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Abstract

In this work, we consider the problem of resource allocation in multi-class networks, where users specify the value
they attach to obtaining different amounts of resource by means of a utility function. We develop a resource allocation
scheme that maximizes the average aggregate utility per unit time. We formulate this resource allocation problem as a
Markov decision process. We present numerical results that illustrate that our scheme performs better than the greedy
resource allocation policy. We also discuss the implications of deliberate lying by users about their utility functions and
develop a pricing scheme that prevents such lying. © 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction

This work is motivated by two emerging trends
in the networking area. One is the move towards
multi-service networks, where a single network
infrastructure is expected to support a variety
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of applications, such as data, voice, and video
[1]. Secondly, applications are increasingly able to
adapt to a wide range of resource amounts allo-
cated to it by the network [2]. For example, phones
can be equipped with multi-rate vocoders that
can guarantee intelligible reception at the rates
at which these vocoders operate. Scalable video
compression schemes ensure successful playback
at the receiver even at reduced bandwidth alloca-
tions [3]. Our aim in this work is to look at the
resource allocation problem in this above scenario
of multi-service networks and elastic applications.

For the successful operation of a multi-service
network, several resources need to be allocated
appropriately. The resources that are of interest in
this context are bandwidth, buffer space, delay,

1389-1286/01/$ - see front matter © 2001 Elsevier Science B.V. All rights reserved.

PII: S1389-1286(01)00275-4



614 S. Kalyanasundaram et al. | Computer Networks 38 (2002) 613-630

etc., which may or may not be allocated indepen-
dently. In this work, we are mainly concerned with
the allocation of bandwidth as a resource. While
many of the ideas can be carried over to other
types of resources as well, this is outside the scope
of what we wish to address in this work. Therefore,
we use the terms “resource” and ‘“‘bandwidth”
interchangeably in this work unless specified
otherwise. In this work, we first present a solution
to the problem of resource allocation on a single
link and then show how it can be extended to the
case of multiple links.

We now elaborate on the two emerging trends
described above and discuss the implications they
have for the resource allocation problem. With the
need for multimedia services to be supported over
the same network infrastructure, the resource al-
locator should consider the relative importance of
a certain quantity of resource for various appli-
cations. In other words, the resource allocator
should determine the application that would derive
the maximum benefit from a certain quantity of
resource, and then make a decision based on this
information. For example, in general, delay-sen-
sitive applications such as voice and video will
benefit more from a certain quantity of bandwidth
allocation than delay-tolerant file-transfer appli-
cations. The idea of wutility functions from micro-
economics captures this notion of importance of
the quantity of resource allocated to the applica-
tion very well [4]. We use a similar concept in our
work, and the users specify the utility or value they
attach to different quantities of resource using a
utility function. We assume that the resource al-
locator knows the utility function of users at the
time of resource allocation. The most likely way of
achieving this is to have users communicate their
utility functions to the resource allocator at the
time of call setup. The resource allocator then al-
locates resources based on the objective of maxi-
mizing the aggregate average utility obtained per
unit time. Maximization of aggregate utility is
recognized as an important objective in resource
allocation problems [5]. The objective of maxi-
mizing aggregate utility (as opposed to maximizing
revenue) would be meaningful in private networks
that are owned and operated by organizations for
their own use. Even in the case of public networks,

the potential loss of “goodwill” with customers
might motivate operators to use the objective of
maximizing aggregate utility. While other objec-
tives may also be appropriate, we believe that
maximizing aggregate utility is an important one
to consider. Some of the ideas in this work would
also readily extend to other objectives.

The second emerging trend of elastic appli-
cations means that the resource allocator has
significant freedom in deciding the amount of re-
source that can be allocated to an application or
connection. If the applications were non-elastic, as
in the case of traditional voice telephony, the
network can only decide whether or not the con-
nection can be admitted. This is known as call
admission control. But with elastic applications,
besides doing call admission control, the network
can also decide the amount of resource to allocate
to an admitted call. The notion of utility functions
becomes much richer and more useful for elastic
applications. As we will see, the utility function of
a non-elastic application reduces to the case of a
“step function” because the application can gain-
fully use exactly a certain quantity of resource.

While applications are elastic, this does not
necessarily mean that the resource allocated to a
given connection or call can be altered during the
course of the connection. We believe reallocating a
different amount of resource during the lifetime of
a connection will result in excessive overhead. We
also believe that users will not like a frequent
change in the quality of reception, which could
result from frequent resource reallocations. There-
fore, in this paper, we require that the resource is
allocated for the entire lifetime of a connection
and that resource reallocations are not allowed.
More research is needed to determine if realloca-
tions can be done during a connection’s lifetime
and how users perceive such reallocations. If re-
allocations can be done, the frequency of reallo-
cations that users are willing to tolerate also needs
to be determined. This issue will not be addressed
in this paper.

Our approach to resource allocation in the
above context is to formulate the problem as a
Markov decision process (MDP). MDPs are used
in dynamic probabilistic systems to make sequen-
tial decisions that optimize an appropriate objec-
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tive [6-8]. In MDPs, the system can be in a finite
number of states, and the decision maker can
choose from several actions in each of those states.
Once an action has been chosen in each state, the
system evolves as a continuous-time Markov
chain! and accumulates reward with time. The
rate of reward accrual depends on the state of the
system and the choice of control action in that
state. In other words, associated with each state
(and possibly depending on the control action
chosen in that state), there is a reward accrual rate.
This reward accumulates additively with time.
In MDPs, the aim is to determine a policy (or
equivalently, an action for each state) that opti-
mizes the chosen objective. The chosen objective
could either be a discounted total reward or an
average per-unit-time reward. In the discounted
total reward criterion, future rewards are dis-
counted by a certain discount factor, which cap-
tures the notion of future rewards being less
important than those accrued at the present time.
In average reward criterion problems, the objective
is to determine a policy that maximizes the average
per-unit-time reward. (In our case, we wish to
maximize the chosen objective because we asso-
ciate “rewards” with each state. Alternatively,
some authors associate “costs’” with each state and
minimize the chosen objective [9].)

While there has been a lot of work in the area of
static resource allocation [5,10-14], where the
number of users in the system is assumed fixed, our
work is different in that we consider the dynamic
case, where the state of the system changes with
user arrivals and departures. For example, in Ref.
[13], the authors discuss Parcto optimality and
Nash equilibria for the case of a fixed number of
users with known utility functions. Similarly, in
Ref. [14] the authors consider the static scenario of
a fixed number of elastic applications character-
ized by their minimum and peak rate require-
ments. In this framework, they obtain distributed
implementations that converge to the optimal
Nash bargaining solution. In our work, we exploit
the knowledge of the arrival and departure pattern

"Our description here is for the case of continuous-time
MDPs. A similar description may also be given for the case of
discrete-time MDPs.

to make “informed” resource allocation decisions.
We also implicitly take into consideration “op-
portunity costs” associated with decisions. The
papers on static resource allocation cited above
assume that whenever a call arrival or call depar-
ture occurs, resource is reallocated according to
their static resource allocation algorithm again. As
we elaborate later, our model does not allow re-
source reallocations to already existing users.
Therefore, our scheme considers the future effects
of its current decisions while allocating resources.
MDPs have been successfully applied for admis-
sion control problems [15-18], but their applica-
tion to resource allocation problems is new. (See
the recent survey article [19].)

Recently, there has been work by Paschalidis
and Tsitsiklis on a dynamic pricing framework for
revenue and welfare maximization [20]. In this
work the authors determine the optimal prices that
maximize the long-run average revenue or welfare
of the network. However, unlike our work which
explicitly considers the case of elastic applications
with the same user capable of operating over a
range of bandwidth allocations, their work does
not consider this scenario. Moreover, in Ref. [20],
control of the users’ access to the network is
achieved indirectly through the pricing mechanism
with the network admitting all users whose utility
from the call admission is higher than the price as
long as there is enough unused capacity. In con-
trast, we allow the network to have explicit control
of its resources, and the network can determine
whether or not to admit a call and the exact
amount of resource to be allocated to the newly
arriving call. While we also consider pricing in our
work in Section 5, we use our pricing framework
to ensure that users reveal their true utility func-
tions rather than as a mechanism to control users’
resource allocation amounts.

The rest of the paper is structured as follows. In
Section 2, we formulate the single-link resource
allocation problem as a continuous-time MDP. In
Section 3, we discuss a few issues related to our
resource allocation solution, such as incorporation
of constraints on the call blocking probability,
offline computation, complexity reduction, and
extension of our scheme to the multiple-links case.
In Section 4, we present sample numerical results
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and compare the performance of our optimal re-
source allocation scheme with that of a greedy
scheme that takes a shortsighted view to the re-
source allocation problem. In Section 5, we discuss
the implications of deliberate lying by users about
their utility functions, and develop a pricing mech-
anism that prevents such behavior by users.

2. MDP formulation of resource allocation

In this section, we formulate the resource allo-
cation problem as an MDP. Efficient methods exist
to solve such problems, namely value iteration,
policy iteration, and linear programming [6-8]. In
the interest of space, we merely formulate the
problem as an MDP and refer the reader to the
references cited above for solution techniques.

We first describe the problem scenario. In this
section, we consider a single link with a finite ca-
pacity that supports a variety of applications and
consider the allocation of bandwidth to calls or
connections. We extend our resource allocation
scheme to the case of multiple links in Section 3.6.
This problem of bandwidth allocation is relevant
to both circuit-switched and packet-switched net-
works. In packet-switched networks, the notion of
bandwidth allocation hides the packet-level dy-
namics and simplifies analysis [21]. We assume that
allocations can only be made in multiples of a
certain minimum quantity, say, 4 bandwidth units
(BWUs). This assumption is not very restrictive
from a practical viewpoint because it is true for
many slotted systems. Besides, we can make 4 as
small as we wish. Also, without loss of generality,
we assume that 4 =1 BWU. We make this as-
sumption to reduce notational complexity. We let
the capacity of the channel be C BWUs. Connec-
tions or calls can be allocated any integer amount
of resource between zero and C BWUs.

Utility functions give the amount of utility or
benefit or gain that the user or application obtains
for different amounts of allocated resource. It is
a measure of how “happy” or “satisfied” a user or
application is at receiving a certain amount of al-
location. Economists use ‘utils’ as units of the
utility values. Typically, if resources are infinitely
divisible, the utility function would be a mapping

from the interval [0, C] to the non-negative reals
R*. But, in our case, it suffices if the utility func-
tion specifies the per-unit-time utility obtained for
all feasible allocations. Note that the only feasible
allocations are the integers between zero and C.
We now introduce the concept of utility functions
in this limited context where only a finite number
of allocations are possible. The domain of the
utility function is the set of all integers between
zero and C. We let U(i) for i=0,1,2,...,C de-
note the value of the utility function for an allo-
cation of i BWUs. The value of U(i) gives the
utility obtained by the application for an alloca-
tion of i BWUs for one second and has units
of utils/s. Thus, a utility function U for the pur-
pose of resource allocation is a vector [U(0),
U(1),...,U(C)]. We further assume that the per-
unit-time utility (or utils per second) that the ap-
plication or user receives has to be a multiple of a
certain other minimum quantity, say, J utils/s.
Again, without loss of generality, we assume that
0 = 1 to avoid needless notational complexity. We
also require that the utility values stay uniformly
bounded. In other words, there exists a Uy, such
that U(i) < Upax for i=0,1,...,C for all users.
Utility functions also satisfy the condition

Ui)=0 fori=0,1,2,...,C.

The above condition states that applications or
users cannot obtain a negative utility from a pos-
itive quantity of allocated resource. Because utility
functions are non-negative, bounded, and integer
valued, we have

U(i) €{0,1,2, ..., Unn} fori=0,1,2,....C,
(1)

where we assume Up,, 1s an integer. It is also
natural to assume that

U(0) =0, (2)

where Eq. (2) simply states that users cannot have
a non-zero utility for zero resource allocation.

Besides these properties, there are two others
that many utility functions satisfy. However, our
problem formulation does not depend on whether
or not the following conditions are met. First, the
utility function is expected to be non-decreasing,
ie.,
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U@ <U(@+1) fori=0,1,...,C—1.

This is due to the fact that applications cannot be
expected to derive more benefit from a smaller
amount of resource allocation than from a larger
amount of allocation. Secondly, many example
utility functions satisfy the following concavity
property, which is a consequence of the “law of
diminishing returns’”:

Uj)-UG—-1)=2U@l)—-U(—1) forall j<i.

The above equation says that for higher resource
allocations the utility increments obtained are
lower. Applications, typically, find the most use
for the initial allocations, and as the allocation is
increased, the benefits begin to diminish. Some
utility functions do not have the concavity prop-
erty. (See Ref. [2] and the example of the multi-rate
vocoder below.) Therefore, our scheme is designed
to work with non-concave utility functions as well.
A very eclastic application can gainfully use
every additional amount of allocated resource, i.e.,
UG >U(i—1)fori=1,2,...,C. File-transfer
applications, which are very elastic, can be ex-
pected to have such utility functions. If a phone is
equipped with a multi-rate vocoder that can op-
erate at rates ry, r», and r; with r <r, <r; <C,
then its utility function will be such that U(r;) >
U(ry) > U(ry), and U(i) for all other values of
allocated resource will be given as follows:

0 for 0<i<r,
U fi Si<n,
U(Z): (}’1) or rn 1< (3)

U(Vz) for r2<i<r3,
U(V';) for V3<Z<C
A non-elastic application that can only operate

at a rate of r BWUs has a step utility function of
the following form:

N 0 fori<r,
U(’)_{U(r) for r<i<C.

We let % denote the set of all possible utility
functions U. Note that the set of all allowed util-
ity functions is limited by the conditions that a
utility function has to satisfy, i.e.,

U ={U=[U(0),U(1),...,U(Q):
U satisfies Eqgs. (1) and (2)}.

The set % has only a finite number of utility
functions in it. It can be verified that the number of
elements in % is no greater than (Upax + I)C,
where Uy, 1s the greatest utility that a user can
obtain for any resource allocation amount. We let
M denote the total number of elements in the set
9. We think of all users having the same utility
function U € % as belonging to a class. We also
uniquely number the utility functions in % from
one through M, and use the notation U, =
[Uk(0), Uk(1),...,U(C)] to denote the kth such
utility function. Note that once we specify the in-
dex of the utility function k, the quantities Uy (i)
get fixed forall i =0,1,2,...,C.

We assume that class-k users arrive according
to an independent Poisson process with rate /;,
and that the call holding duration of a class-k call
allocated i BWUs is independent and identically
distributed (i.i.d.) exponential with mean 1/y,;. By
making the call holding duration depend on the
allocation, we account for the scenario where users
have a fixed amount of data to send resulting in
users having a longer call holding duration for
smaller allocations than for larger allocations.
Given the above scenario, the operation of the
network is as follows. When a new user arrives,
say, belonging to class k, the network allocates it i
BWUs of resource, where 0 <i< C. (When i =0,
the network blocks the newly arriving call.)
The network then starts accruing additional util-
ity (or reward) at the rate of U(i) utils/s until
the call gets completed. The resource allocation
problem is to determine i, given the state of the
system, U, 4, and y,; for k=12....M
and i=1,2,...,C, that maximizes the average
aggregate utility per unit time of the system. By
formulating the problem as an MDP, we de-
termine what appropriate resource allocation de-
cisions should be made to achieve such an
objective.

We denote the state of the system by a matrix N
with M rows and C columns. The term on the kth
row and the ith column of the matrix /V is denoted
by ny;, which is the number of class-k users allo-
cated i BWUs. Let

C
me=Y ng fork=12..M (4)

i=1
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denote the number of active class-k users in the
system. The finite capacity (C) of the link implies
that any valid state of the system has to satisfy the
condition

XM: ka,gc

k=1 i=1

The state space S is the set of all possible states in
the system, which can be written as follows:

S = {N: ul: 1<k<M,1<i<C,n,; €Z*

M C
and Z Zink,«gc},
k=1 i=1

where Z" is the set of all non-negative integers.
Any ny; for 1 <A< M and 1 <i< C can only take
integer values between zero and |C/i], where |x] is
the greatest integer not exceeding x. Therefore, the
number of values that each n; can take is finite.
This implies that the state space S itself has a finite
number of elements in it.

In each state of the system, the resource allo-
cator has a choice of several actions. An action
specifies the amount of resource to be allocated to
a new call arrival of each call class. If a call arrival
occurs, the resource allocator allocates the amount
of resources specified by the chosen action in that
state, and the system moves to the corresponding
next state. If a call departure occurs in that state,
then the system moves to the corresponding next
state. In either case, the whole process gets re-
peated again in the new system state. The objective
in our resource allocation problem is to determine
the optimal action for each state that maximizes
the average utility per unit time.

We denote an action in state NV € S by an M-
vector u = [uj,uy,...,uy] such that wu € {0,1,
2,...,C}. The value of u; denotes the number of
units of resource that a newly arriving class-k user
is to be allocated. (When u; = 0, the resource al-
locator rejects newly arriving class-k users, and the
state of the system does not change.) Clearly, the
number of allowed actions in a state depends on
the state of the system. For example, in a state that
already has a non-zero amount of resource in use,

a newly arriving user cannot be allocated C BWUs
of resource. The set of all allowed actions in state
N, known as the action space, can be written as
follows:

M C

KN—{u: u, € {0,1,...,C} and sz’“
=1 ‘=1
+max{u1,uz,...7uM}<C}7

where the ny; for 1 <k <M and 1 <i < C define the
matrix /N. The action space in a state is the set of
all possible actions that does not exceed the ca-
pacity of the channel, and it follows that the action
space Ky for NV € S has only a finite number of
elements in it. If a new class-k call arrives in state
N € S and u is the chosen action, then it is allo-
cated u; units of resource. The system then moves
to the appropriate next state. If there is a call
completion, the amount of resource used by the
terminating call gets released for future call arrivals.

In our MDP formulation of the resource allo-
cation problem, we now specify the reward rate in
each state NV € S when action u € Ky is chosen.
The reward rate is

M C
B =30 (o) utis/s, (5)

k=1

which is the sum of the utility values of each active
user in the system corresponding to the amount of
resources allocated to it. Note that the definition
of reward in Eq. (5) is independent of the choice of
action u in that state.

To complete our MDP formulation of the re-
source allocation problem, we now specify the
transition rates of the system. We denote the
transition rate from state N € S to state Q € S
when action u € Ky is chosen by Ly o Let N =
[n1] and Q = [qi;]. For ease of description, we also
define d;; to be an M x C matrix with zeros in all
but the (k,i)th entry where it has a one. The
transition rates are then given as follows:

Ak if uy # 0 and Q =N + 0y,
O(;‘VA,Q =< ngty; 1if ny#0and Q=N — dy,
0 otherwise.
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Given that the action in state /N admits class-k
calls, i.e., u; # 0, the system moves to a state with
one additional class-k call at the rate of A, which
is the call arrival rate of class-k calls. If a new
class-k call arrives, then the new call arrival is al-
located u; BWUs, and hence the number of active
class-k users allocated u; BWUs increases by one.
With ny; active class-k users allocated i BWUs, the
system moves to the state with one less class-k call
allocated 7 units of resource at the rate of nypy,. In
other words, given that action u is chosen in state
N, the system stays in the same state for an ex-
ponentially distributed duration of time with mean
S0 Gluioy + X5 maat)] ', where ng is as
defined in Eq. (4), and [ is the indicator function
given by

, 1w £0,
WA 0 i = 0.

When the system makes a transition, it moves
to state NV + dy,, with probability

A'kl{“k?ﬂ)}
M [, c
POy (Ajl{uﬂm} + 2o nﬁuﬁ)

)

and to state N — §;; with probability

Ny Py
M [, ¢ .
> (Ajl{uﬂm} + 2o ”ﬁ“ﬁ)

It follows from the above formulation that we
have a continuous-time MDP to solve because the
transition rates and the reward rates depend only
on the current state and the chosen action in that
state. Note that an MDP is completely character-
ized by its state and action spaces, reward rates,
and transition rates. This continuous-time MDP
formulation with average reward optimization
criterion has finite state space and finite action
space. Efficient methods exist to solve such prob-
lems, namely value iteration, policy iteration, and
linear programming [6-8]. For the sake of com-
pleteness, we briefly describe one particular solu-
tion technique, namely linear programming, that
was also used in Section 4 to obtain the numerical
results. To obtain the optimal policy we solve the
following linear program:

maximize E E Ryxy,
{¥y:N€S and ueKy}

NeS ueky

Z Z XNIN.0

QeSS ucky

—Z Zoc”Q.Nx”Q:O for N € S,

QeSS ucko

subject to

doa=1, x>0 forNes.

NeS ueky
. _ (6)
Once the optimal x%; have been obtained, the op-
timal action in each state is obtained according to
the following procedure. Let S* be the set

S*={N€S:xiy >0 for some u € Ky}. (7)

Then the optimal action in state N € S* is deter-
mined as follows. For NV € §*, action v is chosen
with probability xy />, .« xv, and for N & §*,
an arbitrary action v € Ky is chosen with proba-
bility one. Note that it follows from Ref. [22] that
there exists an optimal policy such that x% > 0 for
exactly one action u € Ky for each state N € S*.

An important special case of our formulation
above is the admission control problem for net-
works with non-elastic applications. Such prob-
lems have been the subject of several papers
[15-18]. When applications are non-elastic, our
resource allocation problem reduces to the ad-
mission control problem, where the network either
rejects the call or admits the call and allocates it
the exact amount of resource it needs. The solution
developed here can be used for the admission
control problem as well.

3. Discussion

In this section, we discuss a few aspects related
to the MDP formulation of the resource allocation
problem developed in the last section.

3.1. Offline computation

The computation of the optimal action associ-
ated with each state (or the optimal policy) can be
done beforehand and need not be done each time a
call arrival or call departure occurs. The computed
decisions may be stored in the form of a table, and
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a table look-up can be done each time the system
reaches a new state. Thus there is little real-time
computational overhead involved in the imple-
mentation of the scheme. However, if the call ar-
rival rates and the call holding durations vary with
time, the optimal decisions may need to be re-
computed as needed based on updated values of
these quantities. (Numerical results in Section 4
show that the optimal decision depends on the
value of the call arrival rates and call holding
durations of call classes.)

3.2. Uncertainty in transition rates

As we show in Section 4, the optimal policy
depends on the values of the call arrival rates and
call holding durations of call classes. But the re-
source allocator may not have exact knowledge of
these quantities beforehand. However, it is rea-
sonable to expect the resource allocator to know a
range over which these quantities take values.
Given such a range of possible values for the call
arrival rates and the call holding durations, the
methods described in Refs. [23-25] can be used to
perform sensitivity analysis of the chosen policy
and to obtain max-min and max-max optimal
policies. Sensitivity analysis of a policy is per-
formed to obtain the range of values that the av-
erage per-unit-time utility can take given the range
of values that the call arrival rates and the call
holding durations take. Max-min optimal policy,
on the other hand, is a policy that maximizes the
worst-case average reward per unit time. In other
words, using the max-min optimal policy, the re-
source allocator can maximize the average utility
per unit time assuming that the transition rates will
get chosen in a manner that minimizes this quan-
tity.

3.3. Model reduction techniques

While our scheme can be applied to network
scenarios with a large number of classes and high
capacity values, computing the optimal solution in
such cases may involve solving MDPs with large
state and action spaces. In this section, we describe
a few model reduction techniques that can be used

to reduce the computational complexity involved
in obtaining the optimal solution. We classify the
model reduction techniques in this section into
those that yield the optimal policy and those that
can be used to obtain approximately optimal
policies.

We first describe a model reduction technique
such that the solution to the reduced model still
yields the optimal policy. We make a simple ob-
servation that can result in a significant reduction
in the state and action spaces of practical problems
of interest. Note that if a certain utility function
U, is such that Ui (i + 1) = Uy(i), then the network
obtains no additional amount of utility by allo-
cating that user i + 1 BWUs instead of i BWUs of
resource. Therefore, we can eliminate those states
and actions that correspond to allocating class-k
users i + 1 BWUs. For example, the only alloca-
tions that are meaningful for the multi-rate vo-
coder whose utility function is given by Eq. (3) are
r1, 2, and r;. We can define the set of all actions
that can be eliminated in state N € S due to the
above observation as follows:

Ly = {ll € Ky:u >0 and Uk(uk) = Uk(uk — 1)}

Similarly, we can define the set of states that can be
eliminated due to the above observation as fol-
lows:

A:{NGS:nki>Oand Uk(l): Uk(l—l)
fori > 1}.

Based on the above observation, we can now de-
fine our reduced state space as

S =S\ 4,

where the notation S\ 4 is used to denote the set
of all elements in S but not in A. Similarly, the
reduced action space in state V € §’ can be written
as

Kllv == KN \LN

We believe that the above state and action space
reduction will reduce the computational complex-
ity involved in obtaining the solution to practical
problems of interest.

We now describe model reduction techniques
that yield approximately optimal policies. Because,
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we compromise on the optimality of the policies
we seek, the reduction in complexity can be quite
substantial. Generic model reduction techniques
[26,27] can be used to obtain approximate solu-
tions that reduce the computational complexity
involved in solving MDPs with large state and
action spaces. Neuro-dynamic programming [9]
techniques have recently been successfully applied
to admission control problems to obtain approxi-
mate solutions [28].

We next describe the optimal complete parti-
tioning policy, which is an approximately optimal
policy. The optimal complete partitioning policy
would set aside portions of the bandwidth exclu-
sively for users of different classes (similar to the
complete partitioning admission control policy
[29]). Let there be partitions Py, Ps,..., Py of the
capacity of the channel C such that

M
Y R=c,

k=1

with P, > 0 being the capacity of the channel that
is exclusively reserved for use by class-k calls. Be-
cause we allow only integer allocations to users, P,
for k =1,2,...,M have to be integers. The aim of
the optimal complete partitioning policy is to de-
termine the values P,P;,...,P;, such that the
average aggregate utility is maximized. Because
the set of complete partitioning policies are a
subset of the set of all policies we considered in
Section 2, the average aggregate utility obtained
from the optimal complete partitioning policy can
at most be equal to that of the optimal policy
obtained in Section 2.

Within each partition P, reserved for class-k
calls the optimal choice of allocations can be de-
termined by solving MDPs that have much smaller
state and action spaces. Let R;(F;) for k=
1,2,...,M be the optimal average aggregate utility
from class-k calls when the capacity set aside for
class-k calls is P;. The value for R;(P;) is obtained
from the solution to the MDP that is formulated in
the same manner as in Section 2 but with a single
call class and with the capacity being equal to F.
The optimal complete partitioning policy can then
be cast in the following form:

M
e 2 KR
M
subject to ZP" =C,
f=1
P, =0,
P, integer.

The solution to the above problem can be obtained
by a dynamic program similar to that in Ref. [29].
If we let f;(y) be the average aggregate utility of
classes 1 through k with y as the capacity available,
then the dynamic programming equations are

fik) =Ri(y) for 0<y<C,
fiely) = maximize (R;(s) + fi1(y = 5))

for0O<y<Cand k=23,... .M.

The solution to the above dynamic program would
give the optimal partition [P/, P, ..., Py].

The performance of the optimal complete par-
titioning policy should be compared with that
of the optimal policy over a range of parameter
values to determine the loss in utility that can be
expected from using the optimal complete parti-
tioning policy. Another strategy would be to use
the policy that performs best between the optimal
complete partitioning policy and the greedy policy
that is explained in Section 4. In Section 4, we
compare the performance of the optimal complete
partitioning policy with that of the optimal policy.
In our example, we find that the performance of
the optimal complete partitioning policy is fairly
close to that of the optimal policy. While we have
discussed some complexity reduction techniques in
this section, more work is needed to study the ef-
fectiveness of these in practical problems of inter-
est and to develop techniques to reduce the
complexity even further.

3.4. Maximization of utility with constraints

Our resource allocation scheme was developed
with the objective of maximizing utility. In certain
situations, maximization of utility will not be the
only objective of the network. For example, in
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admission control problems with non-elastic ap-
plications, several authors consider constraints
placed on the call blocking probabilities experi-
enced by the call classes [15,17,18]. In Ref. [15], the
authors consider the scenario where each call class
has a maximum call blocking probability that it
can tolerate. Therefore, they design an admission
control algorithm that maximizes the throughput
of the network subject to the constraints placed on
the call blocking probabilities of each call class.
The viewpoint in Refs. [17,18] is that different
levels of pricing will require that the call blocking
probabilities of call classes be related in a certain
manner to justify the difference in prices. The au-
thors treat the problem of maximizing throughput
and maintaining the desired relations between call
blocking probabilities as a multi-objective opti-
mization problem.

Motivated by the same considerations as in the
above papers, we envision a scenario where the
resource allocation needs to consider multiple
objectives. Constraints similar to those in Refs.
[15,17,18] can be incorporated in our MDP for-
mulation. For example, if each call class has a
maximum call blocking probability of D;, 1<
k<M that it can tolerate, then the optimal deci-
sion is obtained from the solution of the following
modified linear program:

maximize E E RAXYN,
{xf{,:N €S and ueKy}

NeS ueky
subject to Z Z XN N0

QeS ucky

—Z Z oo =0 for N €S,
QcS uckp

Y x=1,x>0 forNes.

NeS ueky
(8)
S A<D for 1<k<M, (9)

NeS ueBy(k)

where By(k) is the following set:

BN(k) = {ll: [ul,uz,...,uM}: u € Ky and Uy, :0}

The set By(k) is the set of all actions in state N
that reject class-k calls, and Eq. (9) is the long-run
average duration of time spent in those states of
the system that reject class-k calls. We note that x

represents the long-run fraction of time the system
spends in state /N with u as the chosen action. Once
the optimal x have been obtained from the above
linear program, the optimal action in each state is
obtained according to the procedure described in
Section 2. Using the result in Ref. [22] it can be
shown that the optimal solution obtained in such a
manner will require randomization in at most M
states.

3.5. Extension to general call holding times

In our work, we assume that call arrivals are
Poisson and that call holding durations are expo-
nentially distributed. While exponential call hold-
ing durations are justified for traditional voice
users, there is growing evidence that it may be
unsuited for other types of applications [30]. Our
work here is a first step towards addressing the
resource allocation problem with general call
holding time distributions. We believe that our
work can be extended to more general call holding
distributions. Our motivation is previous work
that shows the insensitivity of the steady state
distribution of the number of calls belonging to
each call class to the call holding time distribution
for coordinate convex admission control policies
[31,32]. Thus, if the optimal resource allocation
policy obtained by our method turns out to be
coordinate convex, then that policy will continue
to be optimal among all coordinate convex policies
for any general call holding distribution with the
same mean as the original exponential call holding
duration. Our policy will continue to be optimal
among all coordinate convex policies for any
general call holding distribution with the same
mean as the original exponential call holding du-
ration whenever the optimal policy itself is coor-
dinate convex. However, we cannot guarantee the
optimality of our resource allocation policy among
all resource allocation policies when the call
holding durations are generally distributed. To
obtain the optimal policy among all policies with
general call holding distributions, more research is
needed on Markov regenerative decision processes
[33]. The usefulness of such processes stems from
the fact that, when call holding durations are
generally distributed, the Markov property still
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holds at those instants when the system becomes
empty. Note, however, that the Markov property
no longer holds at call arrival and call termination
instants.

3.6. Multi-link resource allocation

In this section, we extend our single-link re-
source allocation solution to the case of multiple
links with pre-computed routes. The objective of
the resource allocation is to maximize the aggre-
gate utility per unit time of the entire network. The
utility functions now denote the amount of utility
that the user obtains from all possible end-to-end
resource allocations. If a user obtains different
amounts of allocation over different links through
which it traverses, then the utility that the user
obtains corresponds to that obtained from the
minimum of those allocations. We consider a
network with a finite set % of links, and we as-
sume that the routes for each user are pre-com-
puted and fixed. Because the number of links in the
network is finite, so are the number of possible
(cycle-free) routes. For the multi-link case, two
users are said to belong to the same class only if
those users have identical utility functions (as de-
fined in Section 2) and identical routes. Because we
have a finite number of possible utility functions
and finite number of routes, we have a finite
number of possible classes. We denote the total
number of classes of users by M’. We assume that
the route information for user classes is stored in a
matrix y such that

1 if class-k users are routed
through link j,

if class-k users are not routed
through link ;.

We denote the capacity of link j by C;. As in the
single-link case, we assume that class-k users arrive
according to a Poisson process with rate 4, and
that the call holding duration of a class-k call al-
located i BWUSs is independent and exponentially
distributed with a mean of 1/p,. For the multi-
link case, states are again denoted by a matrix NV
with M’ rows and max{C;: j € £} columns. We let

Cmax = max{C;: j € £},

where we assume that Cp,, is an integer. The term
on the kth row and the ith column of the matrix NV
is denoted by ny;, which is the number of class-k
users allocated i BWUs. Note that the user is al-
located i BWUs over all the links through which
the class-k user traverses. The state space S for the
multi-link case can be written as

S={(N=|n:n; €Z" and

M’ Ciax

Z Zink,-ykj <Cjforje¥

k=1 i=1

Note that any valid state has to be such that the
link capacity of none of the links is exceeded. The
7; in the above equation ensures that the sum-
mation is carried out only over those classes of
users that are routed through link j. Actions are
denoted by an M’ vector u = [uy,u, ..., uy] such
that u; € {0,1,..., Chax}. As before, the value of
u; denotes the number of units of resource to be
allocated to a class-k user. The action space can
now be written as follows:

M Crnax
KN: u: E E inkiykf

k=1 i=1

The reward rates and the transition rates are de-
fined as in Section 2. The problem can then be
solved by any of the methods used to solve MDPs
[6-8].

4. Numerical results

In this section, we present numerical results for
the single-link case to illustrate our resource allo-
cation scheme. In our first example the capacity
of the channel is 4 BWUs. There are two classes
of calls with their utility functions given by
U, =11,2,2,2] and U, =[0,3,3,3]. Calls belong-
ing to class 1 are elastic and can use 1 or 2 BWUs
gainfully with varying utilities associated with it.
Class-2 calls, however, are non-elastic and can
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only use 2 BWUs. Any amount of allocation above
2 BWUs does not result in an increase in utility,
and any amount of allocation below 2 BWUs re-
sults in zero utility for class-2 calls. The call
holding durations of both classes of calls are as-
sumed i.i.d. exponential with mean 60 s.

The optimal action in each state of the system
for the above example is given in Table 1. We
consider three different scenarios by varying the
call arrival rate of class-2 calls. We put an ‘x’ for
the optimal action in those states that are ““do not
care” states. These states do not belong to S* as
defined in Eq. (7). Thus any arbitrary action can
be chosen in such states. From the table, it can be
seen that such states are transient states corre-
sponding to the chosen policy. Those states that
are not listed in the table are “do not care” states
for all the three scenarios considered. The results
in the table are intuitively appealing. For example,
as we increase the call arrival rate of class-2 calls,
the optimal resource allocation policy tends to
favor class-2 calls over class-1 calls. This is to be
expected because allocating 2 BWUs to a class-2
call results in utility being accrued at the rate of 1.5
utils/s per BWU, which is higher than that ob-
tained for class-1 calls for any amount of alloca-

Table 1
Optimal actions at the corresponding states for three different
scenarios

Stat }vl = 05, /11 = 05, /11 = 05,
ate Jr =001 7 =005 =01
0 000 2,2) 2,2) 0,2)
0000
0000 2.2) 0.2) 0,2)
0100
0000
<0 > 0 0) (0.0 ©.0) (0.0)
0100
<0 o0 0) @2) 0.2) x
0100
<0 Lo 0) (0.0) (0,0) x
0200
<0 0 0 0> ©0.0) x x

The utility function of class-1 calls is [1, 2,2, 2] and that of class-
2 calls is [0, 3,3, 3].

Table 2
Optimal actions at the corresponding states for three different
scenarios

State =01, A4 =01 1 =01,
Jp=002 1,=003 1b=03

00 0 0 (3,2) (3,2) 0,2)

000 0

0000

<o 1 0 o) (1,2) 0,2) 0,2)

0000

(o 2 0 0) (0,0 (0,0 (0,0

1 000

<0 0 0 0) (3,0 (3.2) X

1 000

<o 1 0 o> (1,0) (1,0) X

200 0

(o 0 0 0) 0,2) 0,2) X

2000

<o 1 0 0) (0,0) (0,0) X

0010

<0 o 0 o> (1,0) (1,0) X

1 010

(0 0 0 0) (0,0 (0,0 X

The utility function of class-1 calls is 1, 1,4, 4] and that of class-
2 calls is [0, 3, 3, 3].

tion, and also due to the total capacity being an
even number.

To further illustrate our scheme, we consider
a second example. As before, we have two call
classes with the channel capacity being 4 BWUs.
But now the utility function for class-1 calls is
[1,1,4,4] and that of class-2 calls is [0, 3, 3, 3]. Call
holding durations of both call classes are assumed
1.1.d. exponential with a mean of 60 s. Table 2 gives
the optimal actions for the corresponding states
for three different scenarios.

In Fig. 1, we plot the average utility per unit
time obtained from our utility maximizing scheme.
The capacity of the channel is 20 BWUs, and there
are two call classes with utility functions [1,1,4,
4,...,4/and [0,3,3,..., 3], respectively. The figure
is for a fixed A, value of 0.05 calls/s, and the call
holding durations of both classes of calls are
assumed i.i.d. exponential with mean 60 s. We
compare the performance of our scheme with the
greedy scheme. The greedy scheme allocates all
incoming calls that amount of resource of the
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Fig. 1. Comparison of the average utility per unit time obtained
for the greedy, utility maximizing, and optimal complete par-
titioning schemes. The utility function of class-1 calls is
[1,1,4,4,...,4] and that of class-2 calls is [0, 3,3,...,3].

unused capacity that maximizes the utility ob-
tained from the incoming call. To exactly charac-
terize the action chosen by the greedy policy in
state NV € S, we define the set #  of all feasible
allocations in state /N as follows:

M C
Fn= {er*:x.—FZ ZinkiQC}.
k=1 =1

With the above definition, the kth component of
the action chosen by the greedy scheme is

le(N) = min{x S fNZ Uk(x) = Uk(y)
for all y € Zn}.

The greedy scheme clearly takes a shortsighted
view and tries to maximize the utility that can be
obtained from the first arriving call. As can be seen
from Fig. 1, the greedy scheme results in lower
average utility per unit time than the optimal
utility maximizing scheme. We also find that the
performance of the greedy scheme deteriorates as
we increase the call arrival rate of class-1 calls.
This is because the greedy scheme wastes more
resources on class-1 calls as A; increases. As re-
marked in Section 3.3, we find that the perfor-
mance of the optimal complete partitioning policy
is very close to that of the optimal policy. We
believe that the optimal complete partitioning
policy and the complete sharing policy will com-

plement each other very well, with the complete
partitioning policy performing well when the
complete sharing policy does not, and vice versa.
In this section the numerical examples are meant
for the purposes of illustration. It should be noted,
however, that our scheme can also be applied to
network scenarios including a large number of
classes and high capacity values.

5. Pricing mechanism

In this section, we discuss the implications of
“selfish behavior” by users and recommend pric-
ing as a means of preventing such behavior. We
show that such “selfish behavior” by users results
in poor performance of the network, and we de-
velop a pricing mechanism that prevents individual
users from deliberately modifying their utility
functions. Our resource allocation scheme requires
knowledge of the utility functions of all incoming
users of the network. The natural way to obtain
such information is for each incoming user to
communicate to the resource allocator its utility
function for the requested connection or call. But
this allows a user to deliberately communicate a
modified utility function that will optimize its own
allocation. Clearly, such a situation is undesirable
and should be avoided.

To illustrate the consequences of deliberate
modification of the utility functions by users, let us
consider the scenario where there are two classes
of calls. Let the capacity of the channel be
4 BWUs. Let the utility function of class-1 calls be
[1,2,2,2], and let that of class-2 calls be [0, 3, 3, 3].
Now let us assume that all class-1 calls commu-
nicate their utility function to be [0, 3,3, 3] while
class-2 calls communicate their true utility func-
tion. Class-1 users communicate such a modified
utility function because they are aware that in-
flating their utility function in this manner will
increase their resource allocation. We set the mean
call holding duration of both classes of calls at 60
s. We fix the call arrival rate of class-2 calls at 0.1
calls/s and allow the call arrival rate of class-1 calls
to vary between 0.1 and 1 call/s. The resource al-
locator makes resource allocation decisions as-
suming that class-1 calls have the utility function
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Fig. 2. Consequence of users lying about their utility functions.
In this case, class-1 users communicate their utility function as
[0,3,3,3] instead of the actual [1,2,2,2]. Class-2 users com-
municate their real utility function [0, 3,3, 3].

[0,3,3,3]. In Fig. 2, we plot the average utility per
unit time as a function of the call arrival rate of
class-1 calls. We plot the utility the network thinks
it is obtaining from its resource allocation decision
(perceived utility), the utility that can be achieved
if the network knew the actual utility of class-1
calls (achievable utility), and the utility that is ac-
tually achieved by using the modified utility func-
tion of class-1 users (achieved utility). Clearly, the
achieved utility is far below what is achievable. To
avoid this situation, there should be disincentives
to prevent users from lying about their utility
functions. One possibility is to introduce a pricing
mechanism that is appropriately designed so that
users do not gain from deliberately lying about
their utility functions. We now develop such a
pricing mechanism.

Let p;, denote the price per unit time that a
class-k user is charged. Thus if a class-k user stays
in the system for 7 seconds, then the user is
charged p,T dollars. Such a pricing scheme is a/-
location independent because the price does not
depend on the amount of resource allocated.
(We will show later that charging users different
amounts for different allocations does not result in
any additional flexibility in inducing users to re-
veal their true utility functions.) We also let d (i)
be the probability that a class-k user is allocated i

BWUs. With these notations, the expected rate of
return for a class-k user conveying its true utility
function U, can be written as

Z Ui ()i (i) — pr,

where we assume that the utility functions are also
expressed in units of $/s. On the other hand, if the
user were to communicate an alternate utility
function U, instead of its true utility function Uy,
then the expected reward accrual rate would be

Z Ui(i)di(i) — pr-

In this case, the resource allocator decides the al-
location amount and the price to be charged as-
suming that the user’s utility function is U,.

Our objective in using pricing is to ensure that
there is no incentive for users to lie about their
utility functions. If the prices {p;} are determined
in a manner that satisfies the following conditions,
then a user with utility function U, will reveal its
true utility function:

c c
D UDdi(i) —pe = Y U(idi(i) — pi
s =1

for all / # k. (11)

In other words, if the condition in Eq. (11) is
satisfied for all k, then, among all the utility
functions that a user can convey, the expected re-
ward rate is highest for its true utility function. On
the left hand side of Eq. (11) is the expected reward
rate for a class-k user revealing its true utility
function, and on the right hand side is the expected
reward rate for a class-k user conveying its utility
function to be U,. Note that the user’s allocation
and price are determined by the utility function
that the user reveals. Such a pricing mechanism
that forces users to reveal their true utility func-
tions is called an incentive-compatible pricing
scheme [34,35].

The incentive-compatible pricing problem,
therefore, is to choose a set of prices {p;} that
satisfies Eq. (11) for each k € {1,2,...,M}, which
is a linear feasibility problem. We have the fol-
lowing necessary condition for the incentive-com-
patible pricing problem.
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D (U(i) = UilD)(di(i) = di(i)) <O
for every pair k, [. (12)

The condition in Eq. (12) is obtained by observing
that for a class-k user to reveal its true utility
function, we need

C
Z U/( dk Z Uk yZE

i=1

and for a class-/ user to reveal its true utility
function we need

Z Uy (i)d, (i)

Adding these two equations we get the necessary
condition in Eq. (12). The necessary condition in
Eq. (12) has the interpretation that a class-k user
should not be able to gain more by revealing itself
to be a class-/ user than a class-/ user itself gains by
revealing its true utility function instead of Uj,.
From the necessary condition in Eq. (12), it fol-
lows that an incentive-compatible pricing scheme
may not always exist. It can also be shown that the
conditions in Eq. (12) are not sufficient for the
incentive-compatible pricing problem.

We now show that there is no loss of generality
in restricting attention to allocation-independent
pricing schemes. Towards this end, we define
allocation-dependent pricing schemes and ran-
domized allocation-dependent pricing schemes. A
pricing scheme is said to be allocation dependent if
the price per unit time for a user depends on the
amount of resource allocated to it. For the allo-
cation-dependent pricing scheme, we let p;(i) de-
note the price per unit time for a class-k user
allocated i BWUs. If the per-unit-time price for a
user is determined from a probability distribu-
tion that depends on the class of the user and the
amount of resource allocated, then we call it a
randomized allocation-dependent pricing scheme.

—pr =Y Ul(i)di(i) = pr

i=1

Proposition 1. If there exists an allocation-de-
pendent pricing scheme that guarantees incentive
compatibility, then there exists an allocation-in-
dependent pricing scheme that guarantees incentive

compatibility. Similarly, if there exists a ran-
domized allocation-dependent incentive-compatible
pricing scheme, then there exists an allocation-in-
dependent incentive-compatible pricing scheme.

Proof. Let {p,(i)} be the set of allocation-depen-
dent prices that guarantees incentive compatibility.
This implies that the following conditions hold for
each k:

C

D (U) = pe)dii) = D (Uili) — pili))d (i)

P =
for all I # k. (13)

By choosing the allocation-independent price p; to
be S°°, pi(i)dy (i) for each k we see that an allo-
cation-independent price that guarantees incentive
compatibility exists whenever there exists an allo-
cation-dependent pricing scheme that guarantees
incentive compatibility. Similarly, we can show
that if a randomized allocation-dependent in-
centive-compatible pricing scheme exists, then so
does an allocation-independent incentive-compat-
ible pricing scheme. O

The solution to the incentive-compatible pricing
problem depends on the values of d;(i). We can
obtain values of d (i) by summing the steady-state
probabilities of the system being in those states
that allocate class-k users i BWUs. This is because
the state of the system, as observed by a newly
arriving user in steady state, has a probability
distribution identical to that of the steady-state
distribution of the system. For instance, in the
example in Table 1 for the case where 4, = 0.5 and
/4, = 0.05, we can obtain the values of d;(2) and
d»(2) to be 0.0120 and 0.3952, respectively. These
values represent the sum of the steady-state
probabilities of the system being in states that al-
locate 2 BWU s to the respective user classes. But,
if a group of users decide to collude and lie about
their utility functions, these values would be in-
accurate because the steady-state distribution is
modified as a result of the modification in the call
arrival rates. For the example discussed above, to
simplify the problem, we make the assumption
that U, =[1,2,2,2] and U, =[0,3,3,3] are the
only possible utility functions. Thus users can only
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choose one of U, or U, as their utility functions.
Then, under the no-collusion assumption, it fol-
lows from Eq. (11) that any pricing scheme that
satisfies the condition 0.7424 <p, — p; <1.1136
will be an incentive-compatible scheme, where we
have assumed that the units on the utility functions
are $/s.

In addition to the incentive compatibility con-
straint, it may be desired that a pricing mechanism
should ensure that the expected return to users be
higher than the price. Without such a condition,
users may not be interested in the service at all.
This condition can easily be incorporated by im-
posing the following additional constraint.

C
> Ui(i)di(i) = pi for each k. (14)
i=1

Incorporating the condition in Eq. (14) in the ex-
ample discussed above, we have that p; and p,
should satisfy the additional conditions that p; <
0.024 and p, < 1.1856.

6. Conclusions

We developed an optimal resource allocation
scheme for elastic applications in multi-class net-
works. We formulated the resource allocation
problem as a continuous-time MDP. In our ap-
proach, users specify a utility function that quan-
tifies their benefit corresponding to different
resource allocation amounts. Using numerical re-
sults, we showed that the optimal scheme results in
significant improvement in the average aggregate
utility when compared to the greedy resource
allocation scheme. To reduce the computational
complexity involved in obtaining the optimal
scheme, we discussed two types of model reduction
techniques. In the first type, the policy obtained is
still optimal, and in the second type, the policy
would only be approximately optimal but with a
higher reduction in the computation complexity.
We studied the implications of users lying about
their utility functions and developed a pricing
mechanism that prevents users from doing so. We
also discussed other aspects related to our scheme,
such as incorporating constraints on the call

blocking probabilities, offline computation, and
extension to multiple links and general call holding
time distributions.
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