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Cross-Layer Optimization for Wireless
Multihop Networks with Pairwise Intersession

Network Coding
Abdallah Khreishah, Chih-Chun Wang, and Ness B. Shroff

Abstract—For wireless multi-hop networks with unicast ses-
sions, most coding opportunities involve only two or three sessions
as coding across many sessions requires greater transmission
power to broadcast the coded symbol to many receivers, which
enhances interference. This work shows that with a new flow-
based characterization of pairwise intersession network coding
(coding across two unicast sessions), an optimal joint coding,
scheduling, and rate-control scheme can be devised and im-
plemented using only the binary XOR operation. The new
scheduling/rate-control scheme demonstrates provably graceful
throughput degradation with imperfect scheduling, which facili-
tates the design tradeoff between the throughput optimality and
computational complexity of different scheduling schemes. Our
results show that pairwise intersession network coding improves
the throughput of non-coding solutions regardless of whether
perfect/imperfect scheduling is used. Both the deterministic and
stochastic packet arrivals and departures are considered. This
work shows a striking resemblance between pairwise intersession
network coding and non-coded solutions, and thus advocates
extensions of non-coding wisdoms to their network coding
counterpart.

Index Terms—Network coding, pairwise intersession network
coding, imperfect scheduling, cross-layer optimization.

I. INTRODUCTION

THE INTERFERENCE-HEAVY nature of wireless media
presents a great challenge for designing high-throughput

wireless multi-hop networks. Recently, many techniques have
been developed for enhancing the throughput of wireless
multi-hop networks, among which at least two techniques
demonstrate promising throughput improvements. The first
method is built around the existing “routing” (non-network-
coding) concept and focuses on cross-layer design that consid-
ers the corresponding network utility maximization problem
(see [28], [29] and the reference therein). The second method
is network coding, which allows intermediate nodes to perform
coding operations in addition to pure packet forwarding.
Advantages of network coding are shown both theoretically
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[1], [15], [22], [25] and empirically [5], [7], [17], [33], [36],
especially when the broadcast nature of wireless media is
properly exploited. Network coding can be further classified
into two different sub-categories: intrasession and intersession
network coding, the former of which focuses on a single
multicast session and coding is performed on packets from the
same session. The latter considers multiple coexisting sessions
and coding is performed on packets across different sessions.

Intrasession network coding is well-understood as the
achievable multicast rate is characterized by the min-cut max-
flow theorem [1]. This flow-based characterization leads to a
natural extension of the cross-layer optimization framework to
intrasession network coding, including throughput, utility, and
energy optimization as in [8], [31], [35], [42], [43]. Unfortu-
nately, for the most frequent scenario in which only unicast
sessions are present, the throughput benefits of intrasession
network coding vanish.

Intersession network coding provides performance improve-
ment even when only unicast sessions are present. Although
its throughput benefit is clearly demonstrated in the butterfly
structure [17], [25], the much needed complete characteriza-
tion of intersession network coding is less understood and
some theoretic studies can be found in [10], [18], [24],
[26], [30]. Most research hence focuses on capitalizing two
particular network substructures that admit the intersession
coding benefits: the butterfly structure of any sizes [38]
and the wireless one-hop coding opportunity (also known as
the “wireless cross” topology) [17]. For the butterfly-based
approaches, the achievable rate region was studied in [34],
[38] and the associated back-pressure algorithm was studied
in [11], [14]. The one-hop coding opportunities were first
studied and exploited by the COPE protocol in [17]. The
simple one-hop nature and the empirical success of COPE has
since motivated numerous subsequent works. Some examples
include the centralized computation of the achievable rates
with scheduling [36], the energy efficient scheduling with
opportunistic coding [9], the power and throughput tradeoff
between multicasting and unicasting [6], and the maximum
number of overhearing opportunities under practical wireless
settings [23]. By taking advantage of both the local butterfly
structure and the one-hop coding opportunities, a hybrid,
practical scheme has been proposed to further improve the
throughput of wireless multi-hop networks [33].

In COPE [17], coding can be performed among ≥ 2
sessions especially when opportunistic listening and coding

0733-8716/09/$25.00 c© 2009 IEEE

Authorized licensed use limited to: Purdue University. Downloaded on June 12, 2009 at 20:02 from IEEE Xplore.  Restrictions apply.



KHREISHAH et al.: CROSS-LAYER OPTIMIZATION FOR WIRELESS MULTIHOP NETWORKS WITH PAIRWISE INTERSESSION NETWORK CODING 607

is used. In its empirical study using 802.11 [17], 50% of the
coding operations are performed over only two symbols. In
a similar but energy-aware setting with scheduling [9], less
than 1% coding operations is used to combine ≥ 3 symbols.
The intuition behind is that coding more symbols together
requires greater transmission power to broadcast the coded
symbol to more receivers, which enhances interference and
affects negatively the throughput of other traffic. As a result,
in this work we consider pairwise intersession network coding
(PINC) that allows network coding only between pairs of
coexisting sessions.
In [39], [40], [41], a new necessary and sufficient condition

is established for PINC. With a flow-based form similar to
the min-cut max-flow theorem for multi-path routing and for
intrasession network coding, the new characterization of PINC
prompts tighter integration of cross-layer optimization and
network coding. The main contribution of this work is two-
fold. (i) Based the characterization of PINC, a new distributed,
optimal, joint coding, scheduling, and rate-control scheme is
devised, which uses only binary XOR operations, admits fully
decoupled rate-control/scheduling, and achieves the optimal
rates by identifying all pairwise coding opportunities that
include the one-hop opportunity and the butterfly structure
as special cases. (ii) Optimal scheduling is computationally
expensive to achieve even in a pure non-coding paradigm, let
alone with network coding. The PINC-based scheme demon-
strates provably graceful throughput degradation for imperfect
scheduling [28] that facilitates the design tradeoff between
the throughput optimality and computational complexity of
different scheduling schemes. Our results show that PINC
improves the throughput of routing-based solutions regardless
of whether perfect/imperfect scheduling is used. The striking
resemblance between PINC and non-coding communications
thus advocates extensions of non-coding wisdoms to their
network coding counterpart.
The characterization problem of pairwise intersession net-

work coding is studied in [39], [40], [41] for acyclic ([40],
[41]) and cyclic networks ([39]). A new necessary and suf-
ficient condition has been established, and extensive discus-
sions have been made from coding, information-theoretic,
and graph-theoretic (topological) perspectives in [39]. The
new theoretic finding of [40], [41] is applied to the rate-
control problem for wireline networks and a decoubled optimal
rate-control algorithm is obtained in [19], [20] for static
packet arrivals. In this paper we take further advantage of the
PINC characterization results and consider the corresponding
cross-layer scheduling and rate-control problem for multi-hop
wireless networks. A general wireless setting is used in this
work, including the static and dynamic arrivals of the packets.
We also quantify the impact of imperfect scheduling on
pairwise intersession network coded wireless multi-hop traffic
for the first time. This work further bounds the complexity of
the commonly-used wireless-to-wireline conversion technique
that models wireless broadcast channel (first proposed for
intrasession network coding in [31], [43]) in the context of
pairwise intersession network coding for multi-hop networks.
An XOR-based coding scheme that is more suitable for
wireless networks than the one in [19], [20] is also developed
in this paper.

Intersession network coding for wireless networks is also
considered in [9] by converting the problem into finding in-
termediate nodes such that intrasession multicast is performed
with these nodes being the sources and sinks of the mulicast
sessions. Compared to the approach in this work, [9] does
not consider all intersession network coding opportunities but
on the other hand permits reencoding the decoded packets at
the intermediate nodes which is not considered in this paper.
To obtain a low complexity algorithm, [9] further limits the
encoding and decoding nodes to be one hop away and assumes
the node exclusive model. The resulting one-hop algorithm
in [9] is a back-pressure algorithm, which generally incurs
more delay and takes more time to converge than the path-
based approach used in this work as observed in [12], [37].
For comparison, our path based approach fascilitates analyzing
the impact of imperfect scheduling for both the deterministic
and stochastic arrivals, which is not considered in [9]. On the
other hand back-pressure techniques allow better modeling of
lossy links as in [9].
The remainder of this paper is organized as follows. Sec-

tion II introduces the model of wireless networks and the
flow-based characterization for PINC. Concrete examples are
provided to illustrate the benefits of PINC. For streamlining
the discussion, a new distributed PINC code design is relegated
to Section V, which is based on binary XOR operations. An
optimal joint scheduling/rate-control scheme is provided in
Section III, which admits decoupled implementations. Sec-
tion IV studies the impact of imperfect scheduling on the
proposed PINC solution for both deterministic and stochastic
models of packet arrivals and departures. The throughput
improvement of PINC and its performance under imperfect
scheduling are verified by simulation in Section VI. Sec-
tion VII concludes the paper.

II. PRELIMINARY RESULTS

A. Pairwise Intersession Network Coding (PINC) For Wireline
Networks

Consider directed cyclic/acyclic wireline network G =
(V, E), in which each edge is able to carry one GF(q) symbol
per unit time (say a second) and the propagation delay is also
one second. High-rate links are modelled by parallel edges
and long-delay links are modelled by long paths with added
auxiliary intermediate nodes. A pair of coexisting unicast ses-
sions (s1, d1) and (s2, d2) would like to transmit two strings
of independently distributed GF(q) symbols X1, · · · , XT and
Y1, · · · , YT (one string for each session) simultaneously over
a given duration of T seconds. Pairwise intersession network
coding (PINC) is allowed and packets of these two strings
{Xt, Yt : t = 1, · · · , T } can be arbitrarily mixed in a linear
or non-linear fashion.
We say a PINC solution exists for transmitting two rate-1

strings of packets (over the given unit-edge-capacity network),
if given any ε > 0, there exists a sufficiently large T such that

1
T

I([X ]T1 ; [Md1 ]
T
1 ) > (1 − ε) log(q)

and
1
T

I([Y ]T1 ; [Md2 ]
T
1 ) > (1 − ε) log(q),
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Fig. 1. An acyclic butterfly network that satisfies condition 2 of Theorem 1
and the corresponding coding operations.

where [X ]T1
Δ= {X1, · · · , XT }, [Y ]T1

Δ= {Y1, · · · , YT }, I(·; ·)
is the mutual information and [Mdi]

T
1 is the symbols received

by destination di for i = 1, 2.
In [39], a graph-theoretic characterization for the existence

of a PINC solution has been established for directed cyclic
networks. (Discussion for acyclic networks can be found
in [40], [41].) For the following, we use Pu,v to represent
a path connecting nodes u and v.

Theorem 1: A PINC solution exists if and only if one of
the following two conditions holds.

• Condition 1: There exist two edge-disjoint paths Ps1,d1

and Ps2,d2 .
• Condition 2: There exist six paths grouped into two sets

P = {Ps1,d1, Ps2,d2 , Ps2,d1}
andQ = {Qs2,d2 , Qs1,d1 , Qs1,d2} such that for all e ∈ E,

1{e∈Ps1,d1 } + 1{e∈Ps2,d2 } + 1{e∈Ps2,d1 } ≤ 2

and 1{e∈Qs2,d2 } + 1{e∈Qs1,d1 } + 1{e∈Qs1,d2 } ≤ 2,

where 1{·} is the indicator function.
If condition 1 of the theorem is satisfied, a non-coding
solution is sufficient for the problem. On the other hand, if
only condition 2 is satisfied, network coding is necessary to
achieve simultaneous rate-1 transmission. For example, the
acyclic network in Fig. 1 satisfies condition 2 by choosing
Ps1,d1 = s1v1v2d1, Ps2,d1 = s2d1, Ps2,d2 = s2v1v2d2,
Qs1,d1 = s1v1v2d1, Qs1,d2 = s1d2, and Qs2,d2 = s2v1v2d2.
A unit rate can be supported between (s1, d1) and (s2, d2), if
the coding scheme represented in the figure is used. Fig. 2 con-
tains a cyclic network that satisfies condition 2 of the theorem
by choosing Ps1,d1 = s1v7v6v5v2v3v4d1, Ps2,d1 = s2v1v4d1,
Ps2,d2 = s2v1v2v3v6v5v8d2, Qs1,d1 = s1v7v6v5v2v3v4d1,
Qs1,d2 = s1v7v8d2, and Qs2,d2 = s2v1v2v3v6v5v8d2. The
corresponding coded symbols carried by each edge are also
illustrated in Fig. 2, and rate-1 is sustainable for both unicast
sessions (s1, d1) and (s2, d2). Note that the (ε, T ) is essential
to take into account the delay of each edge as seen in
Figs. 1 and 2. Theorem 1 shows that as the existence of non-
coding solutions is equivalent to finding edge-disjoint paths,
the existence of PINC solutions is equivalent to finding paths
with controlled edge overlap. The intuition is that when the
packets/paths are not overly using any bottleneck edge (those
edges used by three paths), coding enables the information
to be transmitted simultaneously for both sessions. The sub-
graph G′ induced by any six paths satisfying condition 2 of

M1 = Xt−4 + Yt−2
M2 = Xt−5 + Yt−3

M3 = Xt−2 + Yt−4
M4 = Xt−3 + Yt−5
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Fig. 2. A cyclic butterfly network that satisfies condition 2 of Theorem 1
and the corresponding coding operations.

Theorem 1 will be referred as a pairwise intersession coding
configuration (PICC). In a broad sense, a path is the smallest
“graph unit” for non-coding multiple session communications
while a PICC is the smallest “graph unit” when coding across
two sessions is permitted. This work will build an optimal
decoupled coding/scheduling/rate-control scheme based on
this new PICC unit and study its performance degradation
when imperfect scheduling is used.

B. Analytical Framework for Wireless Multi-hop Networks —
A Wireless to Wireline Conversion

An important feature of wireless multi-hop network is the
broadcast nature of wireless media, which is termed the wire-
less multicast advantage (WMA). The WMA can be modelled
as follows (see [31], [43] for details). For each node u with
k neighbors {v1, · · · , vk}, introduce 2k − 1 auxiliary nodes
such that each auxiliary node corresponds to a non-empty
element of the powerset of {v1, · · · , vk}. Add 2k −1 directed
edges connecting u and each of the auxiliary nodes. For each
auxiliary node, add directed edges from the auxiliary node
to each node in the corresponding subset of neighbors. Fig. 3
illustrates one such conversion for a node with three neighbors.
In a wireless network, every time a packet is about to be
sent, the sender u chooses the target receiver(s) of the packet,
which is equivalent to choosing the corresponding auxiliary
node/link for transmission. Therefore, designing a wireless
transmission scheme that exploits the advantages of the WMA
is equivalent to designing a good routing/scheduling algorithm
on its wireline counterpart with the additional node-exclusive
scheduling constraints that auxiliary nodes corresponding to
the same u cannot be active simultaneously. This framework
takes into account the WMA and maps the wireless scheduling
problem to a wireline scheduling problem while the underlying
interference model for the former is absorbed as scheduling
constraints Θ for the latter problem, which will be clear in
the later section.

C. Pairwise Intersession Network Coding for Wireless Net-
works

Based on a necessary and sufficient condition, the six-
path-based PICC captures all pairwise coding opportunities
once the aforementioned wireless to wireline conversion is
properly exploited, which include the widely studied butterfly
structure [11], [14], [33], [34], [38] and the one-hop coding
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Fig. 3. Modelling the wireless mulitcast advantage.

3

A

B

C

X + Y

X + Y

X

Y

1

2

(a)

A

B

C

(b) (c) (d)

Fig. 4. A simple wireless one-hop coding opportunity with two sessions:

Session 1: A
X−→ C; Session 2: C

Y−→ A. (a) The slot-by-slot wireless
transmission. (b) Wireless to wireline conversion. (c) Paths Ps1,d1 , Ps2,d2 ,
and Ps2,d1 . (d) Paths Qs2,d2 , Qs1,d1 , and Qs1,d2 .

opportunities [9], [6], [17], [23], [36] as special cases when
coding is permitted only between two sessions.
Fig. 4(a) is a classic example of the one-hop intersession

coding opportunity for wireless networks. Node A would like
to send symbol X to node C while C intends to send Y to
A. Fig. 4(a) depicts how to send two symbols in three time
slots. The 1 and 2 in the small boxes indicate that A sends
X to B in the first time slot while C sends Y to B in the
second time slot. In the third time slot, B broadcasts coded
symbol X + Y to A and C using the WMA. If we follow
the wireless to wireline conversion, Fig. 4(a) is transformed to
Fig. 4(b). By noticing the existence of the P and Q paths with
controlled edge-overlap as in Figs. 4(c) and 4(d), this one-hop
coding opportunity for coding across two sessions is captured
by Theorem 1 and corresponds to an instance of PICC. Note
that Fig. 4(b) also indicates that under a node exclusive model
at least three time slots are necessary as the three involved
auxiliary nodes cannot be scheduled simultaneously.
Similarly Fig. 5(a) describes the classic wireless cross-

flows in which symbols X and Y can be sent from A to
E and from B to D in three time slots. D and E use the
overheard packets X and Y for decoding. Figs. 5(b) to 5(d)
depict the corresponding wireless to wireline conversion and
show that the wireless cross flows can again be captured as
a special instance of PICC (which is actually a butterfly in
the corresponding wireline network). Since the path-based
characterization of PINC does not require that encoding and
decoding happen at nodes that are 1-hop apart from each
other, our formulation naturally takes into account coding
opportunities over subgraphs of different “sizes,” e.g. 2-hop
butterflies used in [33]. Capturing all pairwise coding opportu-
nities, the PICCs also prompt new wireless intersession coding
opportunities different from Figs. 4 and 5. For example, in
Fig. 6(a), a new type of wireless cross flows is identified, for
which A sends symbol X to F while C sends symbol Y to
D. This example is not captured by the traditional one-hop
coding opportunity as node D does not overhear the original
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Fig. 5. The wireless cross flows with two sessions: Session 1: A
X−→ E;

Session 2: B
Y−→ D. (a) The slot-by-slot wireless transmission. (b) Wireless

to wireline conversion. (c) Paths Ps1,d1 , Ps2,d2 , and Ps2,d1 . (d) Paths
Qs2,d2 , Qs1,d1 , and Qs1,d2 .
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Fig. 6. A new type of wireless cross flows with two sessions: Session 1:

A
X−→ F ; Session 2: C

Y−→ D. (a) The slot-by-slot wireless transmission.
(b) Wireless to wireline conversion. (c) Paths Ps1,d1 , Ps2,d2 , and Ps2,d1 .
(d) Paths Qs2,d2 , Qs1,d1 , and Qs1,d2 .

symbol X sent by A but overhears the reconstructed symbol
X decoded and sent by E. Figs. 6(c) and 6(d) illustrate the
corresponding P and Q paths, which verify that this new type
of wireless cross flows is a special instance of PICC (that is
different than the classic butterfly structure). By including the
existing coding opportunities as special cases and capturing
additional ones, our PICC-based solution will enhance further
the achievable capacity region of intersession network coding.

III. OPTIMAL JOINT SCHEDULING/RATE-CONTROL WITH

PINC

Following Section II-B, we model a wireless network by its
wireline counterpart denoted by G = (V, E) where V is the
set of network nodes plus auxiliary nodes and E is the edge
set. Consider slotted transmission, a scheduling policy Θ is
a collection of active edges and the associated power levels.
Under a given interference model, we use rΘ

e to denote the
rate that can be supported on edge e under the scheduling
policy Θ, and we often use rΘ for the collective rate vector.
Let Θ denote the collection of all policies and let R Δ= {rΘ :
∀Θ ∈ Θ} denote the corresponding rates. Any rate vector
r ∈ Co(R), the convex hull of R, can be achieved via time
sharing. Without loss of generality, we assume the rate region
is bounded. There are N coexisting unicast sessions using the
network to send data from source si to destination di where
i = 1, · · · , N . The utility function Ui(x) for each session is
strictly concave and monotonically increasing, where x is the
end-to-end data rate for the session.

The utility optimization for multiple unicast sessions using
PINC can be cast as follows.

Authorized licensed use limited to: Purdue University. Downloaded on June 12, 2009 at 20:02 from IEEE Xplore.  Restrictions apply.



610 IEEE JOURNAL ON SELECTED AREAS IN COMMUNICATIONS, VOL. 27, NO. 5, JUNE 2009

max
0≤x≤MX ,r∈Co(R)

N∑
i=1

Ui

⎛
⎝|Pi|∑

k=1

xk
i +

∑
j:j �=i

|PICCij |∑
l=1

xl
ij

⎞
⎠ (1)

subject to
N∑

i=1

|Pi|∑
k=1

Hk
i (e)xk

i

+
∑

(i,j):i�=j

|PICCij |∑
l=1

H l
ij(e)x

l
ij

2
≤ re, ∀e ∈ E

(2)

xl
ij = xl

ji, ∀(i, j) : i < j, ∀l (3)

where Pi is the collection of paths from si to di along which
packets will be routed without any coding operations and xk

i is
the rate assigned for the k-th path. PICCij is the collection of
PICCs between sessions i and j on which intersession network
coding will be performed and xl

ij is the packet rate of source
si that will be network coded using the l-th PICC of PICCij .
Without loss of generality, we further assume the indices of
PICCij and of PICCji are consistent. Namely, for all l, the
l-th PICC of PICCij is also the l-th PICC of PICCji. Since
in PINC, packets from si and sj are coded bijectively with
each other, the system requires the equal-rate constraint (3).
Without loss of generality, we also assume that the rate vector
x is bounded by a finitely large constant MX .
In (2), Hk

i (e) is the indicator function whether the k-th path
in Pi uses edge e. H l

ij(e) is the indicator function whether the
l-th PICC in PICCij uses edge e. PINC ensures that the two
packet flows (with rates xl

ij and xl
ji respectively) jointly use

only the max rate max(H l
ij(e)x

l
ij , H l

ji(e)x
l
ji) instead of the

sum rate H l
ij(e)x

l
ij +H l

ji(e)x
l
ji. By the fact that the indicator

function is symmetric by definition, i.e. H l
ij(e) = H l

ji(e),
and by the equal-rate constraint in (3), the rate consumption

becomes max(H l
ij(e)x

l
ij , H l

ji(e)x
l
ji) =

Hl
ij (e)xl

ij+Hl
ji(e)xl

ji

2 .
For each edge e, summing over rates consumed by multi-
path routing and by multi-PICC network coding leads to
the capacity constraint (2). The non-negative rate vector x,
including all xk

i and xl
ij , is the subject of rate control and

the edge rate vector r ∈ Co(R) is the subject of optimal
scheduling and time-sharing. One advantage of considering
PICC is that unlike the existing butterfly-search approach [11],
[14], the characterization of PICC is path-based rather than
structure-based. One can thus use any path search algorithm
to identify possible constituent paths and any six paths
Ps1,d1 , Ps2,d2 , · · · , Qs1,d2 can serve as a PICC. It is worth
pointing out that there is no need to strictly enforce Condi-
tion 2 of Theorem 1 during implementation. More explicitly,
since each edge e knows whether itself participates in a given
path during the path-search phase, e also knows its edge-
overlap in the given six paths. Consider an edge e that is
a bottleneck, i.e.

1{e∈Ps1,d1 } + 1{e∈Ps2,d2 } + 1{e∈Ps2,d1 } = 3 (4)

or 1{e∈Qs1,d1 } + 1{e∈Qs2,d2 } + 1{e∈Qs1,d2 } = 3.

We can still treat the given six paths as a PICC in our
optimization problem (1) to (3) even though they do not satisfy
Condition 2 of Theorem 1. To that end, we simply need to

generalize the indicator function H l
ij(e) and let H l

ij(e) = 2
(rather than 1) for any bottleneck edge. In this way, we
allocate double the capacity for such e (see (2)), which thus
resolves the corresponding bottleneck caused by (4). With the
use of a generalized indicator H l

ij(e), searching for PICCs is
equivalent to searching for paths plus combining six paths as a
group, which can be achieved by any path-search algorithms.
Note that the larger the path collection Pi and the PICC
collection PICCij , the higher achievable throughput will be.
Depending on the available resources, there thus exists a
complexity-performance tradeoff on how exhaustive the path-
search algorithm should be.
The optimal solution of (1–3) can be achieved in a decou-

pled way by solving its dual problem via the sub-gradient
method.
Algorithm A:
Rate Update For each si, update its rate vector xi[t] =
{xk

i [t], xl
ij [t] : ∀k, j, l} for the t-th time slot by

xi[t] = arg max
0≤xi≤MX

Ui

⎛
⎝|P(i)|∑

k=1

xk
i +

∑
j:j �=i

|PICCij |∑
l=1

xl
ij

⎞
⎠

−
∑
e∈E

qe[t]

⎛
⎝|Pi|∑

k=1

Hk
i (e)xk

i +
∑

j:j �=i

|PICCij |∑
l=1

H l
ij(e)x

l
ij

2

⎞
⎠

−
|PICCij |∑

l=1

⎛
⎝ ∑

j:j>i

ql
ij [t]x

l
ij −

∑
j:j<i

ql
ji[t]x

l
ij

⎞
⎠

− αi

⎛
⎝|Pi|∑

k=1

(
xk

i − yk
i

)2
+

∑
j:j �=i

|PICCij |∑
l=1

(
xl

ij − yl
ij

)2

⎞
⎠ ,

where qe[t] and ql
ij [t] are dual variables at the t-th time

slot, whose values are feedback to si. The αi are small
constants and yi = {yk

i , yl
ij : ∀j, k, l} are auxiliary variables

of the proximal method in order to eliminate oscillation [4].
Periodically, yi is set to xi[t] and the iteration continues
using the new yi.

Scheduling Update The network selects the optimal
scheduling policy for the t-th time slot by

r[t] = arg max
r∈R

∑
e∈E

qe[t]re. (5)

Queue-length Update Each link e updates its dual variable
qe[t + 1] according to the following equation.

qe[t + 1] =
[
qe[t] + βe

( N∑
i=1

|Pi|∑
k=1

Hk
i (e)xk

i [t]

+
∑

(i,j):i�=j

|PICCij |∑
l=1

H l
ij(e)x

l
ij [t]

2
− re[t]

)]+

,

where [·]+ Δ= max(·, 0) is the projection operator and βe is a
small step size for the sub-gradient method.
Balance Update Each destination di updates the dual vari-
able ql

ij [t + 1] for all j > i. The dual variable ql
ij accounts
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the difference between packet rates of sources i and j that use
the same PICC.

ql
ij [t + 1] = ql

ij [t] + βi

(
xl

ij [t] − xl
ji[t]

)
, ∀j : j > i, ∀l, (6)

where βi is a small step size for the sub-gradient method.
Proximal Update Periodically, after every K time slots,
set yi ← xi[t]. For notational simplicity, after the proximal
update, we reset the timer value t ← 0.
The five different parts of Algorithm A are coupled implic-

itly via the queue lengths qe and the balance information ql
ij at

the destinations. One important observation is that with PINC,
only the rate and the balance updates, performed at the sources
si and destinations di, differ from its non-coding counterpart
(cf. [27]). The scheduling and queue-length updates remain
identical. The impact of PINC on rate-control and scheduling
is thus minimal and confined only in sources and destinations.
The complexity of Algorithm A depends mainly on the

number of feedback messages ql
ij [t] that each source receives

at each time slot t, which is proportional to the number
of PICCs in the network. Therefore, the number of queue-
length exchange messages is of the order O(N × |E| ×
(maxi

∑
j:i�=j |PICCij |)). This is of similar complexity to

that of traditional multipath routing with scheduling and
congestion control [27] typically proposed for static mesh
networks without mobility. Distributed methods that reduce
the number of need-to-be-considered PICCs can be found
in Section V and in [19], which mitigate the complexity of
this algorithm and is executed only once in the initialization
phase. Another approach for complexity reduction is to include
the paths that form PICCs one by one in an adaptive way
such that the number of control messages do not exceed a
threshold as explained in [19]. For comparison, the num-
ber of multicast sessions used in the framework of [9] is(

N
2

)
×|V |×(|V |−1), and the number of queue-length exchange

messages in the corresponding back-pressure algorithm is thus
O(N2 × |V |3 × nbs), where nbs is the average number of
neighboring nodes for nodes in V .

A. Convergence Analysis of Algorithm A

Proposition 1: Consider a decreasing non-negative se-
quence {βτ} such that

∑∞
τ=1 βτ → ∞ and∑∞

τ=1(βτ )2 < ∞. If in the beginning of each proximal
iteration, we reset the step sizes βe = βi = βτ with τ = 1.
As the inner iteration proceeds, we use βτ , τ = 1, · · · , K as
the step sizes in the K inner iterations. Then when the update
period K of the proximal variable yi ← xi[t] is sufficiently
large, Algorithm A converges to the optimal solution of (1–3),
the optimal rate assignment of PINC.
A sketch of the proof is as follows. The boundedness

of the rate region Co(R) and rate-vector x implies the
boundedness of the sub-gradient of the dual problem of (1–
3). Proposition 8.2.6 in [3] then guarantees the convergence.
A detailed proof is relegated to [21]. The convergence with K
bounded away from infinity and βτ bounded away from zero
is empirically verified during our simulations.

B. Stability of Algorithm A

Definition 1: A system load {wi : i = 1, · · · , N} (we
sometimes use {wi}i as shorthand) can be stabilized by Algo-

rithm A if there exists a non-negative vector w = {wk
i , wl

ij :
∀i, j, k, l} such that

wi =
|Pi|∑
k=1

wk
i +

∑
j:j �=i

|PICCij |∑
l=1

wl
ij , ∀i,

and wl
ij = wl

ji, ∀(i, j) : i < j,∀l. (7)

Moreover, if we replace the “rate update” in Algorithm A by
a fixed rate assignment x[t] = w, then the dual variables qe[t]
and ql

ij [t] must stay bounded away from infinity when t tends
to infinity.
Let Λ denote a set of system loads Λ = {{wi}i} such that

for any {wi}i ∈ Λ, there exists a rate vector r ∈ Co(R), a
non-negative vector w = {wk

i , wl
ij : ∀i, j, k, l} satisfying (7),

and jointly w and r satisfy

N∑
i=1

|Pi|∑
k=1

Hk
i (e)wk

i +
∑

(i,j):i�=j

|PICCij |∑
l=1

H l
ij(e)w

l
ij

2
≤ re, ∀e ∈ E.

We then have the following stability result regarding the
system load region Λ.

Proposition 2: Any system load {wi} that is in the interior
of Λ can be stabilized by the optimal rate-control/scheduling
in Algorithm A.
(Proposition 2 can be regarded as a corollary of Proposi-

tion 3 that will be introduced shortly after.)

IV. PAIRWISE INTERSESSION NETWORK CODING WITH

IMPERFECT SCHEDULING

In general, it is computationally expensive to find the
optimal scheduling decision satisfying (5) in Algorithm A. De-
pending on different interference models, finding the optimal
scheduling r that maximizes

∑
e qe[t]re is NP-hard in many

cases and generally requires centralized implementation. In
practice, we would often have to resort to imperfect scheduling
schemes that select the rate vector r[t] that achieves γ fraction
of the maximum value. Namely, an imperfect scheduling
policy choose r[t] satisfying∑

e∈E

qe[t]re[t] ≥ γ max
r

∑
e∈E

qe[t]re, (8)

where γ is a constant in [0, 1]. With imperfect scheduling
(γ < 1), the tie between Algorithm A and the gradient method
for the dual problem is severed and Algorithm A may not
converge to any fixed-point solution. The following results
show that even with imperfect scheduling, the proposed PINC
scheme with cross-layer optimization Algorithm A still shows
tractable performance in terms of the stability region.

Proposition 3: Any system load {wi} that is in the interior
of γΛ can be stabilized by Algorithm A with γ-imperfect
scheduling.
The sketch of the proof is provided in Appendix A, which

covers Proposition 2 as a special case.

A. Networks with Dynamic Arrivals and Departures

In addition to networks with static arrivals and departures,
we also consider the case of dynamic system loads with
logarithmic utility functions. Consider N classes of users.
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For all i, users in class i have a common logarithmic utility
function Ui(x) = κi log(x) where κi > 0 are predefined
system parameters. All users in class i will send packets from
si to di and will use the same routing paths in Pi and the same
PICCs in PICCij for transmission. We also assume that users
of class i arrive according to a Poisson process with rate λi

and each user needs to send a file whose size is exponentially
distributed with mean 1

μi
. The system load of this network

with dynamic arrivals is then defined as
{(

λi

μi

)
: ∀i

}
. The

dynamic nature of this setting prompts a slightly different
definition of stability.

Definition 2: A system load
{(

λi

μi

)
: ∀i

}
can be stabilized

by Algorithm A if the dual variables qe[t] and ql
ij [t] are

bounded away from infinity for each iteration with probability
one.1

We then have the following stability result.
Proposition 4 (Stability for Dynamic Systems): Consider

logarithmic utility functions Ui(x) = κi log(x). With
sufficiently small αi, βe, and βi, any system load

{(
λi

μi

)
: ∀i

}
that is in the interior of γΛ can be stabilized by Algorithm A
with γ-imperfect scheduling.
The proof of Proposition 4 is sketched in Appendix B.

Proposition 4 implies that although the instantaneous system
load imposed on the network may well exceed the network
capacity, as long as the average system load is within γ times
the capacity, the queue lengths of the network are bounded
away from infinity and the system is stable.
Proposition 4 shows that the graceful stability degradation

that was previously known only for non-coding transmission
(cf. [28]) also holds for PINC. Shifting from non-coding
to network-coding solutions enhances the throughput with-
out sacrificing the associated stability even with imperfect
scheduling.

B. A Generalized Node Exclusive Interference Model With the
WMA

The node exclusive model is a commonly used interference
model for bluetooth or for FH-CDMA networks [2], [13], [32]
that admits efficient and provably good approximation of the
optimal scheduling policy. In the traditional node exclusive
model (without taking advantages of the WMA), the data rate
of each link is fixed at ce and each node can only send to
or receive from one other node at any time. The objective
function of optimal scheduling is thus equivalent to

max
r

∑
e∈E

qe[t]re = max
M

∑
e∈E

qe[t]ce1{e∈M}

= max
M

∑
e∈M

qe[t]ce, (9)

whereM is a matching of the underlying graphG. Finding the
optimal scheduling of (9) thus becomes a maximum weighted
matching problem.

1In contrast with Definition 1 where the rate update rule is modified for
a static system load, for a dynamic system load, the optimal rate update is
kept unchanged. Only the scheduling update will be changed to incorporate
imperfect scheduling as in (8).

u1 u2

u3 v5 v6v4

(a) Consider the WMA of a wireless
network.

u1 u2

u3v4 v5 v6

(b) Three active auxiliary nodes cor-
responding to three unicast transmis-
sions.

u1 u2

v4 u3 v5 v6

(c) Two active auxiliary nodes corre-
sponding to two broadcast transmis-
sion.

Fig. 7. Illustration of the node exclusive model when the WMA is taken
into consideration.

Nonetheless, when the WMA is taken into account, i.e. with
the auxiliary nodes added for the broadcast nature of wireless
transmission as discussed in Section II-B, the objective func-
tion of scheduling becomes

max
r

∑
e∈E

qe[t]re

= max
A

∑
e∈E

qe[t]ce1{e is adjacent to some node in A},

(10)

where A is a set of active auxiliary nodes. Since each network
node can only send to or receive from one auxiliary node
(due to the node-exclusiveness assumption), we require that
the node set A satisfies that any node in A does not share any
common neighbor with any other node in A.
Fig. 7(a) depicts a wireless network of six nodes. Nodes u1,

u2, and u3 would like to transmit and the transmission can be
overheard by more than one receivers (see Fig. 7(a)). Two
possible scheduling policies (two different As) are illustrated.
In Fig. 7(b), the wireline counterpart of Fig. 7(a), three
auxiliary nodes are active and correspond to three unicast
transmissions ((u1, v4), (u2, v6), and (u3, v5)) highlighted
by thick edges. The other scheduling policy contains two
active auxiliary nodes as in Fig. 7(c) that correspond to two
broadcast transmissions ((u1, {v4, u3}) and (u2, {v5, v6})).
It can be shown that maximizing (10) is equivalent to

solving a maximum weighted hypergraph matching (MWHM)
problem. In [8] a greedy maximal hypergraph matching
(GMHM) is proposed as an approximation of the MWHM.
More explicitly, the network first selects an auxiliary node
va that maximizes

∑
e is adjacent to va

qe[t]ce and includes va as
part of the scheduling policy A. Remove va and its neighbors
and then restart this greedy selection of auxiliary node until
a maximal scheduling policy A is reached. In this way,
GMHM guarantees to find a 1

maxva |nbs(va)| -approximation of
the MWHM, where nbs(va) is the set of neighbors around va.
We can further sharpen the approximation ratio as follows.

Proposition 5: For any given network, the GMHM is a 1
5 -

approximation algorithm and can thus achieve at least 1
5 of
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the stability region Λ when used as an imperfect scheduling
policy for the node-exclusive model.

Proof: Since each PICC consists of six paths, any auxil-
iary node participating in a PICC has at most six outgoing
branches plus one incoming edge. As a result, during the
wireless to wireline conversion, there is no need to include
auxiliary nodes of > (6 + 1) neighbors as the neighbors
of those nodes will not fully participate in a PICC. The
above reasoning shows that the GMHM can be made a 1

7 -
approximation by eliminating the auxiliary nodes with > 7
neighbors. By further taking into account the edge-overlap
conditions in Theorem 1, it can be shown that each auxiliary
node needs to have at most four outgoing branches (two
for the P paths and two for the Q paths). Therefore, the
approximation ratio can be improved to 1

5 by eliminating
the auxiliary nodes with > (4 + 1) neighbors. The proof is
complete.
It is worth mentioning that the 1

5 -approximation is a lower
bound of the performance of the GMHM. In our numerical
study, GMHM has almost identical performance to the optimal
MWHM solution. Other studies on the performance of greedy
maximal matching for non-coding networks can be found in
[16], [44].

V. DISTRIBUTED CODE DESIGN FOR PINC

The rate control and link scheduling algorithms described
thus far allocate optimal rates at each link so that the utility
function can be maximized. The next question is what is
the network coding scheme that can achieve the optimal
rate assignment? For a given PICC, we proposed a coding
scheme based on identifying distributedly special edges in
the PICC in [20]. Specifically, carefully chosen decoding
operations are performed on special decoding edges, while
random network coding is performed on all other edges for
the sake of scalability and distributiveness. In this paper we
present a new, more efficient approach in which each edge e
decides the coding operation based on the subset of the six
paths of the given PICC that use e. Since each edge naturally
knows whether itself participates in a given route/path or not
(a byproduct of the initial path-search phase of Algorithm A),
the corresponding coding operation can be decided locally
without knowing the entire topology of the network. Moreover,
this scheme only uses binary XOR operations, which has
computational advantages over schemes based on a large finite
field GF(28) or GF(216). The new binary scheme achieves
the same optimal throughput as that of [19] while the later
requires the use of a larger field.
Practical network coding [7] uses the concept of “genera-

tions” that synchronize the network operations as coding is
performed only within the same generation. With appropri-
ate route/path selection and a carefully-designed generation-
flushing policy, packets seldom cycle in the network. For the
following, we thus restrict our attention to acyclic networks.
In [19], it is observed that some PICCs have negligible impact
on scheduling/rate-control and can be absorbed by a pair of
edge-disjoint paths or by other PICCs. Fig. 8(a) represents
one such insignificant PICC. The P and Q paths in Figs. 8(b)
and 8(c) verify that Fig. 8(a) is indeed a PICC. However,

s1 s2

d2 d1

(a) An Insignificant PICC.

s1 s2

d2 d1

(b) Paths Ps1,d1 , Ps2,d2 , and
Ps2,d1 .

s1 s2

d2 d1

(c) Paths Qs2,d2 , Qs1,d1 ,
and Qs1,d2 .

s1 s2

d2 d1

Disjoint path1

Disjoint path 2

(d) The embedded edge-disjoint paths.

Fig. 8. Illustration of an insignificant PICC that contains a pair of edge-
disjoint paths as a strict subgraph.

within Fig. 8(a), there exists a pair of edge-disjoint paths
Ps1,d1 and Ps2,d2 as illustrated in Fig. 8(d). One can send
symbols X and Y along the edge-disjoint paths without using
up all available bandwidth in the given PICC. From the
throughput/cost perspective, the pair of edge-disjoint paths
(Fig. 8(d)) dominates the given PICC (Fig. 8(a)), the latter of
which is thus insignificant in the rate-control/scheduling anal-
ysis and can be removed from consideration without affecting
the optimality of the solution. Let (s1, d1) and (s2, d2) denote
the pair of unicast sessions of interest. For acyclic networks,
the following four rules2 identify the insignificant PICCs (each
consisting of three P paths and three Q paths).

• Rule 1: If Ps2,d1 and Qs1,d2 meet at any edge, the PICC
is insignificant.

Depending on whether Ps1,d1 and Qs1,d1 are the same path
(and symmetrically whether Ps2,d2 and Qs2,d2 are the same
path), we have the following three more rules.

• Rule 2.1: Suppose Ps1,d1 = Qs1,d1 and Ps2,d2 	= Qs2,d2 .
If there exists an edge e shared by all three paths Ps1,d1 ,
Ps2,d2 , and Qs2,d2 , then the PICC is insignificant.

• Rule 2.2: Suppose Ps1,d1 	= Qs1,d1 and Ps2,d2 = Qs2,d2 .
If there exists an edge e shared by all three paths Qs2,d2 ,
Qs1,d1 , and Ps1,d1 , then the PICC is insignificant.

• Rule 2.3: Suppose Ps1,d1 	= Qs1,d1 and Ps2,d2 	= Qs2,d2 .
Declare the PICC as insignificant.

Rules 1 to 2.3 can be implemented distributedly in the
initialization phase by sending tokens along the paths to
explore whether the paths share a given edge. For example, the
insignificant PICC in Fig. 8(a) can be identified by Rule 1 and
removed from consideration. Our new XOR-based scheme is
then performed on the remaining PICCs that are not removed
by the above four rules. The detailed description of the code
construction is as follows.

2A detailed proof of the correctness of these four rules and the correspond-
ing distributed implementation can be found in [21].
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M1 = M2

Me ←− M1 = M2

v

(a) Case 1.1

v

M1 	= M2

Me ←− Y e /∈ Ps1,d1

(b) Case 1.2

v

M1 	= M2

Me ←− Y e /∈ Ps1,d1
e /∈ Ps2,d2

(c) Case 1.3

v

M1 	= M2

Me ←− X + Y e ∈ Ps1,d1
e ∈ Ps2,d2

(d) Case 1.4

Fig. 9. Cases 1.1 to 1.4 of the new distributed code construction using only
the binary XOR operation. The thick arrow is the edge e in which the coding
decision will be made. M1 and M2 are the coded symbols along the two
incoming edges of v. Me is the outgoing coded symbol along edge e.

The source: Source s1 sends its own symbol X along
Ps1,d1 , Qs1,d1 , and Qs1,d2 , and s2 sends its own symbol Y
along Ps2,d2 , Qs2,d2 , and Ps2,d1 .

Each intermediate edge: At each edge e that is the
outgoing edge of an intermediate network node v 	= s1, s2.
Consider the following cases.

• Case 1: Ps1,d1 = Qs1,d1 and Ps2,d2 	= Qs2,d2 . Consider
four sub-cases. Case 1.1: If all incoming edges of v carry
the same symbol, then forward that symbol. Case 1.2:
If Case 1.1 is not satisfied and e /∈ Ps1,d1 , then send
Y through e. Case 1.3: If Case 1.1 is not satisfied, e ∈
Ps1,d1 , and e /∈ Ps2,d2 , then send X through e. Case 1.4:
If Case 1.1 is not satisfied, e ∈ Ps1,d1 , and e ∈ Ps2,d2 ,
then send the binary XORed symbol X + Y through e.

• Case 2: Ps1,d1 	= Qs1,d1 and Ps2,d2 = Qs2,d2 . This is
a symmetric case of Case 1. We perform the symmetric
operations of Case 1 by swapping the roles of the first
unicast session (s1, d1), X , and P with the roles of the
second session (s2, d2), Q and Y .

• Case 3: Ps1,d1 = Qs1,d1 and Ps2,d2 = Qs2,d2 . Perform
the same operations as in Cases 1.1 to 1.4.

Fig. 9 illustrates Cases 1.1 to 1.4 for an outgoing edge e of
an intermediate node v.

Proposition 6: For an acyclic network, consider a PICC
that is not removed by Rules 1 to 2.3. Then destination d1

(resp. d2) is able to recover the designated symbol X (resp.
Y ) using the above locally computed binary coding scheme.
The proof is relegated to Appendix C.

VI. NUMERICAL EXPERIMENTS

We perform simulations under the linear signal-to-noise-&-
interference-ratio (SINR) model. The objective is to compare
the non-coded and the network coding solutions with both
perfect and imperfect scheduling. To implement imperfect
scheduling, we maintain a small pool imperfect scheduling
policy Θ̃ � Θ and choose the imperfect scheduling from the
smaller policy pool Θ̃ in a similar way as in [28] according
to the following. Every scheduling policy θ ∈ Θ̃ is associated
with a rate vector rθ

e . Further assume that every θ ∈ Θ̃
is associated with a set of queue lengths {qθ

e : ∀e} such

6
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(0,0)

(1,1)

(2.2,0)

(2.5,2)

(3.5,1)

(0,2)

1

Fig. 10. The network topology, node locations, and three classes of unicast
traffic used in the simulations.

that the policy θ is a γθ-approximation policy satisfying∑
e∈E qθ

erθ
e ≥ γθ maxr

∑
e∈E qθ

ere. If the following condition
holds in the t-th time slot

max
θ∈Θ̃

∑
e∈E

qe[t]rθ
e

≥ γ min
θ∈Θ̃

(∑
e∈E

[qe[t] − qθ
e ]+rmax

e +
∑

e∈E qθ
erθ

e

γθ

)
,

for some γ, where rmax
e is the maximum possible rate along

edge e, then policy θ∗
a that maximizes the left-hand side is a γ-

approximation of the optimal scheduling policy with weights
qe[t] on each edge. We can use such a scheduling policy θ∗

a

in the reduced policy pool Θ̃ without the computationally
expensive step of computing the optimal scheduling policy θ∗

in the right-hand side of (8). If no such θ∗
a exists, we compute

directly one θ[t] satisfying (8) and store this new θ[t] and the
associated qe[t] in the small pool Θ̃.
We assume that the total power assigned to node u at

any time slot is bounded by Pu,max. To achieve the optimal
throughput, in each time slot, each node u should either
transmit at full power Pu,max or remain silent. For any unicast
transmission from u to v, the data rate ru,v is assumed to be
proportional to the SINR level3 at the receiver v, which is
formally expressed as.

ruv = W
G(u, v)1{(u,v) is activated}Pu,max

N0 +
∑

w:w �=u G(w, v)1{node w is sending}Pw,max
,

where N0 is the background noise, W is the bandwidth of
the system, and G(u, v) is the path gain between nodes u
and v which is set to (dist(u, v))−4, where dist(u, v) is the
Euclidean distance between nodes u and v. With network
coding, the data rate of the broadcast link with multiple
receivers is proportional to the minimum of the SINR levels
at those receivers. More precisely, if node u is broadcasting
to nodes v1, · · · , vn, the data rate of this broadcast link,
ru,{v1,...,vn}, becomes

ru,{v1,...,vn} =

W min
{i=1,...,n}

{
G(u, vi)1{(u,{v1,...,vn}) is activated}Pu,max

N0 +
∑

w:w �=u G(w, vi)1{w is sending}Pw,max

}
.

We run the simulations on the topology in Fig. 10. The X-
and Y-coordinates of the six network nodes are specified in
the figure. We simulate three classes of users and each class
is allowed to use multi-path or multi-PICC communications.

3The linear SINR model can be viewed as a first order approximation of
the information-theoretic W log(1 + SINR) model.
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The source and destination pair of each class is also shown
in the figure. A logarithmic utility function U(·) = log(·) is
assumed for all classes. In our simulation, we use W = 10,
N0 = 1, Pu,max = 1, ∀u, the proximal coefficient αi = 0.01,
the step sizes βe = 0.01, ∀e, βi = 0.01, ∀i, and 10 inner
iterations within each proximal iteration K = 10. Fig. 11
represents the results for the case of deterministic arrival
and departure. Using the non-coded solution with perfect
scheduling the rates of classes 1 and 2 converge to about 0.377
and the rate of class 3 converges to 0.325. When imperfect
scheduling is used without network coding and γ = 0.6
the rates of classes 1 and 2 remain the same as the perfect
scheduling case and the rate of class 3 is reduced by only 0.02.
The number of time slots in which new schedules need to be
computed is 18 out of totally 5000 time slots (500 proximal
iterations). When we further reduce γ to 1

3 , the rate of class 1
is 4.0, the rate of class 2 is 3.5, and the rate of class 3 is 3.2
which shows a deviation from the optimal rates. The number
of time slots in which new schedules need to be computed is
7 out of totally 5000 time slots.
The PINC solution with both the perfect and imperfect

scheduling with γ = 0.6, 1
3 achieves strict fairness as the

data rates of all classes converge to 4 as shown in Fig. 11.
Using imperfect scheduling from a reduced pool of scheduling
policies, the new schedules need to be computed in only 21
time slots when γ = 0.6 and in only 13 time slots when γ = 1

3 .
With network coding, the computationally efficient imperfect
scheduling method outperforms the non-coding solution with
optimal scheduling from both the throughput and fairness
perspectives. To show that the performance gain of PINC is
universal for other channel models, we have also simulated
the same topology with a W log(1 + SINR) model. Similar
performance gain is observed in Fig. 12.
For the dynamic arrival and departure, we simulated the

arrival of files for each class whose size is exponentially
distributed with average size ( 1

μ = 100). Each file arrives
according to a Poisson process with rate λ. We vary the rate
λ and report in Fig. 13 the average number of users in the
system with respect to the system load per user ρ

Δ= λ
μ . As

shown in the figure network coding with imperfect scheduling
outperforms the non-coded solution with perfect scheduling by
a significant 20%.

VII. CONCLUSION

For intersession network coding, coding across many ses-
sions requires greater transmission power to broadcast the
coded symbol to many receiver, which results in higher
interference in the wireless multi-hop network. In both em-
pirical and analytical studies, it has been shown that for an
interference/energy aware network coding scheme, most of
the coding opportunities involve only two sessions, referred
herein as pairwise intersession network coding (PINC).
In this work, we have proposed a jointly optimal coding,

scheduling, and rate-control scheme for wireless multi-hop
networks based on the recent theoretical finding of PINC.
The corresponding coding, scheduling, and rate-control com-
ponents are decoupled by the use of queue lengths and the
introduction of rate-balance dual variables. Our results have

proven that in a wireless multi-hop network, the throughput
advantage of PINC can be achieved without sacrificing the
stability conditions. Moreover, PINC has minimal impact on
the optimal rate-control/scheduling as the only new component
necessary for scheduling PINC traffic is the balance update
performed at the receivers. Following this new formulation,
we have also studied the impact of γ-imperfect scheduling on
PINC-based rate-control algorithm and for the corresponding
distributed greedy hypergraph matching algorithm.
Numerical experiments have also been conducted for the

linear and the logarithmic signal-to-noise/interference-ratio
(SINR) models, which shows that the achievable rates using
PINC and efficient imperfect scheduling outperforms that
of non-coding transmission with computationally expensive
optimal scheduling. We provide the following future directions
to conclude this paper.

1) PINC admits a flow-based characterization similar to
that for non-coding communications, which prompts
further extension of the traditional wisdoms for non-
coding communications to PINC. We will study the
benefit/impact of PINC for different network objectives,
including distributed scheduling policy for general in-
terference models and the joint scheduling and energy
minimization. In [41], the PINC has been extended from
two unicast sessions to two multicast sessions. We will
develop the corresponding coding/scheduling schemes
for multicast traffic as well.

2) Another important ingredient for practical wireless net-
work coding is the opportunistic way of exploiting over-
hearing and coding opportunities. Opportunistic listen-
ing/coding/routing takes advantages of the randomness
of the channel, which can be viewed as another type
of imperfect scheduling. Specifically, with opportunistic
routing, the network users can control only part of
the routing/scheduling policy and the random nature
of the wireless channel will decide randomly which
receivers will receive which packet transmission. This
opportunistic behavior of wireless multi-hop network
provides a unique challenge for the analysis of inter-
session network coding as the coded symbols intended
for certain receivers may be received by a different set of
receivers instead. We will build upon our understanding
of imperfect scheduling and investigate the opportunistic
coding opportunities with PINC.

APPENDIX A
STABILITY RESULTS WITH DETERMINISTIC ARRIVALS

Sketches of the proof of Proposition 3: We first notice
that by (6), ql

ij is a constant and is thus bounded away from
infinity. For the following, choose the following Lyapunov
function V (q) =

∑
e

(qe)2

2βe
for the dual variables q = {qe :

∀e}. Then

V (q[t + 1]) − V (q[t]) =
∑

e

qe[t]
(∑

i

∑
k

Hk
i (e)xk

i

+
1
2

∑
(i,j):i�=j

∑
l

H l
ijxl

ij − re

)
+ const, (11)
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Fig. 11. The convergence results for the case of deterministic arrival with the linear SINR-based interference model.

where const is a constant bounded away from positive and
negative infinity.
Since the fixed rate assignment x is in the interior of γΛ,

the first term of (11) can be rewritten as

−ε
∑

e

qe[t]

⎛
⎝∑

i

∑
k

Hk
i (e)xk

i +
1
2

∑
(i,j):i�=j

∑
l

H l
ijxl

ij

⎞
⎠
(12)

for some ε > 0. Combining (11) and (12), we have that
any component of q tends to infinity will lead to negative
difference of the Lyapunov function V (q). As a result, all dual
variables qe and ql

ij are bounded away from infinity. Since
the primal variables have only bounded domains, the proof is
complete.

APPENDIX B
STABILITY RESULTS WITH STOCHASTIC ARRIVALS

Sketches of the proof of Proposition 4: Let ρi
Δ= λi

μi
.

Since {ρi}i is in the interior of γΛ, by the definition of Λ,
we can find ε, ρk

i and ρl
ij satisfying

ρi =
∑

k

ρk
i +

∑
j,l:j �=i

ρl
ij , ∀i, ρl

ij = ρl
ji, ∀i, j, l,

and (1 + 2ε)
∑

i

⎛
⎝∑

k

Hk
i (e)ρk

i +
1
2

∑
j,l:j �=i

H l
ij(e)ρ

l
ij

⎞
⎠ ≤ γr∗

e

for some r∗ ∈ Co(R). (13)

Let ni denote the number of users in the system. The
probability law of ni is determined by a Markov process. Its

transition rate is given by:

⎧⎪⎪⎨
⎪⎪⎩

ni[t] → ni[t] + 1 with rate λi

ni[t] → ni[t] − 1 with rate

μi

(∑
k xk

i [t] +
∑

j,l:j �=i

∑
l xl

ij [t]
)

ni[t]

A heuristic fluidity model argument is provided as follows.
By the rate and scheduling update rules, we have

xi[t] = argmax
x

Ui

⎛
⎝∑

k

xk
i +

∑
j,l:j �=i

xl
ij

⎞
⎠

−
∑

e

qe[t]

⎛
⎝∑

k

Hk
i (e)xk

i +
1
2

∑
j,l:j �=i

H l
ij(e)x

l
ij

⎞
⎠

−

⎛
⎝ ∑

j:j>i

∑
l

ql
ij [t]x

l
ij −

∑
j:j<i

∑
l

ql
ji[t]x

l
ij

⎞
⎠

− αi

2

⎛
⎝∑

k

(
xk

i − yk
i

)2
+

∑
j,l:j �=i

(
xl

ij − yl
ij

)2

⎞
⎠ (14)

∑
e

qe[t]re[t] ≥ γ max
[r]

∑
e

qe[t]re
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Fig. 12. The convergence results for the case of deterministic arrival with the W log(1 + SINR)-based interference model.

The first order derivatives of ni, qe, and ql
ij become

d

dt
ni[t] = λi − μini[t]

⎛
⎝∑

k

xk
i [t] +

∑
j,l:j �=i

xl
ij [t]

⎞
⎠

d

dt
qe[t]

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

βe

(∑
i ni[t]

(∑
k Hk

i (e)xk
i [t]

+ 1
2

∑
j,l:j �=i H l

ij(e)x
l
ij [t]

)
− re[t]

)
if positive

or qe[t] > 0
0 otherwise

d

dt
ql

ij [t] = βi

(
ni[t]xl

ij [t] − nj [t]xl
ji[t]

)
Consider the following V (·, ·) function that will be used as
the Lyapunov function of the system.

V (n, q) = Vn(n) + Vq(q)

where

Vn(n) =
∑

i

⎛
⎝1

2
Kκin

2
i

λi
+

αini

μi

⎛
⎝∑

k

yk
i +

∑
j,l:j �=i

yl
ij

⎞
⎠

⎞
⎠

Vq(q) =
∑

e

(qe)2

2βe
+

∑
i,j:i<j,l

(ql
ij)

2

2βi

By the fluidity model, we have the following expression for

any positive constant K .

dVn(n[t])
dt

=
∑

i

⎛
⎝Kκini[t]

ρi
+ αi

⎛
⎝∑

k

yk
i +

∑
j,l:j �=i

yl
ij

⎞
⎠

⎞
⎠

⎛
⎝ρi − ni[t]

⎛
⎝∑

k

xk
i [t] +

∑
j,l:j �=i

xl
ij

⎞
⎠

⎞
⎠

Therefore

dVn

dt
= − ε

∑
i

⎛
⎝Kκini + αiρi

⎛
⎝∑

k

yk
i +

∑
j,l:j �=i

yl
ij

⎞
⎠

⎞
⎠

+
∑

i

⎛
⎝Kκini

ρi
+ αi

⎛
⎝∑

k

yk
i +

∑
j,l:j �=i

yl
ij

⎞
⎠

⎞
⎠

⎛
⎝(1 + ε)ρi − ni

⎛
⎝∑

k

xk
i +

∑
j,l:j �=i

xl
ij

⎞
⎠

⎞
⎠

= − ε
∑

i

⎛
⎝Kκini + αiρi

⎛
⎝∑

k

yk
i +

∑
j,l:j �=i

yl
ij

⎞
⎠

⎞
⎠

+
∑

i

(
K(1 + ε)κi∑

k xk
i +

∑
j,l:j �=i xl

ij

+ αi

(∑
k

yk
i +

∑
j,l:j �=i

yl
ij

))
⎛
⎝(1 + ε)ρi − ni

⎛
⎝∑

k

xk
i +

∑
j,l:j �=i

xl
ij

⎞
⎠

⎞
⎠

+ (A),
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Fig. 13. The number of users in the system versus the system load for the
case of dynamic arrival with the linear SINR-based interference model.

where

(A) � −
∑

i

Kκi

(
(1 + ε)∑

k xk
i +

∑
j,l:j �=i xl

ij

− ni

ρi

)
⎛
⎝(1 + ε)ρi − ni

⎛
⎝∑

k

xk
i +

∑
j,l:j �=i

xl
ij

⎞
⎠

⎞
⎠ ≤ 0.

In the following we will use the following notation y
k/l
i(j) to

express that we are iterating over all yk
i and yl

ij . For example∑
k,l,j,:j �=i y

k/l
i(j) �

∑|Pi|
k=1 yk

i +
∑

j:j �=i

∑|PICCij |
l=1 yl

ij . Similar
notation is used for other variables such as ρ and q. We define
F0 and F1 such that:

F0 =(1 + ε)

⎛
⎝∑

i

αi

∑
k,j,l:j �=i

y
k/l
i(j)

∑
k′,j′,l′:(k′,j′,l′) �=(k,j,l)

ρ
k′/l′

i(j′)

⎞
⎠

− ε
∑

i

αiρi

∑
k,j,l

y
k/l
i(j) + (A)

F1 = (1 + ε)
∑

i αiMΣx

∑
k,j,l:j �=i ρ

k/l
i(j). Here MΣx is the

maximum rate assigned to any user.
Since xi[t] solves (14) and Ui(·) = κi log(·), there exist

δk
i , δl

ij ≥ 0 and δi,M ≥ 0 such that

κi∑
k′,j′,l′:j′ �=i x

k′/l′
i(j′)

− αi(x
k/l
i(j) − y

k/l
i(j)) + δ

k/l
i(j) − δi,M

= q
k/l
e,i(j), i, j, k, l : i 	= j

where

qk
e,i =

∑
e

qeHk
i (e)

ql
e,ij =

{
1
2

∑
e qeH l

ij(e) + ql
ij if i < j

1
2

∑
e qeH l

ij(e) − ql
ji if i > j.

We have δ
k/l
i(j)x

k/l
i(j) = 0 and δi,M

(∑
k,j,l:j �=i xl

i(j) −MP
x

)
=

0 due to the complementary slackness conditions. In our online

technical report [21] for each i we have explicitly construct a
positive integer Ji such that

δi,M ≤ κi

MΣx
+ αi

∑
k,j,l:i�=j y

k/l
i(j)

Ji
, ∀i. (15)

By choosing F2 = maxi{ κi

MΣx
+αi

P
k,j,l y

k/l

i(j)

Ji
}, F2 is an upper

bound for all δi,M . Let K = 1
1+ε , we have

dVn

dt
≤ −ε

∑
i

Kκini

+
∑

e

qe

⎛
⎝(1 + ε)

∑
i

⎛
⎝∑

k

Hk
i (e)ρk

i +
1
2

∑
j,l:j �=i

H l
ij(e)ρ

l
ij

⎞
⎠

−

⎛
⎝∑

i

∑
k

niH
k
i (e)xk

i +
1
2

∑
j,l:j �=i

niH
l
ij(e)x

l
ij

⎞
⎠

⎞
⎠

+
∑

(i,j):i<j

∑
l

(
ql

ij(1 + ε)
(
ρl

ij − ρl
ji

)
− ql

ij

(
nix

l
ij − njxl

ji

))
+ F0 + F1 + F2(1 + ε)

∑
i

∑
k,j,l:j �=i

ρ
k/l
i(j). (16)

The details of how (16) is obtained in our online technical
report [21]. Since

dVq(q)
dt

=
∑

e

qe

(∑
i

ni

(∑
k

Hk
i (e)xk

i +

1
2

∑
j,l:j �=i

H l
ij(e)x

l
ij

)
− re

)

+
∑

(i,j):i<j

∑
l

ql
ij

(
nix

l
ij − njxl

ji

)
,

and ρl
ij = ρl

ji, the overall drift
dV
dt = dVn

dt + dVq

dt becomes

dV

dt
≤− ε

∑
i

Kκini − ε
∑

e

qe

∑
i

(∑
k

Hk
i (e)ρk

i

+
1
2

∑
j,l:j �=i

H l
ij(e)ρ

l
ij

)
.

+ F0 + F1 + F2(1 + ε)
∑

i

∑
k,j,l:j �=i

ρ
k/l
i(j).

Here, we used (13). The Lyapunov function will have a
negative drift and the system is stable. A full proof that
takes into account the second-order variation can be obtained
accordingly.

APPENDIX C
THE VALIDITY OF THE DISTRIBUTED CODE

CONSTRUCTION

Proof of Proposition 6: We prove this theorem by
induction. We perform coding operations sequentially from
the most upstream edges to the most downstream edges. Let
Me represent the symbol transmitted along edge e. We have
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the following induction hypothesis: If Case 1 is satisfied, then
for any edge e we have:

Me =

⎧⎪⎨
⎪⎩

X or X + Y if e ∈ Ps1,d1

Y or X + Y if e ∈ Ps2,d2

X or Y if e ∈ Ps2,d1 or e ∈ Qs2,d2 .

(17)

Case 2 is a symmetric version of Case 1 and the discussion
is thus omitted.
If Case 3 is satisfied, for any edge e we have:

Me =

⎧⎪⎨
⎪⎩

X or X + Y if e ∈ Ps1,d1

Y or X + Y if e ∈ Ps2,d2

X or Y if e ∈ Ps2,d1 or e ∈ Qs1,d2

(18)

Both hypotheses (17), (18) are satisfied on the immediate
outgoing edges of sources s1 and s2 which carry X and Y
respectively. To show that the induction holds for all edges,
we need to consider 13 scenarios when Case 1 is satisfied
as in Table I and 5 scenarios when Case 3 is satisfied as in
Table II. The entries in the second column in both Table I
and II represent the paths that share edge e and the entries in
the third column represent the corresponding coding operation
that will be performed on edge e.
Since Case 3 is simpler than Case 1, we disccuss Case 3

first and then move on to Case 1.
For Case 3 we have Ps1,d1 = Qs1,d1 , Ps2,d2 = Qs2,d2 .

Therefore, we have four distinct paths
Ps1,d1 , Ps2,d2 , Ps2,d1 , and Qs1,d2 in the PICC. If an edge is
shared by three paths, it is either the case that the PICC is
insignificant by Rule 1 or condition 2 of Theorem 1 is not
satisfied. There are

(
4
2

)
= 6 scenarios in which two paths

meet at a single edge. Since by Rule 1, Ps2,d1 and Qs1,d2

do not meet, we are left with 5 scenarios to consider as in
Table II
In the following, we prove that the induction hypothesis

follows for the 5 scenarios in Case 3.
Scenario 1 as in Table II The paths that meet at edge e

are Ps1,d1 and Ps2,d2 . The symbols carried by the paths on
the respective previous edges can be the same or not. If they
are the same, the symbols must be X + Y according to the
hypothesis, which is the intersection of the first two cases of
(18). The coded symbol X + Y will be forwarded and the
invariant holds for the target edge e. If the symbols that enter
edge v, the tail of e are different, then node v can decode both
X and Y and compute the coded symbol X + Y according
to Case 3.4 (or equivalently Case 1.4) in Section V and send
X + Y along e. The hypothesis holds in this scenario that
e ∈ Ps1,d1 ∩ Ps2,d2 .

Scenario 2 and 3 as in Table II The paths that meet at
edge e are Ps1,d1 and Qs1,d2 (Ps1,d1 and Ps2,d1). The symbols
carried by the paths on the respective previous edges can be
the same or not. If they are the same, the symbols must be X
according to the hypothesis, which is the intersection of the
first and third cases of (18). The symbol X will be forwarded
and the invariant holds for the target edge e. If the symbols
that enter edge v, the tail of e are different, then node v can
compute X according to Case 3.3 (or equivalently Case 1.3)
in Section V and send X along e. The hypothesis holds in
this scenario that e ∈ Ps1,d1 ∩ Qs1,d2 (e ∈ Ps1,d1 ∩ Ps2,d1).

Scenario 4 and 5 as in Table II The paths that meet at
edge e are Ps2,d2 and Qs1,d2 (Ps2,d2 and Ps2,d1). The symbols
carried by the paths on the respective previous edges can be
the same or not. If they are the same, the symbols must be Y
according to the hypothesis, which is the intersection of the
last two cases of (18). The symbol Y will be forwarded and the
invariant holds for the target edge e. If the symbols that enter
edge v, the tail of e are different, then node v can compute the
symbol Y according to Case 3.2 (or equivalently Case 1.2) in
Section V and send Y along e. The hypothesis holds in this
scenario that e ∈ Ps2,d2 ∩ Qs1,d2 (e ∈ Ps2,d2 ∩ Ps2,d1).
For Case 1 we have Ps1,d1 = Qs1,d1 . Therefore, we have

five distinct paths Ps1,d1 , Ps2,d2 , Ps2,d1 , Qs2,d2 , and Qs1,d2 in
the PICC. By Rule 1 Ps2,d1 and Qs1,d2 will not meet at a
single edge. Also Ps1,d1 , Ps2,d2 , Qs2,d2 will not meet at a
single edge due to Rule 2.1. Therefore, any scenario in which
an edge is used by five or four of the paths is impossible.
We have

(
5
3

)
= 10 different scenarios in which edge e

is used by three distinct paths. The scenarios in which an
edge is used by Ps1,d1 , Ps2,d2, Ps2,d1 or Ps1,d1 , Qs2,d2 , Qs1,d2

violate condition 2 of Theorem 1. The scenario in which
an edge is used by Ps1,d1, Ps2,d2 , Qs2,d2 , will be removed
because it satisfies Rule 2.1. The scenarios in which an edge
is used by (Ps1,d1 , Ps2,d1 , Qs1,d2), (Ps2,d2, Qs2,d1 , Qs1,d2), or
(Ps2,d1 , Qs2,d2 , Qs1,d2) will be removed because it satisfies
Rule 1. As a result, we need to only consider 4 scenarios in
which e is used by three distinct paths (Scenarios 4, 5, 11, 12
in Table I). Since by Rule 1 Ps2,d1 and Qs1,d2 do not use the
same edge we have only 9 scenarios in which e is used by
two paths. The total is 13 scenarios as in Table I.
In the following, we prove that the induction hypothesis

holds for the 13 scenarios of Case 1.
Scenarios 1, 3, 4, 7 and 12 as in Table I The paths that

meet at edge e are (Ps2,d1 and Ps2,d2), (Ps2,d1 and Qs2,d2),
(Ps2,d1 , Ps2,d2 , and Qs2,d2), (Ps2,d2 and Qs2,d2), or (Qs1,d2 ,
Ps2,d2 , and Qs2,d2). The symbols carried by the paths on the
respective previous edges can be the same or not. If they are
the same, the symbols must be Y according to the hypothesis,
which is the intersection of the last two cases of (17). The
symbol Y will be forwarded and the invariant holds for the
target edge e. If the symbols that enter edge v, the tail of e are
different, then node v can compute the symbol Y according
to Case 1.2 in Section V and send Y along e. The hypothesis
holds in these scenarios.

Scenarios 2, 5 and 13 as in Table I The paths that meet at
edge e are (Ps2,d1 and Ps1,d1), (Ps2,d1 , Ps1,d1 , and Qs2,d2), or
(Ps1,d1 and Qs2,d2). The symbols carried by the paths on the
respective previous edges can be the same or not. If they are
the same, the symbols must be X according to the hypothesis,
which is the intersection of the first and third cases of (17).
The symbol X will be forwarded and the invariant holds for
the target edge e. If the symbols that enter edge v, the tail
of e are different, then node v can compute X according to
Case 1.3 in Section V and send X along e. The hypothesis
holds in these scenarios.

Scenarios 6 and 11 as in Table I The paths that meet at
edge e are (Ps1,d1 and Ps2,d2) or (Qs1,d2 , Ps1,d1 , and Ps2,d2).
The symbols carried by the paths on the respective previous
edges can be the same or not. If they are the same, the symbols
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TABLE I
THE LIST OF POSSIBLE CODING OPERATIONS A NODE HAS TO PERFORM IF THE PICC SATISFIES CASE 1

PICC satisfies Case 1
Paths sharing edge e Symbols transmitted on edge e Paths sharing edge e Symbols transmitted on edge e

Scenario 1 Ps2,d1 Ps2,d2 Y Scenario 8 Qs1,d2 Ps1,d1 X or X + Y
Scenario 2 Ps2,d1 Ps1,d1 X Scenario 9 Qs1,d2 Ps2,d2 Y or X + Y
Scenario 3 Ps2,d1 Qs2,d2 Y Scenario 10 Qs1,d2 Qs2,d2 Y or X + Y
Scenario 4 Ps2,d1 Ps2,d2 Qs2,d2 Y Scenario 11 Qs1,d2 Ps1,d1 Ps2,d2 X + Y
Scenario 5 Ps2,d1 Ps1,d1 Qs2,d2 X Scenario 12 Qs1,d2 Ps2,d2 Qs2,d2 Y
Scenario 6 Ps1,d1 Ps2,d2 X + Y Scenario 13 Ps1,d1 Qs2,d2 X
Scenario 7 Ps2,d2 Qs2,d2 Y

TABLE II
THE LIST OF POSSIBLE CODING OPERATIONS A NODE HAS TO PERFORM IF

THE PICC SATISFIES CASE 3

PICC satisfies Case 3
Paths sharing edge e Symbols transmitted on edge e

Scenario 1 Ps1,d1 Ps2,d2 X + Y
Scenario 2 Ps1,d1 Qs1,d2 X
Scenario 3 Ps1,d1 Ps2,d1 X
Scenario 4 Ps2,d2 Qs1,d2 Y
Scenario 5 Ps2,d2 Ps2,d1 Y

must be X + Y according to the hypothesis, which is the
intersection of the first two cases of (17). The coded symbol
X + Y will be forwarded and the invariant holds for the
target edge e. If the symbols that enter edge v, the tail of
e are different, then node v can decode both X and Y and
compute the coded symbol X + Y according to Case 1.4 in
Section V and send X + Y along e. The hypothesis holds in
these scenarios.

Scenarios 9 and 10 as in Table I The paths that meet at
edge e are (Qs1,d2 and Ps2,d2), or (Qs1,d2 and Qs2,d2). The
symbols carried by the paths on the respective previous edges
can be the same or not. If they are the same, the symbols
must be either Y or X + Y according to the hypothesis. The
symbol Y or X +Y will be forwarded and the invariant holds
for the target edge e. If the symbols that enter edge v, the
tail of e are different, then node v can compute the symbol Y
according to Case 1.2 in Section V and send Y along e. The
hypothesis holds in these scenarios.

Scenario 8 as in Table I The paths that meet at edge e are
(Qs1,d2 and Ps1,d1). The symbols carried by the paths on the
respective previous edges can be the same or not. If they are
the same, the symbols must be either X or X + Y according
to the hypothesis. The symbol X or X +Y will be forwarded
and the invariant holds for the target edge e. If the symbols
that enter edge v, the tail of e are different, then node v can
compute X according to Case 1.3 in Section V and send X
along e. The hypothesis holds in this scenario.
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