 we depict thel-SAPQ results obtained by sim-

and»n’ we can obtain better results than in the PQ case aktions for various parametey$ and n, whenk = 1 and
shown in Fig. 4(b). It should be pointed out here that even ftire codebook size+’ = 16. In Fig. 6(a) and (b) we plot
the case of Fig. 4(b), the gains in distortion flatten out witthe distortion (dB) versus the bit rate for Gaussian and

increasingmn, and, in fact, for a large enough valuesafwill

Laplacian i.i.d. sources, respectively. In each case, we plot

cause the distortion to eventually increase and converge to tbatves forn = 1,---,4 and compare the performance of

of the four-level Lloyd—Max quantizer (i.e., to 9.30 dB for

1-SAPQ to PQ (the Lloyd—Max quantizer). In all the cases
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Fig. 4. Distortions (dB) versus sample size for PQ, m-SAPQ, and (b)

1-SAPQ. (Gaussian i.i.d. with unit variande= 1, andn = m.) () R = 2,

n' = 2 for SAPQ, andn = 4 for PQ. (b)) B = 3, n' = 4 for SAPQ, and Fig. 5. Distortions (dB) ofn-SAPQ andl-SAPQ for different values ofy

(8 =1). (a) Gaussian i.i.d. with unit variance. (b) Laplacian i.i.d. with unit

n = 8 for PQ. variance.

of Fig. 6(a) and (b),1-SAPQ can be seen to significantly TABLE |
outperform PQ. For example, fof = 1 andn = 4 in 1-SAPQ [ESIGN AND SAMPLE SiZE 1
Fig. 6(a) (i.e., at a bit rate 0f.25), the distortion curve of Bit-Rate | Data | 1-SAPQ Designed at

1-SAPQ shows a 1.8-dB improvement over the distortion

N . =4 =16
curve of PQ. As shown in Fig. 6, depending on the parameters m -

[ andn, we can obtain different bit rates and performance from 4.25 TS | -22.60 -22.58 ~ -22.6
1-SAPQ. Hence, how to choose the parameters is dependenton  (m =4) VS | -22.62 -22.62

gtra_deoff between performa_nce and complexity. For example, 4.0625 TS | -21.41 9143 ~ 214
in Fig. 6(a), focus on the bit rate of.125. We have three (m=16) | Vs | 2142 o144

different 1-SAPQ with different combinations of parameters. — = Bt

As 73 increases, we can obtain more gain, but the encoding
complexity increases, since the required number of multipy 1., — 64 (from the case okm = 16 in the earlier example
cations is27+* log, ', wheren = 24 (see Appendix D). ith 3 = 1 in Fig. 6). Hence there is more room for improving
In Fig. 7, the performance benefits of usibgSAPQ are the gain, by increasing. However, if 3 andn were kept the
also demonstrated in the VQ cage = 2). Using thek- same, then the performance gain frdrRBAPQ over PQ for
dimensional VQ(k > 1) in 1-SAPQ, we can obtain a gaing = 2 would be less than the performance gain fri¥8APQ
especially for low bit rates, and exploit the VQ gain if thergyer PQ fork = 1. This is because thé = 2 case requires
exists high correlation inside tHedimensional random vector more side bits; to obtain comparable gain. Hence, if we were
[10]. As we can see in both Figs. 6 and 7, increasimgovides to increase the side bitg the gain in the higher dimensional
a greater improvement in the quantizer performance than1iSAPQ over an equal dimension PQ would be comparable
obtained by increasing the codebook siZe In other words, to the scalad-SAPQ over the scalar PQ. For example, in the
the 1-SAPQ distortion curve for each sample ragi@lways lattice discussion in Section IV, in order to implement good
shows a higher slope than the PQ distortion cases. For thgices at higher dimensions, we need more siderhi@n the
3 =1 case ak = 2, the quantizer dimension is now increasedther hand, it should be noted that if the quantizer dimension



KIM AND SHROFF: QUANTIZATION BASED ON A NOVEL SAMPLE-ADAPTIVE PRODUCT QUANTIZER 2315

TABLE 1l
DisTtorTiON (dB) AND ComPLEXITY COMPARISON OF SAPQ
Quan. Dim. (km) Quantizer R=15 I R=25 | R=35| R=45 Formula
2 vQ Codebook Size (v) 8 32 128 512
Distortion (dB) -6.94 -12.4 -18.1 -23.8
Multiplications® 8 32 128 512 v
Memory? 16 64 256 1024 my
2 TSVQ Depth (d) 3 5 7 9
(Breadth = 2) | Distortion (dB) -6.23 -11.7 -17.5 -23.3
Multiplications 6 10 14 18 2d
Memory 28 124 508 2044 | 2(2¢ - 1)m
2 1-SAPQ Codebook Size {n') 2 4 8 16
(n=1) Distortion (dB) -6.91 (-6.92)* -12.3 -17.9 -23.7
Multiplications 4(4) 8 12 16 271 Jog, n’
Memory 4 (8) 8 16 32 2"n’
4 1-SAPQ Codebook Size (n') 2 4 8 16
(n=2) Distortion (dB) -6.83 (-7.08) -12.6 -18.3 -24.2
Multiplications 8 (8) 16 24 32 2" Jog, n'
Memory 8 (32) 16 32 64 2™/
8 1-SAPQ Codebook Size (n') 2 4 8 16
(n=4) Distortion (dB) -6.31 (-7.51) -12.8 -18.8 -24.7
Multiplications 32 (32) 64 96 128 27% 1 log, n’
Memory 32 (256) 64 128 256 2'n’

! Number of multiplications per scalar value in encoding.
2 Number of scalar values for codewords.

3 m-SAPQ.

km of the two-dimensional-SAPQ and one-dimensionat the multiplications are reduced, but TSVQ requires even more
SAPQ are kept the same, then the gain of the two-dimensionamory than the traditional VQ case. On the other hand, the
1-SAPQ over the two-dimensional PQ would be less than tieSAPQ scheme can obtain a comparable level of performance
gain from the one-dimension&SAPQ over one-dimensional and requires only a relatively small number of multiplications
PQ. The reason is that the two-dimensional PQ would haveaad memory. In thé-SAPQ case, we can further increase the
lower distortion than the one-dimensional PQ, but sikeeis gains by increasingn to m = 4,8 (this corresponds to the
the same, the one-dimensional and two-dimensiafi@APQ quantizer dimension of and8 in the table), if this is done
are bounded from below by the sarmte:-dimensional VQ carefully. For example, see Table I, columAs= 2.5, 3.5,
distortion. Hence, to use a higher dimensieBAPQ it makes and4.5. However, for columni = 1.5, increasingm actually
sense to increase the adaptation perioghence, the value of increases the distortion. This is because in the- 1.5 case,

km) accordingly. the value ofj is relatively large(3 = 2 for m = 4 and
. . g = 4 for m = 8). This observation also corresponds to
B. Performance Comparison and Trellis-Coded Fig. 4(a) and (b), earlier. In this cag® — 1.5), them-SAPQ

Quantization (TCQ) can achieve gains over VQ, TSVQ, ateSAPQ (See Table

In Table Il, VQ and TSVQ are compared with severdll). Similar simulations are performed on a Laplacian i.i.d.
SAPQ'’s in terms of their distortions (dB), number of multipli-source, and summarized in Table Ill. Further, in Table IV,
cations for encoding, and required memory for the codewordsSAPQ is compared with PQ, arign-dimensional VQ and
In this table, VQ and TSVQ are designed using GLA, wherESVQ at a bit rate of.5, wherek # 1. In the Gaussian d.f.
in the TSVQ, the breadth is equal 29(13]. For the quantizer case, thel-SAPQ distortions are very close to those of the
dimension2 (Quan. Dim.(km) is equal to2 in Table II), the km-dimensional VQ.
VQ distortions shown are the lowest ones for each bit rate.In Fig. 8, 1-SAPQ is compared with the different coding
However, the required multiplications and memory for VQ arechemes, TCQ [26] and entropy-coded quantization [18], [11].
very large compared to those tfSAPQ. In the TSVQ case, TCQ uses the Viterbi algorithm to encode memoryless sources,
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TABLE 11l
DisTorTION (dB) ComPARISON OF SAPQ

Quan. Dim. (km) | Quantizer R=15 | R=25 ' R=35 | R=45
2 vQ -6.30 -11.5 -17.2 -22.9
2 TSVQ (Breadth = 2) 6.24 -11.0 -16.3 -22.1
2 1-SAPQ (n =1) 584 (-5.85)" | -10.8 -16.3 -22.0
4 1-SAPQ (n = 2) -6.37 (-6.38) | -115 -17.2 -23.0
8 1-SAPQ (7 = 4) -6.05 (-7.08) | -124 -18.1 -23.9
! m-SAPQ.
TABLE IV
DistorTiON (dB) ComPARISON BETWEEN 1-SAPQ, PQ,km-DIMENSIONAL VQ
Quan. Dim. (km) | Quantizer Gaussian i.i.d. | Laplacian i.i.d. | Multiplications | Memory

8 VQ (v =16) -2.22 -2.69 16 128
TSVQ (Breadth=2, d = 4) -1.68 -1.98 8 240
1-SAPQ (k=4,m =2, n=2) -2.20 -2.06 8 32
PQ(k=4,m=2n=4) -1.89 -1.69 4 16

12 VQ (v = 64) -2.32 273 64 768
TSVQ (Breadth=2, d = 6) -1.70 -2.01 12 1512
1-SAPQ (k =4, m =3, 7 =23) 2.24 -2.50 16 64
1-SAPQ (k =6, m=2,7=2) 2.27 -2.59 16 96
PQ(k=4, m=3n=4) -1.89 -1.69 4 16
PQ(k=6, m=2n=28) -2.07 -2.10 8 48

and uses a sliding-block decoder to reconstruct the quantizedFig. 8, SAPQ with entropy coding achives better gains
signal. TCQ can also be regarded as a structurally constrairtedn TCQ with entropy coding. Note that in Fig. 8, the curve
VQ of lengthk L whereL is the searching depth in the trellis ofl-SAPQ Ent. corresponds tb-SAPQ distortion with respect
TCQ [18]. In thel-SAPQ’s of Fig. 8, the quantizer dimensiongo the entropyHsapq defined by

km are equal tal6, and in TCQ,k = 1, L = 1000, and the
number of states in the trellis i$6. We found that thel-
SAPQ distortions can be very close to that of TCQ whe
km in 1-SAPQ and the trellis size is equal. For bit rates
around2-2.5 in Fig. 8, if £ = 1, since the sample ratio is = 7

large (3 = m/n’ = 4), we cannot achieve good gains from ZPJ" logy Pje + km (30)
1-SAPQ. However, wherk = 2, the sample ratio decreases =t

to B = 0.5, hence we can obtain better gains than in thghere

k = 1 case. (In Fig. 8, only thét = 2 case is depicted m

above bit rate2. Note that thel'SAPQ with k¥ = 1 and -Pjé :iz Pr{gth Codeword used fOXZ|CJ used forX}.

n’ = 8 has# = 2 and thel1-SAPQ with & = 1 and m

n’ = 16 hasf = 1.) The entropy coded quantization has . ]

variable-length outputs, hence the coding scheme suffers fronf\ISO note that in the literature, TCQ schemes have been
error propagation, data loss, and buffer control problems. T¢Bpdified so that they can be applied to Markov sources based
also has an error propagation problem within the trellis siz&" Predictive coding schemes [13], [26]. In a similar way, the
and requires a long search depthin the Viterbi algorithm proposed SAPQ scheme can also be modified for quantizing

[26]. However, in SAPQ there is no such error propagatioff!arkov sources. Furthermore, SAPQ can easily be applied
guantization of nonindependent and/or nonidentically dis-

unless the side bits are corrupted. Fortunately, even if the sf& ) , i
bits were corrupted, the produced error would be reIative‘ %uted S|gna_ls by using different codebooks for each random
C%:torXi as illustrated bym-SAPQ.

small, since the designed codebooks are very similar to ea
other. Further, unlike the long search depth in TCQ, by using

relatively short data in SAPQ, e.d:an = 16, we can get large VII.  CONCLUSION

gains. If we were to combine SAPQ with entropy coders, we In this paper we have proposed a novel coding scheme
can further improve upon these gains. As can be obseneslled thesample-adaptive product quantizdtis quantizer is

27

SAPQ 1= —% > Pr{C; used forX}
j=1

7

=1
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Fig. 6. Distortions (dB) ofl-SAPQ atn’ = 16. (The results are obtained z-16 N “\‘ e P
by varying n for eachs. PQ uses the Lloyd—Max quantizers.) (a) Gaussian g N/ < e yd-Max
i.i.d. with unit variance. (b) Laplacian i.i.d. with unit variance. g7y 7 NN
8 g Ent.Const. N\ - \NX N\
-18
: o N\ N : :
. . . B N N\ N "
in the form of a structurally constrained vector quantizer. The -19 N N\ 1-SAPQ|
. . . . . F N AN N K=, n = 16)
main principle of SAPQ is usingnions of product codebooks 20 Z GRER.Y 3!
. . . . . . . . N\ H r 4
in km dimensions, in order to obtain gains while reducing the 1 QN Nof-
complexity of quantizer. SAPQ uses more than one codebook = e N AN N
and, adapting to each sample, selects an appropriate codebook 22 = SAP Q Ent. X X NN
from the previously designed codebooks available at both the — -234— j —(kF1n =16) N "
encoder and decoder. Based on this new concept, we have 4 e Ny
proposed two coding schemesa:SAPQ, which requires: 27 2 25 3 35 4 45
codebooks, and-SAPQ, a simplified version ofn-SAPQ Bit Rate

which requires2” codebooks. The performance 0f-SAPQ Fig. 8. Distortions (dB) for various coding schemes for a Gaussian i.i.d.
is a|Ways better thari-SAPQ. However, under appropriatesource with unit variance. (DRF: distortion rate function, TCQ Opt: TCQ

. S using optimized alphabets [34], TCQ: TCQ using réfe-+ 1) Lloyd—Max
design guidelines, the performance BEAPQ can be made [34) knt. Const.: entropy contraint optimum [25], Ent. Cod.: entropy-coded

to closely approximate that ofi-SAPQ. The quantization of quantization, Lloyd-Max with Huffman [8]1-SAPQ Ent.:1-SAPQ with
both schemes is based drdimensional VQ's. One can obtaineSPect (o its entropyl-SAPQ results are obtained by varying= 1, ---.5,

. . .for eachk andn’, and trellis size in TCQ and quantizer dimensibm in
comparable performance to SAPQ in the scalar quantizatipRapg are equal ta6.)
case, by using a-dimensional VQ(1 < x <m). However,
for the same performance, the encoding complexity ofrthe  In order to implement SAPQ, we have proposed and sim-
dimensional VQ would be significantly higher. We also showlated a simple iterative algorithm for the design of the
that a number of important lattice-based vector quantizers casdebooks. Through numerical studies, we have found that,

be constructed using scalar quantization in SAPQ. for scalar quantization, the sample adaptive coding scheme



2318 IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 45, NO. 7, NOVEMBER 1999

significantly outperforms the Lloyd—Max-based quantizer for APPENDIX C

i.i.d. sources, with typical gains in distortion being between PROOF OF THEOREM 1

1 and 3 dB. In general, we also show that based onkthe  ~gnsider a cubd/ = ([~a/2,a/2)"(C R") for a vector

dimensional VQ structure, the performance of SAPQ can B&ensions and a positive constant. For ¢ = 1,2, .-,

made comparable to m-dlmen5|onal VQi _let a sequencée;) be ¢, = |acl/*], where|c], ¢ € R,
Since most commercial data compression systems for videoy, o largest integer less than or equalcowhere « is a

and audio are _based on sgalar guantization, scalar prEdiCtiﬂé‘sitive constant. First, divide the cubeinto (¢ )" subcubes.

and PQ, applying SAPQ with = 1 to those systems has theconsider a sequence of equivalent latticea pf By truncating

potential for significant performance gains over the state-Qfys gquivalent lattice into one of the subcubes, we can design
the-art, while maintaining the same basic scalar structure é)fAK lattice VQ for the subcube, which satisfies

the quantizer.

() ¢ p(He) z (V) (C.1)
APPENDIX A and
PROOF OF PROPOSITION 1
Let C!, denote the direct limit of the increasing sequence Cli_{go(%)”C ~p(He) = p(U) (C.2)

(C1)y, 1.e.,CL, = lim dir, o C,. Note thatcard (C,), the
cardinality ofC?,, is equal to27. Givenn’ andm, since the where the lattice VQ has less than or equal toodewords.
sequencginfoecn, 6(C, ), is monotonically decreasing Here (H¢)c is a polytope sequence corresponding to the

7

and bounded sequence of equivalent lattices, gni the Lebesgue measure.
If we design the same lattice VQ for all subcubes, then the
lim inf 6(C k) = inf 6(C, Fy), for everyw.  quantizer for cube’ can be regarded as a variation w@f
T CeCy cec., SAPQ that has the codebooks; ;, for i = 1,---,x and
= (Al) J: 17"'7C7 WhereCS Cv |OZ | ITL/ :(f)vm:’iv
¥ ¢
Also every subsequence ¢f,), satisfies andk = 1. Hence we have
d 77, 2 ")) = ca "’ 1 ad
card (C!,) — card (C,,,) = card (C,./) (e )"/ / y / min Z
) ) Uje{l, ¢ Rz
wherecard (C,,/) is the cardinal number of the power set of the ! 1 =
natural number set, i.e., the cardinal number of the continuum. - min (z; — y)Q—Udajl ceedry,
Thus sinceC;,, contains all the possible codebooks, it follows YeCi.d ’“‘< )
that .12/ 1 (pc)™ ¢ , 1
L@ 3N [ e wlP s
inf 6(C,F2)= inf §(C,F<), foreveryw. (A.2) =1 j=1 7 He
cecr, CeC, 1

< GA(be)“Cu(HY?

(C.3)
Therefore, from thddominated Convergence Theorgh®, p. W)

110], Proposition 1 follows. wherep := r/(r + 2) andy, is the centroid of the polytope
H¢. It follows from (C.2) that

K

APPENDIX B 1 !
PROOF OF PROPOSITION 2 limsup[(¢¢)"¢ 2/’””/ min_ — min (z; —y)*——dz
oo [( C) ] UjE{l,'“:Z} I ;yEC;,j( ) N(l])

It is clear that
< G(A) [, (C.4)
inf 6(C,F2)< inf §(C F2)<§(C* Fr) (B.1) ) ) ) _
Cec, cec’, Now consider a density functiop with compact support.
Assume thatg is bounded orR”. Let B (¢ R*) be a cube
holds for everyw € ©, when(/, includes theF-optimal that contains the support gfand is defined by3 := ([a, b])",

codebookC*(€ C,/) (if it exists). From [28, Consistency wherea andb are finite. Consider a partition d into 2+

Theorem] and [1, Theorem 1] cubes B, such that
1 _ _ K. — B 1t

lim  inf (5(0, Fm) — inf E{_ min||X1 _ y||2} w(Be) = [(b—a) /27" =: v, £=1, 2%,
m—oo CEC,,/ cec,,, k yeC

almost surely. (B.2) Define a simple functiory, as

21 e

It follows that sinces(C*, F,,,) converges to thd -optimal ._ I
distortion almost surely from th&trong Law of Large Numbers 94(®) = ;pé 5.(2)

[23, p. 204], the sequence of the sample-adaptive distortions
converges to thé'-optimal distortion almost surely for fixed wherep, := sup,.5, g(x) andIp, (x) = 1if x € By, and
n' andn, and Proposition 2 follows. Ip () = 0 otherwise. Then since the sequerigg(x)), is
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monotonic andlim, ... g,(x) = g(z) a.e., it follows that Let x = km, and since
[ g,(x) dz — 1 [16, p. 112]. Letp; := |a¢/*] and . .
! ‘ Dy, sapq(ny,2") < D} sapq(ng, 2, f)

/7
(o= {Q #J (C.5) for k& > 1, the theorem holds.
Ej:l (p;)*
Note thate. /(%0 — « and APPENDIX D
e ENCODING COMPLEXITY OF 1-SAPQ
Co/C = (po)” Z(pj)p In this appendix, we analyze in detail the encoding com-
= plexity of 1-SAPQ. Consider the encoding procesdAPQ

for the mean-squared error distortion measure (kes 2).

as( — oo. Using ¢; and ¢, make codebooke’; ; in the “Now, (8) without the expectation, can be rewritten as
same manner as in (C.3). Then, from [16, p. 96], the quantizer

distortion of a variation ofn-SAPQ forg, D, s pq (7', ¢, 9), &, )
wherek =1, m = «, and|C; ;| =n' = ¢¢, fori =1,---,x *m z_;(;]é%i lz: = ylI%) ©-1)
andj = 1,---,¢, satisfies the relation =
s for givenm input vectorse; € R*, where|C;| = »’ for all .
m-sarq(®c, ¢, 9) We first expand|z; — y||*> to obtain
1 K
;= inf min  — min (z; — y)g(z) dz T
Ci, 1€Cs, / Je{l, (Y K ; yeci,j( vy (@) 2 -yl = =] 2 — 2<‘Tzry B %) (b-2)

1 & o
< inf / ~min = > min (z; —y)’ge(x) de  In (D.2), thexx; term is independent of the codewords to
Cii€Coc ) JE{lCl K weCiy be compared, while the) := yTy/2 term is given by the

279 1 & 1 codebook. Therefore, for an inpat;,, we need to calculate
< / . min_ - Z ’ mégl (z; — y)QEdfl‘ pev zly and add thep that was previously obtained for a given
=1 [/Be J€{L e} im1 Y€Ci C;. Note that this set of operations requirés additions

(C.6) andk multiplications. We then find the codeword index that
= ; minimizesz!y + . In order to compare two constants, one
where ¢, < . From (C.4) we obtain addition (subtraction) is required. Hendé,+ 1)»’ additions
) and kn’ multiplications are required for finding the codeword
lim sup[( )" ¢J*/" Z index in the term enclosed by parentheses in (D.1)
¢—o0 — . . . e
=1 Since for each value dafin the sum given by (D.1), we need
. / min 1 Z min (z; — y)Qldx pev (k+1)n/ additi.o.ns anden’ muItipquat_ion;, we need a total of
By jC(l8,) B “=F wect ! v (k+1)mn’ additions andemn’ multiplications to calculate the
m-codebook sample distance in the term enclosed by brackets

2% 2k :
snmsupwwc]?/ﬁz[ ! } GAN pey M (DD
{—oo

ora

K

4 (de)re Now we focus on searching through the indgin (D.1).
=1 . .
— G(A c7) We have 27 different code sequences. Thus we require
= G(Ax)l94ll- (C.7) , " , L
(k + )ymn/27 additions, andkmn’27 multiplications to
Hence, for a subsequen¢e,,), of (¢.)., we obtain calculate the distances, ar?d additions for the comparison
of 2" distances. In summary, in order to perform th8APQ

: : Konl2/k s n
hérisip hfﬁsolip[(ﬂn) 27" Dy -sapq (g, 27, 9) encoding, we need a total ¢f + 1/k)n’ + 2" /km additions

: _ per scalar input and’2” multiplications per scalar input. The
= Gh)llgally = GAlglly- (C-8) number of multiplications can be rewritten a&f+1—1/mm
We now consider a general density functipnConsider an 2 is the1-SAPQ bit rate given by? = (1/k) log, n' +n/km.
increasing sequence of cub& c B2 ¢ ... c B®. For a Consequently, as increases, the encoding complexity of
constant) < A< 1, assign(1 — A) (n,,)*2" points to the cube 1-SAPQ is O(2(1~1/m™728k) However, for a comparable
B’ and \(n,,)"2" points to B*, which is the complement of performance oftx-dimensional VQ at the same bit rafe,
B?. Then from the assumption and [5, Theorem 2], there existdierel < x < m, the encoding complexity i©(27%~) [9].

a sequence of codebook,(|C,| = (n,)"2") such that For the special case af-SAPQ whenk = 1, the code-
word searching process can be conducted based otrethe

lim lim [(n,)~2"]%* /_ min ||z — y||*f(z) dz = 0. structured searchHence, in1-SAPQ, the required number of
T e B® ¥y multiplications are reduced @7+ log, »/, i.e., O(2"1R).

(C.9
Hence, by lettingh\ — 0, we obtain ACKNOWLEDGMENT
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(C.10) comments.



2320

(1]

(2]
(3]

(4]
(5]

(6]

(7]
(8]
(9]

[10]

(11]

[12]
(13]
[14]

(18]

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 45, NO. 7, NOVEMBER 1999

REFERENCES [16]
[17]
E. A. Abaya and G. L. Wise, “Convergence of vector quantizers with
applications to optimal quantizationSIAM J. Appl. Math.vol. 44, pp. [18]
183-189, 1984.
M. R. Anderberg,Clustering Analysis for Applications New York:
Academic, 1973.
E. S. Barnes and N. J. A. Sloane, “The optimal lattice quantizer in three
dimensions,”SIAM J. Alg. Discr. Methodsvol. 4, no. 1, pp. 30-41, [20]
Mar. 1983.
P. Billingsley, Probability and Measure3rd. ed. New York: Wiley,
1995.
J. A. Bucklew and G. L. Wise, “Multidimensional asymptotic quantiza-[
tion theory withrth power distortion measureslEEE Trans. Inform.
Theory vol. IT-28, pp. 239-247, Mar. 1982. [22]
J. H. Conway and N. J. A. Sloane, “Voronoi regions of lattices, second
moments of polytopes, and quantizatiofEEE Trans. Inform. Theory [23]
vol. IT-28, pp. 211-226, Mar. 1982.
, “On the voronoi regions of certain latticess1AM J. Alg. Discr.
Methods vol. 5, no. 3, pp. 294-305, Sept. 1984.
, “A lower bound on the average error of vector quantizeiSEE
Trans. Inform. Theoryvol. IT-31, pp. 106-109, Jan. 1985. 25]
G. A. Davison, P. R. Cappellow, and A. Gersho, “Systolic architectureLs
for vector quantization,IEEE Trans. Acoust., Speech, Signal Process[26]
ing, vol. 36, pp. 1651-1664, Oct. 1988.
M. Effros, “Optimal modeling for complex system desigifEE Signal
Processing Mag.vol. 15, pp. 51-73, Nov. 1998.
N. Favardin and J. W. Modestino, “Optimum quantizer performanc@ﬂ
for a class of non-Gaussian Memoryless sourcHsEE Trans. Inform.
Theory vol. IT-30, pp. 485-497, May 1984. (28]
A. Gersho, “Asymptotically optimal block quantizationlEEE Trans. 29]
[30]

(29]

21]

[24]

Inform. Theory vol. IT-25, pp. 373-380, July 1979.

A. Gersho and R. M. Grayector Quantization and Signal Compression
Boston, MA: Kluwer, 1992.

J. D. Gibson and K. Sayood, “Lattice Quantizatioddv. Electronics
Electron Physvol. 72, pp. 259-330, 1988.

R. M. Gray and D. L. Neuhoff, “Quantization[EEE Trans. Inform.
Theory vol. 44, pp. 2325-2383, Oct. 1998.

(31]

P. R. HalmosMeasure Theory New York: Springer-Verlag, 1974.

J. E. Humphreys,Introduction to Lie Algebras and Representation
Theory New York: Springer-Verlag, 1972.

N. S. Jayant and P. NolDigital Coding of Waveforms Englewood
Cliffs, NJ: Prentice-Hall, 1984.

J. C. Kieffer, “Uniqueness of locally optimal quantizer for log-concave
density and convex error weighting functionlEEE Trans. Inform.
Theory vol. IT-29, pp. 42-47, Jan. 1983.

, “A survey of the theory of source coding with a fidelity
criterion,” IEEE Trans. Inform. Theoryol. 39, pp. 1473-1490, Sept.
1993.

D. S. Kim, T. Kim, and S. U. Lee, “On testing trained vector quantizer
codebooks,1EEE Trans. Image Processingol. 6, pp. 398—-406, Mar.
1997.

S. P. Lloyd, “Least squares quantization in PCNEEE Trans. Inform.
Theory vol. IT-28, pp. 128-137, Mar. 1982.

M. Loéve, Probability Theory ] 4th. ed. New York: Springer-Verlag,
1977.

T. D. Lookabaugh and R. M. Gray, “High-resolution quantization theory
and the vector quantizer advantageEE Trans. Inform. Theoryvol.

35, pp. 1020-1033, Sept. 1989.

J. Makhoul, S. Roucos, and H. Gish, “Vector quantization in speech
coding,” Proc. IEEE vol. 73, pp. 1551-1588, Nov. 1985.

M. W. Marcellin and T. R. Fischer, “Trellis coded quantization of
memoryless and Gauss-Markov sourcéEEE Trans. Commun.vol.

38, pp. 82-93, Jan. 1990.

J. Max, “Quantizing for minimum distortion,1RE Trans. Inform.
Theory vol. IT-6, pp. 7-12, Mar. 1960.

D. Pollard, “Strong consistency df-means clustering,’Ann. Statist.
vol. 9 no. 1, pp. 135-140, 1981.

N. J. A. Sloane, “Tables of sphere packings and spherical cotEeSE
Trans. Inform. Theoryvol. IT-27, pp. 327-338, May 1981.

V. Vapnik Estimation of Dependences Based on Empirical Datsdew
York: Springer-Verlag, 1982.

P. Zador, “Asymptotic quantization error of continuous signals and the
quantization dimension,JEEE Trans. Inform. Theoryvol. IT-28, pp.
139-149, Mar. 1982.




