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Abstract

In this work, we consider the scenario where di�erent classes of tra�c with di�ering bandwidth requirements are to

be supported over a link with ®nite capacity. The network will be required to meet class-level quality-of-service (QoS)

constraints that are speci®ed as relations between the call blocking probabilities of these tra�c classes. The network will

also be required to maintain maximum throughput performance. We develop two di�erent admission control schemes

that consider these two important criteria. First, we choose an objective that maximizes the throughput subject to the

constraint that the maximum deviation from the desired class-level QoS is smaller than a certain pre-speci®ed quantity.

In the second approach, we choose an objective that minimizes the deviation from the desired class-level QoS subject to

the throughput being greater than a pre-speci®ed minimum value. We show how these problems can be converted to

linear programming problems. We illustrate our schemes using numerical examples. Ó 2001 Elsevier Science B.V. All

rights reserved.
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1. Introduction

The trend of future networks, whether wired or wireless, is towards multiservice networks, where a single
network infrastructure will support a variety of applications such as data, voice, and video [1]. Thus future
networks will handle tra�c belonging to di�erent classes that have di�erent quality-of-service (QoS) and
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bandwidth requirements. In this work, we are concerned with the call blocking probability requirement of
di�erent classes of users. The scenario we consider is one where calls belonging to several tra�c classes
compete for bandwidth on a link with ®nite capacity. All calls belonging to one tra�c class are assumed to
require the same amount of bandwidth. We also assume that users that are not admitted immediately are
lost, i.e., we do not assume call queueing.

The assumption that each user requires a certain amount of bandwidth is clearly applicable to circuit-
switched networks, e.g., circuit-switched wireless and optical networks. However, it does not restrict us to
the case of circuit-switched networks alone. For packet-switched networks, although there is no physical
reservation of bandwidth for each user, a logical notion of bandwidth requirement is still essential to
provide QoS [2]. In packet-switched networks with statistical QoS guarantees, the amount of bandwidth
needed by a user would be given by the e�ective or equivalent bandwidth [3±5]. The above view of ab-
stracting the bandwidth or rate requirement of a user hides the packet-level details, and simpli®es the
analysis. A justi®cation for such a decoupling can be found in [6].

When a new call arrives, a call admission control decision occurs in which a controller decides whether
or not the call can be admitted based on the current ``state'' of the system and the overall objectives of the
network. The call admission control problem has been well-studied under di�erent contexts. A common
call admission policy is the complete sharing policy [7±10]. Under this scheme, all the available link ca-
pacity is open to all classes of users. The admission controller, under the complete sharing policy, de-
termines if there is enough capacity to admit a newly arriving call and admits or rejects the call depending
on whether or not there is enough capacity. This scheme is very simple, but does not meet the call
blocking probability expectations of di�erent call classes. Therefore, di�erent classes will have widely
di�ering call blocking probabilities. For example, in Section 2, we derive the call blocking probability for
the complete sharing scheme and show that it does not have the ¯exibility to control the call blocking
probabilities of call classes.

The complete partitioning [8±10] scheme, on the other hand, divides the entire capacity into as many
partitions as there are classes of users, and a new user that ®nds insu�cient capacity in the partition for its
class is dropped. The complete partitioning scheme can be tuned to control the relationship between the call
blocking probabilities of various classes of users, but the resulting throughput may be very low. A hybrid of
the complete sharing and complete partitioning policies is the partial sharing policy. In the partial sharing
policy, each call class has a dedicated portion of bandwidth reserved for it, and all the classes compete for
the remaining unreserved portion of the bandwidth [11].

Other admission control schemes have been developed that meet speci®c objectives. For example, in
[8,12], the authors formulate the problem of ®nding an admission control strategy that maximizes the
throughput as a continuous-time Markov decision process. The authors of [13] are interested in making all
classes of users experience the same call blocking probability. They use a game-theoretic approach to obtain
the admission control algorithm.

Several future developments are likely to require call admission schemes to meet class-level QoS re-
quirements. By class-level QoS, we mean the desired relations between the call blocking probabilities of
di�erent call classes. It is foreseen that appropriate pricing mechanisms will be introduced to prevent
congestion in future networks [14]. The network will o�er various levels of service with appropriate prices
associated with them. All users who pay identical amounts for the same application belong to the same
class. Clearly, users who pay more should be accorded priority and should belong to a higher priority class.
The call blocking probability of high priority classes should be smaller than that of low priority classes.
Such a requirement on the call blocking probability of call classes is an example of a class-level QoS re-
quirement. Another example of a class-level QoS requirement is ``fair blocking'', where it is desired that all
call classes experience the same call blocking probability. We have a very general formulation of class-level
QoS requirements that includes the above examples as special cases. In our work, we consider relations of a
special kind that achieve ``weighted-fair blocking''. (Detailed descriptions of fair blocking and weighted-fair

308 S. Kalyanasundaram et al. / Computer Networks 35 (2001) 307±326



blocking are given in Section 2.) Besides class-level QoS, throughput e�ciency is another important factor
to consider while designing call admission schemes. In this work, we design call admission schemes that
consider these two criteria.

The rest of the paper is organized as follows. In Section 2, we illustrate how call blocking probabilities of
di�erent call classes may be obtained by considering the complete sharing scheme and motivate the need for
more sophisticated call admission schemes to provide class-level QoS. We take two di�erent approaches
that naturally combine the two criteria of throughput-e�ciency and achieving the desired class-level QoS.
First, we choose an objective that maximizes the throughput subject to a constraint on the maximum
deviation from the desired relations between the call blocking probabilities of various call classes. This
approach is discussed in Section 3. In Section 4, our objective is to minimize the deviation from the desired
class-level QoS subject to a minimum throughput constraint. Numerical results comparing the performance
of our schemes with the ``throughput-maximizing'' scheme and the complete sharing scheme are presented
in Section 5.

2. Call blocking probabilities under the complete sharing scheme

As described in the introduction, the complete sharing scheme admits calls as long as there is enough
unused capacity in the system. In this section, we derive the call blocking probabilities experienced by
di�erent call classes under the complete sharing scheme and motivate the need for more sophisticated call
admission schemes. Let the number of call classes be M. The bandwidth requirement of calls in each class is
®xed, but the requirement may vary from class to class. Let the bandwidth requirement of a class-i user be ei

bandwidth units (BWUs), and let the capacity of the link be C BWUs. Let calls of class i, i � 1; 2; . . . ;M ;
arrive according to an independent Poisson process with rate ki calls/s, and let the call holding duration of
class-i calls be independent and exponentially distributed with mean 1=li s. As stated earlier, we do not
assume call queueing. Therefore, the decision to admit or reject a call has to be made immediately upon call
arrival. As mentioned earlier, the assumption that each class-i user requires ei BWUs is very general and can
be used in both circuit-switched and packet-switched networks.

We denote the state of the system by a vector of M components �n1; n2; . . . ; nM� such that ni represents
the number of active class-i users in the system. Let fX�t�; t P 0g represent the state of the system as it
evolves over time. It then follows that X�t� is a continuous-time Markov chain under the complete sharing
policy. We de®ne the set S of all feasible states as

S � n

(
� �n1; n2; . . . ; nM� :

XM

i�1

niei6C and ni 2 Z� for i � 1; 2; . . . ;M

)
;

where Z� is the set of all non-negative integers. The set S includes all possible states such that the combined
bandwidth requirement of the active users does not exceed the link bandwidth.

For ease of description, we de®ne di to be a vector of M components with zeros in all except the ith
position where it has a one. The transition rate from state n to state p, denoted by q�n;p�, is given as
follows:

q�n;p� �
ki if p � n� di and p 2 S;
nili if p � nÿ di and p 2 S;
0 otherwise;

8<:
where ni denotes the ith component of the vector n. Note that the transition from state n to state n� di

is made with a rate that is equal to the call arrival rate of class-i calls if n� di 2 S. This follows from
the complete sharing policy of admitting calls as long as there is enough idle capacity to do so. In
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general, the value of the transition rate from state n to state n� di depends on the choice of the
admission control algorithm. The admission control algorithms described in the following sections use
di�erent criteria for call admission, and hence these transition rates get modi®ed appropriately.
However, the transition rate from n to nÿ di will remain the same irrespective of the chosen admission
control policy. Let pn denote the steady-state probability of the system being in state n. Then the
balance equations are as follows:

pn

X
fi:n�di2Sg

ki

 
�
XM

i�1

nili

!
�

X
fi:n�di2Sg

pn�di�ni � 1�li �
X
fi:ni 6�0g

pnÿdiki for all n 2 S:

On the left-hand side of the above equation is the rate of leaving state n, and on the right-hand side is the
rate of entering state n. Additionally, the pn have to satisfy the following normalization condition:X

fn:n2Sg
pn � 1:

Note that pn can be interpreted as the fraction of time the system spends in state n. It then follows from the
Poisson arrivals see time averages (PASTA) property that the call blocking probability for class-i calls is

Bi �
X

fn:n2S and n�di 62Sg
pn;

where the right-hand side is just the fraction of time the system is in a state that does not admit class-i
calls.

Using the above method we can determine the call blocking probabilities of various call classes. In
Fig. 1, we plot the call blocking probability obtained for the case where there are two classes of tra�c.
Here, we assume that the call arrival rate and the call holding duration of both tra�c classes are identical.
The call arrival rate of each call class is 0.01 calls/s, and the average call holding duration is 2 min. The

Fig. 1. Comparison of the call blocking probability obtained for two di�erent classes of users that have di�ering bandwidth

requirements.
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two classes of tra�c di�er only in their bandwidth requirement. The value of e2 is used as a parameter in
the ®gure, and we ®x e1 � 1 BWU, and C � 200 BWUs. The di�erence between the call blocking prob-
abilities of the two classes is about two orders of magnitude. Clearly, the complete sharing policy does not
provide ¯exibility in controlling the call blocking probabilities of classes. As discussed in the introduction,
admission control schemes need to have the ¯exibility to control the call blocking probabilities of various
call classes.

Depending on the characteristics of the call classes, their call blocking probabilities will be expected to
satisfy several conditions. We call the desired relations between the call blocking probabilities of call
classes as the desired class-level QoS requirement. For example, in fair blocking the objective is to ensure
that the di�erence in call blocking probabilities of any two di�erent call classes is small. In other words,
the desired relation among the call blocking probabilities of call classes is B1 � B2 � � � � � BM , where Bi

denotes the call blocking probability of class-i users. In other situations, it would be necessary to give
preferential treatment to high-priority call classes. To handle all such situations, we consider the general
case of ``weighted-fair blocking''. (Although we consider the case of weighted-fair blocking in this work,
our methods apply in the general setting of any linear relation involving the call blocking probabilities. We
restrict ourselves to the case of weighted-fair blocking for ease of exposition.) In weighted-fair blocking,
the objective is to reduce the di�erence between appropriately scaled call blocking probabilities. Thus, the
desired relation between call blocking probabilities of classes is given by wijBi � wjiBj, 16 i; j6M , i 6� j
for appropriately chosen positive weights wij. A requirement that class-1 users experience half the call
blocking probability of class-2 users is an example of weighted fair blocking, where we give preferential
treatment to class-1 users. We note that there need not exist desired relations between the call blocking
probabilities of every pair of classes, which is a special case of what we are considering. Another special
case of our weighted-fair blocking is the case of bounds on the maximum call blocking probability of each
call class (see Section 3). Also the weights wij need to be chosen so that they do not result in inconsistent
requirements on the Bi. If the chosen wij results in inconsistent requirements on the Bi, our method will
reveal that it is so.

While providing class-level QoS is important, the network service provider also has to maintain good
throughput performance. The problem of maximizing throughput has been studied by other authors (e.g.,
[8,12]), but there has been little work that considers the two problems of maximizing throughput and
providing class-level QoS together. Our objective is to develop admission control schemes that consider the
two criteria of meeting class-level QoS requirements and maintaining adequate throughput performance. In
the following two sections, we take two di�erent approaches to this problem.

3. Maximizing throughput subject to a class-level QoS constraint

In this section, we describe a call admission scheme that maximizes throughput subject to a constraint
on the maximum deviation from the desired class-level QoS relations. As in the previous section, we
assume that class-i calls arrive according to an independent Poisson process of rate ki and that the call
holding durations of class-i calls are independent and exponentially distributed with mean 1=li. There are
M classes of users with each class-i user requiring ei BWUs. The set of all allowed states S is as de®ned in
Section 2.

Given the current system state, the admission controller makes an admission control decision on the
classes of calls that will be admitted in that state. This decision would depend on the state of the system and
could potentially depend on the time at which the decision is taken, and the entire history of the system. In
each state, the admission controller can choose one out of several possible actions. Formally, an action is
denoted by a vector u such that u � u1; u2; . . . ; uM� � with ui � 0 or 1. If ui � 0 then the admission controller
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blocks any call belonging to class i, and if ui � 1 it accepts any call belonging to class i. We de®ne the set Kn

of all allowed control actions in state n as follows:

Kn � �u1; u2; . . . ; uM� :f ui � 0 or 1 for i � 1; 2; . . . ;M and

n� diui 2 S for i � 1; 2; . . . ;Mg:
Note that an action u is allowed in state n only if there is enough idle capacity in the system to admit a call
belonging to any of the tra�c classes that the action u decides to admit. The set Kn contains precisely these
actions. For each state n 2 S, the set Kn has at most 2M elements. A control policy is a sequence of such
admission control actions made in each state as the system evolves. We let F0 denote the set of all such
control policies. Our objective is to obtain an admission control policy that optimizes the following
problem:

maximize
f2F0

T �f � �1�

subject to max wlsBl�f �jf ÿ wslBs�f �j :16 l < M ; l� 16 s6Mg6 �;
where 0 < � < 1 is a pre-speci®ed constant, and T �f � is the throughput (time-average of bandwidth usage)
obtained using the policy f. The value of � can be set to be the maximum deviation from the desired class-
level QoS that can be tolerated. Clearly, the throughput and the call blocking probability of each call class
depends on the chosen control policy f 2F0. We show this explicitly in the problem formulation above.
The constraint in the problem in Eq. (1) prevents a deviation larger than the allowed tolerance of � from the
desired relation between call blocking probabilities. As mentioned earlier, we consider the case of weighted-
fair blocking, where the desired relation between call blocking probabilities is wlsBl � wslBs for 16 l; s6M ,
l 6� s, and we obtain the case of fair blocking by setting wls � 1 for all l and s. We rewrite the constraint in
the problem in Eq. (1) as the following M�M ÿ 1� constraints:

wlsBl ÿ wslBs6 � for 16 l; s6M and l 6� s: �2�
From the above equation, it follows that the case where each call class has a bound on its maximum call
blocking probability can be obtained by the following slight modi®cation. We merely let wsl � 0 and have a
separate � for each call class corresponding to the desired maximum call blocking probability of that class.

We will now de®ne a per-unit-time reward such that the long-run average reward per unit time represents
the throughput obtained from the chosen control policy f 2F0. When the system stays in state
n � �n1; n2; . . . ; nM� and when decision u is chosen, reward is accrued at the rate of

ru
n �

XM

i�1

niei for all u 2 Kn; �3�

where Kn is the set of all allowed control actions in state n. We note that the reward in state n is independent
of the chosen action in that state. The reward ru

n in state n is the amount of bandwidth in use in that state.
From the de®nition of Eq. (3) it immediately follows that the long-run expected reward per unit time is the
throughput of the system. Given that we start in state m, the following de®nition of the long-run average
reward corresponds to the throughput obtained from the chosen policy f 2F0:

Rm�f � � lim
t!1

Ef
Z�t�

t

����X�0��
� m

�
; �4�

where X�t� is the state of the system at time t, Z�t� the total reward accrued until time t, and Ef ��� is the
expectation operator taken with respect to policy f. If the limit does not exist in the above equation, we
agree to take the lim inf instead.
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Besides the reward ru
n, we will now associate costs with each state n and for each action u 2 Kn such

that the long-run average cost is the term on the left-hand side of Eq. (2). (We distinguish between cost
and reward depending on whether we want to minimize or maximize the long-run average of this
quantity.) To do this, note that we can obtain the term Bl as the long-run average, if we associate a per-
unit-time cost of one with states that choose an action that rejects class-l calls and a per-unit-time cost of
zero with states that choose an action that admits class-l calls. The long-run average of this cost de®nition
is the proportion of time the system spends in a state that rejects class-l calls. From this observation, it
follows that the following per-unit-time cost de®nition will yield the term wlsBl ÿ wslBs as the long-run
average:

cu
n�l; s� �

0 if ul � us � 1;
wls if ul � 0 and us � 1;
ÿwsl if ul � 1 and us � 0;
wls ÿ wsl if ul � us � 0:

8>><>>: �5�

Therefore, if the term Z�t� in Eq. (4) is the cumulative cost up to time t obtained from the costs cu
n�l; s�

instead of the rewards ru
n, then Eq. (4) represents the term wlsBl ÿ wslBs. Eq. (5) also reveals that the cost

de®nition can be appropriately extended to any linear relation involving the call blocking probabilities.
If the system is in state n and action u 2 Kn is chosen, then the next state of the system is determined

according to the rates qu
�n;p�, and these rates depend only on the current state of the system n and the chosen

control action u. The transition rates qu
�n;p� are obtained as follows:

qu
�n;p� �

ki if p � n� di and ui � 1;
nili if p � nÿ di and ni > 0;
0 otherwise:

8<: �6�

Note that the control action u does not have any e�ect on call termination. Also note that the transition
rates qu

�n;p�, costs cu
n�l; s�, and rewards ru

n are functions only of the last state and the subsequent action.
In summary, once the system reaches state n and action u is chosen, the following occur:

· A per-unit-time reward of ru
n is accrued for the entire duration of stay in state n.

· A per-unit-time cost of cu
n�l; s� is incurred, one for each term wlsBl ÿ wslBs, where 16 l; s6M and l 6� s.

· The next state is determined according to the transition rate qu
�n;p� given in Eq. (6).

From the above discussion it follows that we have a constrained continuous-time Markov decision problem
to solve (see [15±17]). We will now show that we can search for the optimal policy over a smaller set instead
of the original set F0. First, note that the set F0 has control policies that depend on the time at which the
admission control decision is made. For example, it includes the control policy that speci®es that during the
®rst visit to state m a speci®c control action has to be chosen, but starting from the second visit an alternate
control action has to be chosen. Such control policies that depend on the time at which the decision is made
are called non-stationary policies. Control policies that do not depend on the time of decision making are
called stationary policies. An important subclass of stationary policies are pure policies that choose the same
decision u during every visit to a state. Note that the class of stationary policies also includes randomized
policies that choose an action according to the same probability distribution during every visit to a state. It
is known (see [16,18]) that if every pure policy f gives rise to a single recurrent class plus a set (possibly
empty) of transient states, and if there exists a policy that satis®es the constraints (in Eq. (2)), then there
exists an optimal stationary policy. In our problem, every pure policy does give rise to a Markov chain with
a single recurrent class. To see this, observe that the state �0; 0; . . . ; 0� is accessible from all states for every
pure policy. Therefore, that state must be part of every recurrent class for each pure policy. But recurrent
classes are disjoint. Therefore, we have just a single recurrent class for every pure policy. Using the above
result, we can now restrict our search for optimal policies among the set of all stationary policies F. It has
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also been shown that under the above conditions, the optimal value of Rm does not depend on the initial
state m [19].

To characterize the set F of all stationary policies we denote the probability that we choose control
action u 2 Kn when the system is in state n 2 S as du

n . The du
n for u 2 Kn and n 2 S are the decision variables

of the problem. It is clear thatX
u2Kn

du
n � 1 for n 2 S �7�

and that

du
n P 0 for u 2 Kn and n 2 S: �8�

A stationary control policy is the following set of probability distributions, one for each feasible state:

du
n : u 2 Kn and n 2 S

� 	
: �9�

Implicit in the above notation is that the control policy does not depend on the time of decision making. In
other words, successive visits to a particular state will employ the same probability distribution to choose
the control action. The set F consists of distributions of the form given in Eq. (9) satisfying Eqs. (7) and
(8). Based on the above de®nition of a stationary control policy, we have the following de®nitions for pure
and randomized policies. A stationary control policy is called a pure policy if for each n 2 S there is an
action u 2 Kn such that du

n � 1. A stationary policy that is not pure is a randomized policy.
Under any given randomized policy f, the states the system visits form a continuous-time Markov chain

with transition rates given as follows:

q�n;p��f � �
X
fu:u2Kng

qu
�n;p�d

u
n : �10�

We let pn�f � be the limiting steady-state probability of the continuous-time Markov chain for the stationary
policy f. We know that these probabilities have to satisfy the following conditions:

pn�f �
X
p2S

X
u2Kn

qu
�n;p�d

u
n ÿ

X
i2S

X
u2Ki

pi�f �qu
�i;n�d

u
i � 0 for n 2 S; �11�

X
n2S

pn�f � � 1;

pn�f �P 0 for n 2 S:
�12�

Eq. (11) is the balance equation for the continuous-time Markov chain and the interpretation in Eq. (10) is
useful in seeing that Eq. (11) is valid. With the above de®nition of pn�f �, the long-run average reward of
Eq. (4) reduces to the following equation and is independent of the initial state m [19]:X

n2S

X
u2Kn

pn�f �ru
ndu

n :

The product of pn�f � and du
n is the fraction of time the system is in state n and action u is chosen. The above

equation is merely the weighted average reward with weights being the product of pn�f � and du
n . Similarly,

the constraints on wlsBl ÿ wslBs can be written as follows:X
n2S

X
u2Kn

pn�f �cu
n�l; s�du

n 6 � for 16 l; s6M ; l 6� s:
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Thus we have the following optimization problem to solve:

maximize
X
n2S

X
u2Kn

pn�f �ru
ndu

n

subject to pn�f �
X
p2S

X
u2Kn

qu
�n;p�d

u
n ÿ

X
i2S

X
u2Ki

pi�f �qu
�i;n�d

u
i � 0 for n 2 S;X

n2S

pn�f � � 1;

pn�f �P 0 for n 2 S;X
u2Kn

du
n � 1 for n 2 S;

du
n P 0 for u 2 Kn and n 2 S;X
n2S

X
u2Kn

pn�f �cu
n�l; s�du

n 6 � for 16 l; s6M ; l 6� s:

Setting xu
n � pn�f �du

n P 0 for n 2 S and u 2 Kn and using the fact that pn�f � �
P

u2Kn
xu

n for n 2 S, we have

maximize
X
n2S

X
u2Kn

ru
nxu

n

subject to
X
p2S

X
u2Kn

xu
nqu
�n;p� ÿ

X
i2S

X
u2Ki

qu
�i;n�x

u
i � 0 for n 2 S; �13�X

n2S

X
u2Kn

xu
n � 1;

xu
n P 0 for n 2 S;X
n2S

X
u2Kn

cu
n�l; s�xu

n6 � for 16 l; s6M ; l 6� s: �14�

One of the equations among the set of constraints in Eq. (13) can be written in terms of the other equations.
Therefore, we can drop one of the constraints in Eq. (13). The above optimization problem is a linear
program and can be solved using well-known techniques, like the simplex algorithm. The simplex algorithm
will reveal if the conditions in Eq. (14) are too stringent. Policy iteration and value iteration techniques [20]
for solving Markov decision processes cannot be applied to solve this problem due to the additional
constraints in Eq. (14).

To obtain the optimal du�
n of the problem, we note that

du
n � xu

n

X
u2Kn

xu
n

,
Therefore, once the xu�

n have been computed, the optimal control action in each state is obtained according
to the following procedure. Let S� be the set

S� � n 2 S : xu�
n

�
> 0 for some u 2 Kn

	
: �15�

Then the optimal action in state n is determined as follows. For n 2 S�, action v is chosen with prob-
ability xv�

n =
P

u2Kn
xu�

n , and for n 62 S�, an arbitrary action v 2 Kn is chosen with probability one. Each time
the system visits a state n 2 S� that has more than one action with non-zero probability, an action is chosen
according to the probability distribution du�

n .
It has been shown in [16] that for a Markov decision process with k additional constraints (apart from

the ones that a valid steady-state probability distribution has to satisfy), if the above procedure is used to
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obtain the optimal policy, then there is a list of at most jSj � k actions from which the optimal policy is
chosen. This implies that the optimal policy obtained by the above procedure has at most k states that
require randomization. The number of additional constraints in our problem is M�M ÿ 1�=2 because half
the constraints in Eq. (14) are automatically satis®ed if the other half are satis®ed. Therefore, the optimal
policy obtained by the above procedure requires randomization in at most M�M ÿ 1�=2 states, and the
numerical results in Section 5 agree with this result. Our example in Section 5 also shows that the admission
control scheme designed using the above procedure ensures that the deviation from the desired class-level
QoS does not exceed the threshold �.

4. Providing class-level QoS subject to a minimum throughput constraint

In this section, we develop an admission control algorithm that minimizes the deviation from the desired
class-level QoS subject to a constraint on the throughput. The reference scenario is the same as described in
the last section. Our objective is to obtain an admission control policy that is the solution to the following
optimization problem:

min
f2F0

max jwlsBl�f �f ÿ wslBs�f �j :16 l < M ; l� 16 s6Mg �16�

subject to T �f �P Tmin;

where T �f � denotes the throughput of policy f, and Tmin is the minimum throughput that we want the
admission control policy to achieve. In the above problem, we explicitly show the dependence of the call
blocking probability and the throughput on the admission control policy f. As in the last section, we are
justi®ed in restricting our search for optimal policies among stationary policies F. We now rewrite the
objective in Eq. (16) as

min
f2F

maxfwlsBl ÿ wslBs :16 l6M ; 16 s6M ; l 6� sg; �17�
where we drop the absolute value signs by taking the maximum over M�M ÿ 1� quantities.

The above problem can be formulated as a continuous-time Markov decision process with constraints.
The state space, action space, and transition rates of the problem are the same as those described in the
last section. We now identify the (per-unit-time) cost for staying in state n 2 S under control action
u 2 Kn. We de®ne a vector of costs for staying in state n under control action u 2 Kn to obtain each of
the M�M ÿ 1� terms in Eq. (17) as the long-run average. We de®ne our vector in such a way that
the long-run average of the ®rst component yields w12B1 ÿ w21B2, the long-run average of the second
component will yields w13B1 ÿ w31B3, and so on. Such a cost vector cu

n is determined according to the
following algorithm.

Algorithm (Determination of cost vector).
(i) Initialize i � 1.
(ii) For l � 1; 2; . . . ;M do the following:
(iii) For s � 1; 2; . . . ;M and s 6� l do the following:
(iv) Set cu

n�i� � cu
n�l; s� according to Eq. (5) and i � i� 1.

The cost vector, as can be seen from the above algorithm, has M�M ÿ 1� components with one term each
for the M�M ÿ 1� terms in the objective function in Eq. (17). A control action that accepts class-1 calls but
rejects class-2 calls contributes ÿw21 to w12B1 ÿ w21B2, while a control action that accepts both class-1 and
class-2 calls does not contribute anything to w12B1 ÿ w21B2. Using this de®nition of cost vector, the term
w12B1 ÿ w21B2 can be written as
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X
n2S

X
u2Kn

pn�f �cu
n�1�du

n ;

where the pn�f �, the du
n , etc., are as de®ned in the last section. To meet the constraint on the throughput, we

use the same reward de®nition as in Eq. (3). The minimum throughput constraint can now be written asX
n2S

X
u2Kn

pn�f �ru
ndu

n P Tmin:

The value of Tmin has to be chosen appropriately to prevent the problem from becoming infeasible. For
example, if the value of Tmin is too high, then even the admission control policy that maximizes throughput
(without any constraints) will not achieve Tmin. In the numerical results, we choose Tmin to be aTcs, where
a < 1, and Tcs is the throughput achieved by the complete sharing scheme.

We thus have the following optimization problem to solve:

min
f2F

max
X
n2S

X
u2Kn

pn�f �cu
n�l�du

n :1

(
6 l6M�M ÿ 1�

)
�18�

subject to pn�f �
X
p2S

X
u2Kn

q�n;p�du
n ÿ

X
i2S

X
u2Ki

pi�f �qu
�i;n�d

u
i � 0 for n 2 S;X

n2S

pn�f � � 1;

pn�f �P 0 for n 2 S;X
u2Kn

du
n � 1 for n 2 S;

du
n P 0 for u 2 Kn and n 2 S;X
n2S

X
u2Kn

pn�f �ru
ndu

n P Tmin:

We now show that the above optimization problem can be converted to M�M ÿ 1� linear programming
problems. Our approach makes use of the following result, the proof of which is given in Appendix A.

Lemma 1. Let x� be a minimizer of the following problem:

min
x

max g1�x�; g2�x�f g
subject to x 2 X;

�19�

and let y�1 and y�2 be minimizers, if they exist, of the following two problems, respectively:

minimize g1�x� �20�
subject to x 2 X;

g1�x�P g2�x�;
and

minimize g2�x� �21�
subject to x 2 X;

g2�x�P g1�x�:
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Then we have that

min g1�y�1�; g2�y�2�
� 	 � max g1�x��; g2�x��f g �22�

with the understanding that if either y�1 or y�2 does not exist, then the corresponding term on the left-hand side of
Eq. (22) is taken to be 1.

Using the above lemma and by successively considering one of the M�M ÿ 1� terms in Eq. (18) as the
maximum among all the M�M ÿ 1� terms, we can convert our minimax problem into M�M ÿ 1� optimi-
zation problems. We consider one such optimization problem and show how it can be converted to a linear
program. We consider the following optimization problem:

minimize
X
n2S

X
u2Kn

pn�f �cu
n�1�du

n

subject to pn�f �
X
p2S

X
u2Kn

q�n;p�du
n ÿ

X
i2S

X
u2Ki

pi�f �qu
�i;n�d

u
i � 0 for n 2 S;X

n2S

pn�f � � 1;

pn�f �P 0 for n 2 S;X
u2Kn

du
n � 1 for n 2 S;

du
n P 0 for u 2 Kn and n 2 S;X
n2S

X
u2Kn

pn�f �ru
ndu

n P Tmin;X
n2S

X
u2Kn

pn�f ��cu
n�1� ÿ cu

n�j��du
n P 0 for j � 2; 3; . . . ;M�M ÿ 1�;

where the additional constraints have been obtained by using Lemma 1. Essentially, the above problem
minimizes the term w12B1 ÿ w21B2 subject to the condition that it is the largest among all the M�M ÿ 1�
terms in Eq. (18).

Setting xu
n � pn�f �du

n P 0 for n 2 S and u 2 Kn as before, we have the following linear program to solve:

minimize
X
n2S

X
u2Kn

xu
ncu

n�1�

subject to
X
p2S

X
u2Kn

xu
nqu
�n;p� ÿ

X
i2S

X
u2Ki

qu
�i;n�x

u
i � 0 for n 2 S;

X
n2S

X
u2Kn

xu
n � 1;

xu
n P 0 for n 2 S;X
n2S

X
u2Kn

xu
nru

n P Tmin;X
n2S

X
u2Kn

xu
n�cu

n�1� ÿ cu
n�j��P 0 for j � 2; . . . ;M�M ÿ 1�: �23�

We solve M�M ÿ 1� such linear programs and the solution corresponding to the problem that yields the
least objective function value is the optimal xu�

n . Once the optimal xu�
n has been obtained, the optimal policy

is obtained in the same manner as described in the last section.
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The number of constraints in our problem is jSj �M�M ÿ 1�. But M�M ÿ 1�=2ÿ 1 of the constraints in
(23) are automatically satis®ed if the others in (23) are satis®ed. Therefore, there is a list of at most
jSj �M�M ÿ 1�=2� 1 actions from which the optimal policy is chosen. Consequently, the optimal policy
requires randomization in at most M�M ÿ 1�=2� 1 states. The numerical results shown in Section 5 agree
with this observation.

An important feature of the algorithms described in Sections 3 and 4 is that they do not require real-time
computation of the admission control decision. The decisions may be computed beforehand and a table
look-up can be done when needed. Besides reducing computational complexity, the table look-up proce-
dure also reduces the delay before an admission decision is made. However, the numerical results in Section
5 also show that the optimal policy depends on the parameters of the system, namely the call arrival rates
and call holding durations of all call classes. Therefore, our admission control decisions should be updated
as needed to adapt to changing tra�c conditions. An important issue is determining how often and when
the admission control decision needs to be recomputed. We present some alternatives here.

(i) Periodic updates: The admission control decision can be recomputed after periodic intervals of time.
(ii) Absolute change-based updates: When the measured deviation from the desired class-level QoS ex-
ceeds a certain threshold, we can initiate a decision update.
(iii) Relative change-based updates: When the measured deviation from the desired class-level QoS
changes by more than a certain percentage since the last update, we can initiate an update of the admis-
sion control decision.
Because the admission controller has to take decisions without complete knowledge and under uncer-

tainty, it would be interesting to study its impact on the admission control decision. Given a range of
possible values for the call arrival rates and the call holding durations, the methods described in [21±23] can
be used to perform sensitivity analysis of the chosen policy and to obtain max-min and max-max optimal
policies. Sensitivity analysis of a policy is performed to obtain the range of values that the average per-unit-
time reward can take given the range of values that the call arrival rates and the call holding durations take.
Max-min optimal policy, on the other hand, is a policy that maximizes the worst-case average reward per
unit time.

5. Numerical results

In this section, we present numerical results and compare the performance of our admission control
algorithms with that of the throughput maximizing and the complete sharing admission control schemes.
For the numerical results, we assume that there are two classes of calls and that the total capacity of the
channel is 4 BWUs. We also assume that class-1 calls require 1 BWU and class-2 calls require 2 BWUs, i.e.,
e1 � 1 BWU, and e2 � 2 BWUs. As before, calls arrive according to a Poisson process with k1 and k2 being
the call arrival rates of class-1 and class-2 calls, respectively. The call holding durations for both classes of
calls are assumed exponential with mean 1=l � 60 s. We ®x the call arrival rate of class-2 calls at 0.5 calls/s
and treat k1 as a parameter.

In Table 1, we show the probabilities with which we should choose actions in a given state to maximize
throughput. As stated earlier, this problem has been tackled before in [8,12]. Nevertheless, we give the
numerical results for our particular case here to facilitate comparison with our other schemes. We show the
results for three di�erent values of k1. We put an `�' for the probabilities of actions in ``don't care'' states.
For example, in the maximization of throughput example in Table 1, for k1 � 0:05, we ®nd that state (1,0) is
a ``don't care'' state. Because the optimal policy is to accept only class-2 calls in all states, state (1,0) is a
transient state. Note that the optimal policy that maximizes throughput may be obtained from the method
in Section 3 by dropping the constraints in Eq. (14). For the complete sharing policy, the control action in a
given state n does not depend on the parameters of the system, i.e., k1, k2, l1, and l2, but depends only on
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the state n. The du
n for the complete sharing policy (two class case, e1 < e2) in state n � �n1; n2� can be

written in a compact manner as du
n � 1, where

u �
�1; 1� if n1e1 � �n2 � 1�e26C;
�1; 0� if n1e1 � �n2 � 1�e2 > C and �n1 � 1�e1 � n2e26C;
�0; 0� otherwise:

8<:
In Table 2, we show the optimal policy for the admission control problem that maximizes throughput
subject to the class-level QoS constraint that the absolute di�erence between the call blocking probabilities
of the two call classes be smaller than 10ÿ2. This scheme was discussed in Section 3. We set the weights
w12 � w21 � 1, which corresponds to the case of fair blocking. The optimal policy for the admission control
scheme described in Section 4 is given in Table 3. The parameter Tmin is chosen to be 95% of the throughput
obtained by using the complete sharing policy. The parameters (k1; k2, and l) assumed in Tables 2 and 3 are
the same as that in Table 1.

The results in the tables are intuitively appealing. For example, in Table 1, for very low values of k1, the
optimal policy is to accept only class-2 calls. This can be explained as follows. Since the call arrival rate of
class-2 calls is very high compared to the call arrival rate of class-1 calls, we might as well wait a little longer
for a class-2 call and increase the throughput rather than accept a class-1 call. For k1 � 1, the optimal

Table 1

du
n values for the scheme that maximizes throughput

k1 � 0:05 k1 � 1 k1 � 0:44

State (0,0) Action (1,1) 0 1 1

Action (1,0) 0 0 0

Action (0,1) 1 0 0

Action (0,0) 0 0 0

State (0,1) Action (1,1) 0 1 0

Action (1,0) 0 0 0

Action (0,1) 1 0 1

Action (0,0) 0 0 0

State (0,2) Action (0,0) 1 1 1

State (1,0) Action (1,1) � 1 1

Action (1,0) � 0 0

Action (0,1) � 0 0

Action (0,0) � 0 0

State (1,1) Action (1,0) � 1 1

Action (0,0) � 0 0

State (2,0) Action (1,1) � 1 1

Action (1,0) � 0 0

Action (0,1) � 0 0

Action (0,0) � 0 0

State (2,1) Action (0,0) � 1 1

State (3,0) Action (1,0) � 1 1

Action (0,0) � 0 0

State (4,0) Action (0,0) � 1 1
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policy is the complete sharing scheme while for k1 � 0:44, the optimal policy admits only class-2 calls in
state (0,1) and admits all classes of calls in other states. Additionally, we ®nd that the results satisfy the
claim on the number of states that require randomization. For example, in Table 1, we obtain a pure policy
as the optimal policy, and in Table 2, the optimal policy requires randomization in just one state.

In Fig. 2, we plot the throughput obtained for the various schemes. The constraint on the minimax
admission control policy (described in Section 4) is such that Tmin is chosen to be 99% of the throughput
obtained with the complete sharing policy. As expected, we ®nd that the scheme that maximizes throughput
performs the best. However, the better performance comes at the cost of a large di�erence in the call
blocking probabilities of the two call classes, as seen in Fig. 3. We plot the di�erence in call blocking
probabilities for the schemes under identical conditions in Fig. 3. We see that our fairness constraint
(jB2 ÿ B1j6 �) ensures that the di�erence between the call blocking probabilities does not exceed the
threshold we set with only a moderate sacri®ce in the throughput. The values of jB2 ÿ B1j for the scheme
described in Section 4 (minimax policy) are many orders of magnitude smaller than the scales shown in the
®gure. We observe that the throughput obtained for the scheme that maximizes throughput is a constant
until k1 reaches a value of 0:44. This can be explained by noting from Table 1 that the optimal admission
control policy is to admit only class-2 calls until the value of k1 reaches about 0:44 and that the value of k2 is
kept a constant for the results in Fig. 2. We also note that beyond a k1 value of about 0.44 the performance
of the complete sharing scheme and the scheme that maximizes throughput coincide.

Table 2

du
n values for the scheme that maximizes throughput subject to the fairness constraint with � � 0.01

k1 � 0:05 k1 � 1 k1 � 0:44

State (0,0) Action (1,1) 1 1 1

Action (1,0) 0 0 0

Action (0,1) 0 0 0

Action (0,0) 0 0 0

State (0,1) Action (1,1) 0.1946 0 0

Action (1,0) 0 0 0

Action (0,1) 0.8054 1 1

Action (0,0) 0 0 0

State (0,2) Action (0,0) 1 1 1

State (1,0) Action (1,1) 1 1 1

Action (1,0) 0 0 0

Action (0,1) 0 0 0

Action (0,0) 0 0 0

State (1,1) Action (1,0) 1 1 1

Action (0,0) 0 0 0

State (2,0) Action (1,1) 1 0.273 0.6564

Action (1,0) 0 0 0

Action (0,1) 0 0.727 0.3436

Action (0,0) 0 0 0

State (2,1) Action (0,0) 1 1 1

State (3,0) Action (1,0) 1 1 1

Action (0,0) 0 0 0

State (4,0) Action (0,0) 1 1 1
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Table 3

du
n values for the scheme that provides weighted fair blocking subject to the constraint that the throughput is at least 95% of that

obtained by using the complete sharing scheme

k1 � 0:05 k1 � 1 k1 � 0:44

State (0,0) Action (1,1) 0 0.0008 0

Action (1,0) 0 0 0

Action (0,1) 1 0.9992 1

Action (0,0) 0 0 0

State (0,1) Action (1,1) 0 0 0

Action (1,0) 0.0811 0 0.0002

Action (0,1) 0.2638 1 0.2926

Action (0,0) 0.6551 0 0.7072

State (0,2) Action (0,0) 1 1 1

State (1,0) Action (1,1) 0 0 0

Action (1,0) 0 1 1

Action (0,1) 1 0 0

Action (0,0) 0 0 0

State (1,1) Action (1,0) 1 0 0

Action (0,0) 0 1 1

State (2,0) Action (1,1) 0 0 0

Action (1,0) 0 1 1

Action (0,1) 1 0 0

Action (0,0) 0 0 0

State (2,1) Action (0,0) 1 1 1

State (3,0) Action (1,0) � 1 1

Action (0,0) � 0 0

State (4,0) Action (0,0) � 1 1

Fig. 2. The throughput obtained using various schemes.
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6. Conclusions

In this work, we addressed the problem of providing class-level QoS to classes of users that have di�ering
bandwidth requirements. We formulated two di�erent problems that consider the two important criteria of
providing class-level QoS and improving throughput together. One was the problem of maximizing
throughput subject to the constraint that the maximum deviation from the desired class-level QoS be
smaller than a pre-speci®ed threshold. The other was the problem of minimizing the deviation from the
desired class-level QoS relations subject to the constraint that the throughput achieved does not fall below a
certain minimum threshold. We converted the ®rst problem into a linear program and the second to
M�M ÿ 1� linear programs, where M is the number of call classes. The numerical results show that we can
achieve a signi®cant performance improvement in the class-level QoS provided by the network for only a
moderate loss in throughput.

In our work, we assumed that call arrivals are Poisson and that call holding durations are exponentially
distributed. While exponential call holding durations are justi®ed for traditional voice users, there is
growing evidence that it may be unsuited for other types of applications [24]. Our work here is a ®rst step
towards a solution to the optimal call admission problem for users with more general call holding time
distributions. We believe that our work can be extended to more general call holding distributions. Our
motivation is previous work that shows the insensitivity of the steady state distribution of the number of
calls belonging to each call class to the call holding time distribution for coordinate convex admission
control policies [7,11]. Thus, if the optimal admission control policy obtained by our method turns out to be
coordinate convex, then that policy will continue to be optimal among all coordinate convex policies even
for general call holding distributions with the same mean as the original exponential call holding durations.
Our numerical results show that the optimal policy is coordinate convex in most cases. Therefore, our policy
will continue to be optimal among all coordinate convex policies in all such cases. However, we cannot
guarantee the optimality of our admission control policy among all admission control policies when the call
holding durations are generally distributed. To obtain the optimal policy among all policies with general
call holding distributions, more research is needed on Markov regenerative decision processes [25]. The

Fig. 3. Comparison of jB2 ÿ B1j obtained for various schemes.
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usefulness of such processes stems from the fact that, when call holding durations are generally distributed,
the Markov property still holds at those instants when the system becomes empty. Note, however, that the
Markov property no longer holds at call arrival and call termination instants.

While our scheme can be applied to network scenarios including a large number of classes and high
capacity values, computing the optimal solution in such cases may involve solving MDPs with large state
and action spaces. Model reduction techniques [26,27] can be used to reduce the computational complexity
involved in solving MDPs with large state and action spaces. Furthermore, the solution obtained from our
linear program formulation for small and medium networks can be used to design heuristic techniques that
perform well in practice.

While we assumed maximizing throughput as an important objective, these ideas are easily extended to
maximizing ``utility''. In such a modi®ed scenario, the reward due to admitting a user would not be the
amount of bandwidth needed by the user, but rather the utility that the user obtains from that bandwidth
allocation. Such a modi®cation will re¯ect the relative importance of bandwidth to various users, especially
in the context of multiservice networks where di�erent applications derive di�erent amounts of bene®t from
the same amount of bandwidth allocation.

Appendix A. Proof of Lemma 1

Observe that x� has to be feasible for either the problem given in Eq. (20) or the problem in Eq. (21).
Therefore, it is clear that

min g1�y�1�; g2�y�2�
� 	

6 max g1�x��; g2�x��f g: �A:1�

Next observe that y�1 and y�2, if they exist, are feasible for the problem in Eq. (19). Therefore, we have

max g1�x��; g2�x��f g6 maxfg1�y�1�; g2�y�1�g; �A:2�

max g1�x��; g2�x��f g6 max g1�y�2�; g2�y�2�
� 	 �A:3�

with the right-hand side assumed to be 1 in Eqs. (A.2) and (A.3) if y�1 and y�2 do not exist, respectively.
Note that at least one of them has to exist for, otherwise, x� will not exist. Now observing that

max g1�y�1�; g2�y�1�
� 	 � g1�y�1�;

max g1�y�2�; g2�y�2�
� 	 � g2�y�2�

we have the following two relations from Eqs. (A.2) and (A.3):

max g1�x��; g2�x��f g6 g1�y�1�;

max g1�x��; g2�x��f g6 g2�y�2�:

The above two equations taken together imply

max g1�x��; g2�x��f g6 min g1�y�1�; g2�y�2�
� 	

: �A:4�
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From Eqs. (A.1) and (A.4), we obtain

max g1�x��; g2�x��f g � min g1�y�1�; g2�y�2�
� 	

and the proof is complete. �
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