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Abstract

Solution techniques for Markov decision problems rely on exact knowledge of the
transition rates, which may be difficult or impossible to obtain. In this paper, we con-
sider Markov decision problems with uncertain transition rates represented as compact
sets. We first consider the problem of sensitivity analysis where the aim is to quan-
tify the range of uncertainty of the average per-unit-time reward given the range of
uncertainty of the transition rates. We then develop solution techniques for the prob-
lem of obtaining the max-min optimal policy, which maximizes the worst-case average
per-unit-time reward. In each of these problems, we distinguish between systems that
can have their transition rates chosen independently and those where the transition
rates depend on each other. Our solution techniques are applicable to Markov deci-
sion processes with fixed but unknown transition rates and to those with time-varying
transition rates.

Keywords: Markov decision processes; sensitivity; max-min control; call admission

control; policy iteration.

1 Introduction

Markov decision process (MDP) methods are used in dynamic probabilistic systems to make

sequential decisions that optimize an appropriate objective [1, 2, 3]. In MDPs, the system
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can be in a finite number of states and the decision-maker has a choice of several actions in
each of those states. Once an action has been chosen in each state, the system evolves as
a continuous-time Markov chain (CTMC) and accumulates reward with time. (While the
discussion in this paper is written for continuous-time MDPs, the case of discrete-time MDPs
can also be handled similarly.) The rate of reward accrual depends on the state of the system
and the choice of control action in that state. In other words, associated with each state
(and possibly depending on the control action chosen in that state), there is a reward accrual
rate. The reward accumulates additively with time. In Markov decision problems, we wish
to determine a policy (or equivalently, an action for each state) that optimizes the chosen
objective. The chosen objective could either be discounted total reward or average per-unit-
time reward. In the discounted total reward criterion, future rewards are discounted by a
certain discount factor, which captures the notion of future rewards being less important
than those accrued at the present time. In the average reward criterion problems, the
objective is to determine a policy that maximizes the expected per-unit-time reward. (In
our case, we wish to mazrimize the chosen objective because we associate “rewards” with
each state. Equivalently, some authors associate “costs” with each state and minimize the
chosen objective [4].) The choice of which objective to use depends on the specific problem
being solved. For the admission control example discussed in Section 3, we find that the
average per-unit-time reward is a more natural objective to use. In many problems, we find
that the choice of discount factor has to be determined rather arbitrarily, and because the
optimal policy might depend on the discount factor, the use of the discounted total reward
criterion may not be appropriate.

Efficient methods exist to solve MDP problems, including value iteration, policy itera-
tion, and linear programming [1]. The existence of such efficient methods have made MDPs
practically attractive and has resulted in their use in several areas, including telecommuni-
cations [5, 6, 7]. However, a drawback of these solution techniques is that they require exact
knowledge of the transition rates of the underlying Markov chain for every policy choice. The
exact value of these parameters can be very difficult or impossible to obtain. We describe
such a scenario in Section 3, where we discuss the admission control problem in communi-
cation networks. In this example, the transition rates are the call arrival rates and the call
holding durations of user classes — it would be impossible for the network to know these
parameters beforehand. In this work, we develop techniques to address this problem of lack
of knowledge of the exact value of the transition rates. We first consider the problem of sen-
sitivity analysis, where we analyze the sensitivity of a decision that is based on a particular
choice for the values of the transition rates. We then develop robust decision schemes using
which we can design policies for the worst-case and best-case scenarios.

The problem of lack of knowledge of the transition rates has been recognized by other



authors [8, 9, 10]. All these authors consider the case of total discounted reward crite-
rion. In [10], a value iteration technique has been developed for analyzing the sensitivity
of decisions and for designing robust decision schemes. The authors of [8] develop a policy
iteration technique to obtain robust decisions. In [9], the authors consider the criterion of
discounted total reward with the uncertainty in the transition rates given as a finite number
of linear inequalities. In this work, we consider continuous-time MDPs with average reward
optimization criterion. We introduce the notion of dependence among transition rates, and
distinguish between systems with independent transition rates and those with dependent
transition rates. For both these types of systems, we develop optimization and policy iter-
ation techniques to perform sensitivity analysis and to design robust decisions for the case
of average reward criterion in continuous-time MDPs. Based on our new classification, all
previous work cited above is for the special case of systems with independent transition rates.

Our contributions in this work are as follows. We introduce the notion of dependence
among transition rates, and consider the case of systems with independent transition rates
and those with dependent transition rates. While other authors have considered the case
of maximization of discounted total reward, we consider maximization of average per-unit-
time reward as the optimization criterion. We develop policy iteration and optimization
approaches for solving the sensitivity analysis and max-min problems. Using our optimiza-
tion approach to the sensitivity analysis problem, we show that we can obtain bounds on
the performance of systems with dependent transition rates by analyzing the system with
independent transition rates that results by eliminating the dependence among transition
rates in the original problem.

This paper is structured as follows. In Section 2, we introduce the notation used in this
paper and formulate the problems to be addressed in this work. In Section 3, we present an
example from the call admission problem in communication networks, which illustrates the
problems described in Section 2. Sections 4 and 5 consider the sensitivity analysis problems
for systems with independent and dependent transition rates, respectively. In Sections 6
and 7 we develop techniques for obtaining the max-min optimal policy for systems with
independent and dependent transition rates, respectively. In Section 8, we illustrate the
methods developed in this paper by presenting numerical results for the call admission control

problem presented in Section 3.

2 Overview and Problem Formulation

In this section, we introduce the notation used in this paper and formulate the problems
to be addressed. Throughout this paper, our description is for infinite-horizon continuous-

time MDPs with average reward per unit time as the optimization criterion. Extensions of



this work to discrete-time MDPs and for the discounted total reward criterion can be made
in a straightforward manner. We only consider finite-state and finite-action spaces in our
work. We first give a brief description of continuous-time MDPs. A continuous-time MDP

is characterized as follows:
e At any time ¢, the system can be in any one of the states in some finite state space S.

e In each state 1 € S, the decision-maker can choose an action from the finite action
space K;.

e When the system is in state ¢ € S and when action u € K; is chosen, the system

accrues reward at the rate of r}' per unit time.

e When the system is in state ¢ € S and when action u € K; is chosen, the tran-
sition rate to state j € S, j # ¢ is fixed at ;. Note that this implies that the
system will stay in state ¢ for an exponentially distributed duration of time with mean
1/ Ejes,#i a;; and state j € S, j # 1 is the next state visited by the system with
probability o} /D ke 8 kti Qi Henceforth, to avoid clutter, we omit the condition j # i
when we write «;;, but with the understanding that the condition j # ¢ is indeed
required. Also all summations of the form ) jes @ij are also carried out only over all
states {j € S,j # i}.

e The optimization criterion is the maximization of the average reward per unit time.
The objective is to determine a sequence of actions as the system evolves that maxi-

mizes the appropriate criterion.

A control policy is defined as a sequence of state-to-action maps specifying, at each
transition time and given the entire history of state visits and actions chosen, which action
is chosen for the state visited. Let JF denote the set of all control policies. This definition
of control policies is very general and includes those that depend on the time at which the
control action is chosen as well as those that depend on the entire history of states visited
and actions chosen. For example, it includes the control policy that specifies that during the
first visit to state ¢ a specific control action has to be chosen, but starting from the second
visit an alternate control action has to be chosen. Control policies that are independent of
the history of states and actions given the current state are known as Markov control policies.
Markov control policies that are also independent of the time of decision-making (and depend
only on the current state of the system) are called stationary policies. To characterize the
set of all stationary policies, we define d} as the probability that we choose control action
u € K; when the system is in state ¢ € S. The d¥ (for v € K; and i € S) are variables whose



values the decision-maker can set. It is clear that

» dr=1fories,
ueK;
and that
di > 0forue K; and 7 € S.

A stationary policy is the following set of probability distributions, one for each feasible
state:
{d} :u € K; and i € S}.

Implicit in the above notation is that the choice of control action does not depend on any
time index. In other words, successive visits to a state will employ the same probability
distribution in choosing the control action. Let G denote the set of all stationary policies.

An important subset of stationary policies are pure policies. A control policy is called a
pure policy if it is stationary and for each ¢ € S there is an action u € K; such that d} = 1.
Let H denote the set of all pure policies. Clearly, H C G C F. Also, it should be clear from
the above description that a pure policy can be represented as a mapping from the state
space to the action space, i.e., for any pure policy, there is a map h such that h(i) € Kj is
unique and represents the action chosen by the pure policy in state 1.

Given that a pure policy h € H is employed, the sequence of states visited by the system
forms a CTMC with transition rates {;;(h)} such that

aij(h) = al. (1)

Under pure policy h, reward is accumulated at the rate of r? 9 per unit time when the system
is in state ¢. Similarly, given that a stationary policy g € G is employed, the sequence of

states visited by the system forms a CTMC with transition rates {c;;(g)} given by

ay(9) = Y aydi(g), (2)
uek;
where we have used d¥(g) to denote the probabilities di associated with stationary policy g.
Let Z;(t) for ¢ > 0 be the reward accumulated by the system until time ¢ when policy
f € F is employed. The expected reward per unit time when the initial state of the system
is 7 is given by

Ri(f) = lim E; [ZfT(t)‘X(O) :i] :

t—00

where Ey(-) denotes the expectation operator given that policy f € F is employed, and
{X(t);t > 0} represents the state of the system at time ¢. A policy f is optimal if it achieves
the largest value of R(f). Let us fix a stationary policy g € G, and let 7;(g) be the limiting
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(or the steady-state) probability that the CTMC is in state j. It is known that if g gives
rise to a single recurrent chain, then the term R;(g) reduces to the following equation and is
independent of the initial state i [3].

Ri(9) = R(g9) = ij(g)rj(g) for all 7, (3)
j€S

where 7;(g) is the mean reward accrual rate in state j. The interpretation of the above
equation is that, since 7;(g) represents the fraction of time that the system spends in state
J, the average return per unit time is given by the weighted average of the expected reward
rates in each state with the weights being the fraction of time spent in that state. It is also
known that if every pure policy h € H results in a CTMC with a single recurrent class plus a
set (possibly empty) of transient states, then there exists an optimal pure policy (see [11, 12]).

We now formulate the problems that we will be addressing in this work. As mentioned
earlier, the decision-maker may not have exact knowledge of the transition rates «;; of the
MDP, either because they are fixed but unknown or because they vary with time. The dis-
cussion that follows assumes fixed but unknown transition rates, but we will show later that
our techniques can be applied even if the transition rates are time-varying. If the transi-
tion rates are fixed but unknown, estimation of these quantities is only a partial solution.
Indeed, estimation with a finite number of samples always leads to estimation errors. More-
over, there exists a conflict between estimation and choosing the optimal decision — if we
aim to estimate the transition rates accurately we may no longer be choosing the optimal
decision [13, 14]. Note that, in our formulation’s most general form, the estimation of a
transition rate o7} for a certain action u € K; yields no information about the transition rate
ag‘; for some other action u'(# u) € K;.

In sensitivity analysis problems, we assume that the decision-maker has irrevocably cho-
sen a stationary policy g € G. (It is known that there exists an optimal stationary policy
even for MDPs with constraints [15]. Therefore, our approach is quite general and can be
used for sensitivity analysis of MDPs with constraints also.) In MDPs, this fixes the transi-
tion rates at «;;(g) as given in Eq. (2). But, in our case, there is uncertainty in the original
transition rates of; (and hence in the transition rates a;;(g)). However, the decision-maker
is certain of the set over which the actual «;;(g) ranges. The decision-maker now wishes
to know the range of uncertainty of the expected reward per unit time given the range of
uncertainty of the o;;(g).

We distinguish between two cases. In the first case, the transition rates a;;(g) may be
chosen independently of each other, and in the second, they cannot be chosen independently
of each other. We refer to systems that have the former property as systems with independent
transition rates, and the latter as those with dependent transition rates. Unlike the case of

systems with dependent transition rates, in the former case the range of uncertainty of each
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of the transition rates can be specified independently of those of any other. This distinction
is motivated by the observation that the real-world phenomena with which the transition
rates are associated may not all be different. For example, in the admission control problem
described in Section 3, several of the transition rates c;(g) are the call arrival rates of
a particular class of calls. Generally, this quantity cannot have a different value in each
state, but should all have the same value. In systems with dependent transition rates,
when a certain value is chosen for a particular transition rate, the range of values that
other transition rates can take are affected by this choice. In contrast, in systems with
independent transition rates, the choice of a certain value for a particular transition rate
does not affect the range of values that other transitions can take. More formally, in the
case of independent transition rates, the decision-maker can separate the set over which the
@;;(g) range as follows:
a;;(g) € ;(g) for i, j € S.

But for the case of systems with dependent transition rates, the decision-maker merely knows
that

{eij(9)}is € Qg),

where Q(g) is a set in |S|(|S| — 1) dimensional space. Recently, in [16], the authors have
considered placing constraints similar to the ones in the case of dependent transition rates
on the action choices in different states. The authors call these correlated actions. The
discussion in [16] also states that standard policy iteration cannot be applied to the case
of correlated actions. The sensitivity analysis problem with dependent transition rates can
be viewed as an MDP with correlated actions where the action choice does not affect the
reward rate. In this work, we enhance the standard policy iteration algorithm so that it
can be applied to the case of dependent transition rates. A suitably modified version of
our algorithm for dependent transition rates can be applied to the case of correlated actions
described in [16] as well.

We can state the sensitivity analysis problem as follows. (In sensitivity analysis problems,
the policy g € G is fixed. Therefore, to reduce notational complexity, we do not explicitly
denote the dependence of the transition rates and rewards on the choice of the policy g.)

Sensitivity analysis problem with independent transition rates: Given a CTMC
{X(t);t > 0} with finite state space S, reward accrual rates r; for i € S, and fixed but
unknown transition rates co; such that o;; € €;; for 7,5 € S, determine the maximum
and minimum expected reward per unit time. We only develop solution methods for the
following minimization problem (the technique to maximize average per-unit-time reward is
a straightforward modification):

mininflzize (Average per-unit-time reward). (4)
a5 €825



Sensitivity analysis problem with dependent transition rates: Given a CTMC
{X(t);t > 0} with finite state space S, reward accrual rates r; for ¢ € S, and fixed but
unknown transition rates «;; such that {;;};; € Q, determine the maximum and minimum
expected reward per unit time. As in the independent case, we only develop techniques for
the following problem:

minimize (Average per-unit-time reward). (5)
{aij}i, €0

We next describe the notions of max-min policies and max-max policies. Such policies
have been described in [8, 10] as well (for the case of independent transition rates). The idea
of max-min policies is that the decision-maker is uncertain about the transition rates and
wishes to make a decision taking the pessimistic view that the transition rates are chosen
to minimize the average per-unit-time reward. Therefore, the decision-maker will choose a
policy that maximizes this minimum average per-unit-time reward. The maximization is
done over all policies and the minimization is done over the transition rates over which the
decision-maker has no control. Similarly, with a max-max policy the decision-maker makes a
decision assuming that the transition rates are chosen to maximize the average per-unit-time
reward. In this paper, we only describe algorithms for the max-min case. The max-max case
can be handled similarly.

As before, we distinguish between two cases, depending on whether or not the transition
rates can be chosen independently. The task is to determine a policy f € F that is optimal
in the max-min sense. Formally, we formulate the max-min problem as follows.

Max-min optimal policy with independent transition rates: Let a system have
finite state space S and a choice of actions from the finite action space K; in each state
1 € S. Also, let the reward accrual rate be r}* for ¢ € S and v € K;. The transition rates
for the system o} are fixed but unknown such that of; € 2, for 7,7 € S and u € K;. The
problem is to determine a policy f € F that maximizes the worst-case expected reward per
unit time (determined by the choice of a;;(f) € €;;(f)). In other words,

max min  (Average per-unit-time reward).
FEF ;i (£)€Qi;(f)

Max-min optimal policy with dependent transition rates: In this case, the prob-
lem formulation is the same as that of systems with independent transition rates, except
that the transition rates cannot be chosen independently. Therefore, we have the condition
that {a;;(f)}i; € Q(f). The problem can be stated as follows:

max min (Average per-unit-time reward).
FEeF {aij(f)}i i €Q(F)



3 Illustrative Example: Call Admission Control

In this section, we provide an example from the call admission problem in telecommunica-
tions, which will help illustrate the problems formulated in the last section. Variants of the
same problem have been considered by other authors (e.g., [5, 6]). We consider the scenario
where calls belonging to different classes are to be supported over a single link with finite
capacity. Assume that there are a total of M classes and that a class-i user requires e;
bandwidth units (BWUs). Let the capacity of the link be C BWUs. We also assume that
calls belonging to class ¢, 2 = 1,2, ..., M, arrive according to an independent Poisson process
with rate );, and that the call holding duration of class-i calls are i.i.d. (independent and
identically distributed) exponential with mean 1/p;. Given the above framework, the prob-
lem is to determine an admission control policy (decision on whether or not to admit a call)
such that the long-run average throughput is maximized. Throughput is the time average
of the total amount of bandwidth used by the users admitted to the system. Note that the
average per-unit-time reward has an intuitively appealing interpretation for this problem in
the sense that it can be seen as the average link utilization or throughput. The discounted
total reward criterion does not have such an appealing interpretation. Moreover, the choice
of the discount factor to use for the discounted total reward criterion would have to be made
in an arbitrary fashion and the optimal policy corresponding to the discounted total reward
criterion would depend on the value of the discount factor. Therefore, the discounted total
reward is not a very meaningful objective to use for this problem.

The above problem can be formulated as an MDP. We do this by characterizing the state
space, the action space, the reward rate, and the transition rates of the problem. We denote
the state of the system by a vector of M components (n,ns, . ..,ny ) such that n; represents

the number of active class-i users in the system. Then the set S of all feasible states is

M
S = {nz (n1,n9,...,np) Zniei < C,n; > 0 and n; integer for i = 1,2,...,M} . (6)
i=1
The set S includes all possible states such that the combined bandwidth requirement of the
active users does not exceed the link bandwidth. An action is denoted by a vector u such
that w = (u1,us,...,uyn) and u; = 0 or 1 with u; = 0 implying we block any call belonging
to class i, and u; = 1 implying we accept any call belonging to class .. We define the set K,

of all allowed control actions in state n as follows:

K, = {(ui,ug,...,up):u;=0o0r1fori=1,2,..., M and
n+du; €Sfori=12...,M},

where §; is a vector of M components with zeros in all except the i-th position where it has

a one. Note that an action u is allowed in state n only if there is enough idle capacity in
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the system to admit a call belonging to any of the traffic classes that the action u decides to
admit. The set K, contains precisely those actions. For each state n € S, the set K,, has
at most 2™ elements.

When the system stays in state n = (ny,ns,...,n), and when action u € K, is chosen,

the following is the per-unit-time reward accrued:

M
e = Zniei. (7)
i=1

We note that the reward in state m is independent of the chosen action in that state. The
reward 7 is merely the amount of bandwidth in use in state n. It follows that the long-run
expected reward per unit time is the throughput of the system. If the system is in state n

and action w is chosen, then the next state of the system is chosen according to the rates

u

Ul p)> obtained as follows:

by ifp=mn+4d; and u; =1
Upp = niki fp=m-—-d;andpeS (8)
0 otherwise.

Note that the control action w does not have any effect on call termination.

We now present numerical results for a simple case to illustrate how the optimal decision
depends on the values of A\; and p;. For the numerical results, we assume that there are two
classes of calls and that the total capacity of the link is C' =4 BWUs. We also assume that
class-1 calls require 1 BWU and class-2 calls require 2 BWUs, i.e., e =1 BWU and e; = 2
BWUs. The call holding durations for both classes of calls are assumed exponential with
mean 1/p = 60 seconds. We fix the arrival rate of class-2 calls and treat \; as a parameter.
In Table 1, we show the probabilities with which we should choose actions in a given state to
maximize throughput. We put an ‘x’ for the probabilities of actions in “don’t care” states.
For example, for \; = .05, we find that state (1,0) is a “don’t care” state. This is because
state (1,0) is a transient state, since the optimal policy is to accept only class-2 calls in all
states. From the results in the table we see that the optimal decision depends on the )\; and
1; values. For example, for very low values of A\;, the optimal policy is to accept only class-2
calls. This can be explained as follows. Since the arrival rate of class-2 calls is very high
compared to that of class-1 calls, it pays to wait a little longer for a class-2 call and increase
the throughput rather than accept a class-1 call. For A\ =1 and A\, = .5, the optimal policy
is to admit any call as long as there is idle capacity in the system while for \; = .44 and
Ao = .5, the optimal policy admits only class-2 calls in state (0,1) and admits all classes of
calls in other states.

An important consequence of the dependence of the optimal decision on the parameters

of the system is that the admission controller is expected to have exact knowledge of these
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parameters. In practice, it may be extremely difficult or impossible for the admission con-
troller to have exact knowledge of these quantities. The problems formulated in the last
section will be useful in this context. The admission control problem is also an illustration
of a problem that has dependent transition rates. Notice that due to the dependence of the
transition rates on \; and p; as seen from Eq. (8), the decision-maker cannot express the
range of uncertainty of the transition rates independently. Instead, the decision-maker can
only decide on the range of uncertainty of the )\; and the p;, and the range of uncertainty
of the transition rates are automatically fixed. The motivation for considering systems with
dependent transition rates should be clear from this example.

With the useful insights gained from the admission control example, we now return to

the problems formulated in Section 2 and proceed to develop solution techniques for them.

4 Sensitivity Analysis with Independent Transition
Rates

4.1 Optimization Approach

In sensitivity analysis problems, a stationary policy g € G is fixed. Therefore, as mentioned
earlier, we do not explicitly denote the dependence of the transition rates and reward rates
on the policy choice g. Given this fixed stationary policy, the state of the system evolves as
a CTMC.

In sensitivity analysis problems, we wish to determine the minimum average reward per
unit time, given that o;; € €);;, where ();; is the range of uncertainty of the transition rate
a;j. We will require that the (2;; be compact.

From Eq. (3), it follows that our objective is to minimize »

ics Tiri given that ay; € Q.

We know that the steady state probabilities 7; have to satisfy the following conditions:

WiZaU = ijaji fori e S

JjeS jeS

S
m; > 0forzeS.

Therefore, the sensitivity analysis problem with independent transition rates can be formu-
lated as follows:
minimize Zmri

{ogj,mi} ics
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subject to Z]‘es o = ZjeS mjoy; fori € S

DiesTi =1 (9)
m >0forie S
Qi € Qij for 1,] € S.

Because we assume the sets €);; are compact, the minimum is guaranteed to exist by Weier-
strass’s theorem [17] because all the constraints of the above problem together form a com-
pact constraint set.

We have thus formulated our sensitivity analysis problem as an optimization problem
involving the variables «;; and m;. Note that each «;; can take values in the set {);; inde-
pendently of any other ;. Note also that a particular choice of values for the a;; uniquely
determines m; for each 7 € S. Therefore, it is only the «;; that are the actual decision variables
in this problem, but we introduce the additional variables 7; for notational simplicity.

The problem in Eq. (9) can be interpreted as an MDP with a compact action space. But
the choice of control action in this case does not affect the reward rate r;. The choice of
control action merely affects the transition rates ;.

A further simplification of the above problem is possible if we make the assumption that

the sets €2;; are closed intervals. In this case, we can write ;; = [, @;;|, where Q; and @

179
are the minimum and maximum values that a;; can take, respectively. With this assumption
and by writing z;; = ma;; we can formulate the optimization problem in Eq. (9) as a linear
program as follows:

minimize E T
P
{oym} g5

subject to D gTij =Y icgwji fori €S

Dies i =1 (10)
m >0forie S

Wigij S T S Wiaij for Z,] eSs.

Note that to write the last constraint we might have carried out division by zero, if m; = 0.
But this does not pose a difficulty because m; = 0 implies that state ¢ is a transient state, and
the value of o;; for j € S are “don’t care” values. (Because the state space S is finite, only
positive recurrent and transient states exist. Therefore, when m; = 0 it is guaranteed that
state 4 is transient.) In other words, although the last constraint in the problem in Eq. (10)
does not convey the meaning in the last constraint of Eq. (9) when m; = 0, it does not
pose a difficulty because state ¢ is then a transient state and transition rates from transient
states can arbitrarily be set to any value without affecting the solution. Also note that if all
possible choices of the transition rates {«;;} lead to the state space S forming an irreducible
CTMC, then it is guaranteed that m; > 0 [18].
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Because the transition rates are fixed but unknown, we can associate a transition rate
value with each state and search for such an optimal transition rate value. Our solution
techniques (the optimization and policy iteration approaches) search for such an optimal
transition rate value. If the transition rates are time-varying and if their values as a function
of time is not known, then we need to determine the optimal transition rate value for each
state and each visit to the state. (While the transition rates are time-varying, the sets
(2;; are assumed to be time-invariant.) But if the sets €;; are compact, it has been shown
that there exists an optimal pure policy under fairly general conditions [19, 20]. Note that
the sensitivity analysis problem with time-varying and unknown transition rates is itself an
MDP with the action space in state ¢ being Hjes 2;. Thus if the conditions under which
an optimal pure policy exists are satisfied, then we can use the techniques developed in this
paper (the optimization and policy iteration approaches) for solving the sensitivity analysis

problem with time-varying transition rates.

4.2 Policy Iteration Approach

We now describe a policy-iteration equivalent to the above optimization solution approach.
The policy iteration technique we describe in this section searches for the optimal solution
only among pure policies that choose the same transition rate during each visit to a state.
The policy iteration technique developed here is similar to the one in [8].

Algorithm: Policy iteration solution to the sensitivity analysis problem with indepen-

dent transition rates.

1. Select any feasible set of transition rates {o;} (i.e., satisfying the condition «o;; € €

for all 4 and j) and some k € S.

2. We introduce a set of auxiliary variables v;, i € S, and use the set {a;;} to solve for

vi, 1 € S, with v, = 0 using the following system of equations:
R-l—l/iZaij:ri-l—Zaijl/j for i € S. (11)
j€s j€s
3. For each 7 € S, find «;; for j € S such that o;; € €);;, and minimizes
T +ZCM,‘]'I/]' — Zaijyi. (12)
j€S j€S

Let {a;j} be the set of transition rates obtained that minimize Eq. (12) for each i € S.
If a;j = a; for each 7 and j, then R is the minimum average reward per unit time, and
{ai;} is the set of transition rates that yields this minimum value. Otherwise, return
to Step 2 with the new set of {Oz;j}.
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In the above algorithm, R represents the expected reward per unit time for that particular
choice of {a;;}. To see this, multiply Eq. (11) by m; and sum over all i € S to get

RE T + E T;V; E OG5 = E ™ + E E TGV
1€S 1€S JES 1ES 1€ES jES

Now using ) . om = 1l and m ) g0y = ZjeS mjcy; on the left hand side of the above

JES

R+ZZViﬁjaji = ZWZ'TZ'-FZZTFZ'CYUVJ'. (13)

1€S jES 1€S 1€S jES

equation we have

The second term on the right hand side can be written as ) _, ¢ ZjeS
i and j. But this is the same as the second term on the left in Eq. (13). We thus have the
following relation for R:

v;mjj; by interchanging

R: Zﬂ'ﬂ’i, (14)

ics
which is the same as the expression for the average reward per unit time R in Eq. (3).
We prove that the algorithm above converges in a finite number of steps. For this, we

first show two propositions. We first prove that the algorithm has the descent property.

Proposition 1 The policy iteration algorithm for sensitivity analysis has the descent prop-
erty; i.e., if R® for k = 1,2,... is the sequence of R values obtained from the above algo-
rithm, then R*+Y < R®) for all k.

Proof: Let {o;;} be the transition rates obtained from an iteration of the algorithm, and
let {v;} and R be the values obtained from Eq. (11) for this choice of {«;;}. Let {a;j}, {v;},
and R’ be the corresponding values obtained from the next iteration. Assume that oy # a;j
for at least some 7 and j. Otherwise, the descent property trivially holds.

Using Eq. (11) we have, for each i € S,

/ ! ! i !
R—R = E V5 — V4 E QG — E aijyj + v; E aij'
JES JES jEs JES

Adding and subtracting the term Zjes a;jl/j —y; Zjes a;j to the above equation and writing

01' = ZQZ']'VJ' —V; Zaij - [Z a;jyj — U; Za;j] s (15)

JES jES JES JES

we have
R—R =6, + Za;j(l/j — 1/;) - (v — 1/;) Za;j.
Jjes JES
From the definition of 6; it is clear that 6; > 0 for all ¢ € S and that 6; > 0 for at least

one ¢ € S. This is because {a;j} minimizes the expression in Eq. (12) and also because of
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the assumption that {c;;} and {a;j} are not identical. Now substituting AR = R — R’ and
Av; = v; — v, for each i € S we have

AR+ Au Y ay =0+ Y oA,
JjeS jES
The above equation is similar in form to Eq. (11), and following an argument similar to the
derivation of Eq. (14) we have AR = ), . m;0;. But, as already seen, §; > 0 for each i € S
and 6; > 0 for at least one 7 € S. Using the fact that m; > 0 for all 4 € S, it follows that
AR > 0 or R > R'. In particular, if 6; is strictly positive for a recurrent state under the
choice {a;j}, then R > R'. Note that a recurrent state implies m; > 0. Therefore, the policy
iteration algorithm has the descent property. O

Next, we prove that if the algorithm terminates, then there exists no feasible {«;;} that

yields a smaller expected reward per unit time R.

Proposition 2 If the algorithm terminates, then there cannot exist a feasible set of {c;}

that yields a smaller expected reward per unit time R.

Proof: The proof is by contradiction. Suppose the algorithm terminates with {c;;} and
there exists {a;j} different from {c;;} that yields a smaller R value. In other words, if R and
R’ are the values obtained from {c;;} and {oz;j}, respectively using Eq. (11), then R < R.
From Eq. (11) we can obtain the following expression for R — R’ using steps similar to the
ones in the proof of Proposition 1:

JeSs jES
where 6; is the same as that given in Eq. (15). But 6; < 0 for all i € S because {«;;}
yields the minimizer of the term ) ¢ jv; — > g aijvi. Using the same reasoning as in
the derivation of Eq. (14), we have
AR=R-R =) mb;
icS
But AR < 0 because 6; < 0 for all - € S. Hence, this is a contradiction because we assumed
that R < R. O

Using the above two propositions, we can show the convergence of our algorithm to the
optimal solution in a finite number of steps, using the assumption that the sets );; are

compact.

Theorem 1 The policy iteration algorithm for sensitivity analysis converges to the optimal

solution in a finite number of steps.
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Proof: Because the sets (;; for each i,j € S are compact, there exist {c;;} and {@;;} such
that
= min{z : z € ;;}

@

Eij = max{m 1T e sz}

for each 7,5 € S. Next note that each time we obtain the solution to the optimization
problem in Eq. (12), each «;; takes one of two values. The optimal solution would either be
a;; or @;; depending on whether v; — v; is positive or negative. By convention, let us choose
a;; as the solution of Eq. (12) if v; — v; = 0. Thus the algorithm has only a finite number of
points (at most 219105171 to visit.

Also, before termination, the algorithm cannot return to the same set of {«;;}. To show
this, we need another property of the policy iteration algorithm that if there is no positive
descent in the R value and if the algorithm has not terminated, then v, < v; for some
transient state ¢ under {a;j}. This property can be proved using an argument similar to the
proof in [12] (Vol. 2, page 216). Proposition 1 together with the above property guarantees
that no set of R and v; values can be repeated. This implies that no set of {a;;} can be
repeated because a set of {«;;} uniquely determines a set of R and v; values. Thus the
algorithm has a finite number of points to visit, and during each iteration it visits a different
point. Therefore, the algorithm terminates in a finite number of steps. By Proposition 2,
the set of {c;;} with which the algorithm terminates is the optimal set of transition rates.
O

5 Sensitivity Analysis with Dependent Transition
Rates

5.1 Optimization Approach

Following our optimization solution to the sensitivity analysis problem with independent
transition rates, we can formulate the problem of finding the minimum expected reward per

unit time when there is dependence among transition rates as follows:

subject to Ejes o = Zjes miay; for i € S
DiesTi=1 (16)
m > 0forie S
{aij} € Q,
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where the set ) is assumed compact as before to guarantee the existence of the minimizer.
Note that, unlike in the case of independent transition rates, we cannot choose the values of
«;; independently. Thus the constraint that {a;;} € €2 cannot be separated into individual
constraints on the ;.

If the transition rates are fixed but unknown we can search for the optimal transition
rate value associated with each state. If the transition rates are time-varying and if they
are known to vary slow enough that the dependence between the transition rates is not lost,
we can use the above technique (and the policy iteration technique in the following section)
to determine the optimal transition rate value for each state. On the other hand, if the
transition rates vary fast enough with time, then the dependence between the transition
rates will be lost in the time duration needed for the system to move to a state with a
dependent transition rate. Thus if the transition rates vary fast enough, then this problem
can be treated as one with independent transition rates, and the techniques developed in
Section 4 can be used.

We now prove a useful proposition with which we can approximate the performance of a
system with dependent transition rates, by assuming independent transition rates. We first
define the sets Q;j such that for every point in 2 its (¢, j)-th component ¢;; belongs to Q;j
for each ¢ and j. The Q;j for each ¢ and j can be obtained as follows. Let

O,/Zlm = min{aij Ty € Q}
and

maw
ij
Then Q;j = [}, aj?*"]. In other words, the Q;j are chosen such that the “box” defined by
them completely contains €2, i.e., Q2 C Hij Q;j,
sets Q’U Because the set 2 is bounded, we can choose the sets Q;-j for all 7 and j such that

a7 = max{a;; : oy € Q}.

where [, . Q;j is the cartesian product of the

they are compact.

Proposition 3 Let R and R™ be the optimal average rewards per unit time of the
minimization (as given in Eq. (5)) and mazimization (with minimization in Eq. (5) re-
placed by mazimization) sensitivity analysis problems for a system with dependent tran-
sitton rates. Then the corresponding problem with independent transition rates obtained
by replacing the constraint {oy;} € Q with the condition o;; € Q;j fori,g € S with

’ . . . . ; —tnd
Q C [I,;;$%; has minimum and mazimum average rewards per unit time R™ and R
J.

such that R < R%» < R™ < B"™.

Proof: Consider the following optimization problem:

minimize E TiTs
{aij,mi} e
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subject to 5 ZjES Q5 = ZjES T Qg forie S
Dies™ =1 (17)
m > 0forie S
Qi € Q;j for¢,57 € S,

which is obtained by replacing the constraint {c;;} € 2 with the condition o;; € Q;j fori,j €
S. The above problem has independent transition rates, and let its optimal solution be R™.
Because €2 C H” Q;j, the constraint set in the optimization problem in Eq. (16) is a subset
of that in the problem in Eq. (17). Therefore, R < R%?.

Similarly, it follows by changing the problem into one of maximization that R < R

And because R%P < R™ the result follows. O

The above proposition gives us a means of getting bounds on the performance of the
system with dependent transition rates. We merely replace the constraint set €2 by the
constraint set Hz i Q;j and treat the problem as one with independent transition rates. This
gives us bounds within which the performance of the system with dependent transition
rates will lie. The above proposition is especially useful because efficient techniques like
linear programming (see Eq. (10)) exist to solve the problem of sensitivity analysis with
independent transition rates. Note that the problem of sensitivity analysis with dependent
transition rates cannot be formulated as a linear program. Also, to get a good approximation
of the performance of the sensitivity analysis problem with dependent transition rates, the
sets Q;j have to be chosen so that they tightly bound the original set €2, i.e., the set HZ] Q;j
should be the smallest “box” containing the set €.

5.2 Policy Iteration Approach

We now describe a policy iteration solution to the problem.
Algorithm: Policy iteration solution to the sensitivity analysis problem with dependent

transition rates.

1. Select any feasible set of transition rates {c;;} and some k € S.
2. Use these a;; to solve for v;, 7 € S, with v, = 0 using the following system of equations:

R+ v; Z Qi = T4 + Z V5 fori € S. (18)

jes jes
3. Find {aj;}, optimizing the following problem:
maximize 7T; {Z l/j(a/ij —_ a;j) + v; Z(Oj;j —_ aij)}
i jes jes
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! ’

subject to T, Yjes a;; = Yjes Ty fori € S

Yiesmi =1 (19)
m,>0foricS
{o/z-j} € Q.

If o}, = «;; for each 7 and j, then R is the minimum average reward per unit time, and
1) J g
«;; } is the set of transition rates that yields this minimum value. Otherwise return
J y

to Step 2 with a;; = o for 1,5 € S.

Note that, unlike the case where the transition rates are independent, we cannot decide the
value of transition rates independently in each state. Thus Step 3 of the algorithm becomes
more complicated because we have to decide on a set of {c;;} that results in descent in
the average per-unit-time reward. Step 3 of the algorithm for independent transition rates
cannot be used because the choice of a;; for j € S that results from this step for a particular
¢ might not result in descent, because the transition rates from other states k # ¢ are also
affected as a result of this choice. Notice that the term ) . v;(cv; —a;)+v; Ejes(a;j — )
is the same as 6; defined in Eq. (15). Therefore, the optimization problem in Step 3 of the
above algorithm maximizes the magnitude of descent that was obtained in the proof of
Proposition 1. Using techniques similar to those in the proof of Propositions 1 and 2 we can

prove the following propositions.

Proposition 4 The policy iteration algorithm for sensitivity analysis with dependent tran-
sition rates has the descent property, i.e., if R®) for k = 1,2, ... is the sequence of R values
obtained from the above algorithm, then R*+tY) < R®) for all k.

Proposition 5 If the policy iteration algorithm for systems with dependent transition rates
terminates, then there cannot exist a feasible set of {c;;} that yields a smaller expected reward

per unit time R.

6 Max-min Optimal Policy with Independent Transi-

tion Rates

In this section, we develop techniques to obtain the max-min optimal policy for a system with
independent transition rates. We first make an assumption that guarantees the existence of
an optimal policy among the set of pure policies. Note that if the action space in each state
is finite, then the total number of distinct pure policies is given by IT;c5|K;|, where we have
used |K;| to denote the number of elements in the set K;. For a given pure policy h € H,
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let the solution to the sensitivity analysis problem be {«;;(h)}. It has been shown (see [11])
that if every pure policy h gives rise to a single recurrent class plus a set (possibly empty) of
transient states, then there exists an optimal pure policy. We assume that every pure policy
h € H, along with the pessimistic choice of transition rates {aj;(h)}, gives rise to a CTMC
with a single recurrent class. With this assumption, we are justified in restricting our search
for optimal policies among the set of all pure policies .

The problem of finding the max-min optimal policy with independent transition rates

can be stated as follows:

max mln E mi(h
heH {a;j(h

’ﬂ-’b

subject to m;(h) D cq ii(h) = ZjeS m;(h)cyi(h) for i € S
>iesmi(h) =1 (20)
mi(h) > 0forie S
O[ij(h) S Q,](h) fori,j €5,

where €2;;(h) for each 4, j, and h are assumed compact to guarantee the existence of the
optimizer. The maximization is done over all policies and the minimization is done over the
range of uncertainty in the transition rates.
We now describe a policy iteration technique to obtain the optimal max-min policy in
a system with independent transition rates. The policy iteration technique is a systematic
search technique that searches for the optimal max-min policy among all pure policies.
Algorithm: Policy iteration solution to the max-min problem with independent transi-

tion rates.

1. Select a pure policy h = {h(7) : i € S} where h(i) € K; and some k € S. (Policy h is

a mapping from the state space to the action space.)

2. Select a feasible set of transition rates «;;(h). (Note that «;;(h) can be written as

h(i
aij( )-)

3. Use these «;;(h) to solve for v;(h), i € S, with v4(h) = 0 using the following system of

equations:

h) + vi(h Za” =r;(h) + Zozm ) forie S, (21)

JES jeS
where 7;(h) = r! @,

4. For each i € S find «y;(h), j € S, such that o;;(h) € Q;;(h) and minimizing

h) + Z a;;(h Z a;;(h (22)

JES jJES
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(Note that €;;(h) can also be written as Qh(z) ) Let {a;j(h)} be the set of transition
rates obtained that minimizes Eq. (22) for each ieS. If Od;j(h) = a;;(h) for each ¢ and
J, then go to Step 5 with of;(h) = a;;(h) as the pessimistic choice of transition rates
for policy h. Otherwise return to Step 3 with a;;(h) = a;;(h).

5. For each state i € S, find alternatives h'(i) that maximize for u € K;

Jin, rf Dol () = > e (b)
JjeSs jJES
where v} (h) are the values obtained from Step 3 for the pessimistic choice of transition
rates {aj;(h)}. If the policy changes, return to Step 2 with h(i) = B (i) for i € S.

Otherwise, terminate with A as the optimal max-min policy.

Note that Steps 3 and 4 are the same as those in the sensitivity analysis problem. With
the assumption that the € are compact for each i, j, and u, this part of the algorithm
terminates in a finite number of steps as shown in Theorem 1. Next note that the number of
pure policies is finite because of the finite action and state spaces. Therefore, the algorithm
terminates in a finite number of steps. To prove that the above algorithm converges to the
optimal policy we follow an approach similar to the one for the sensitivity analysis problem.
We first prove that the algorithm results in a sequence of policies whose worst-case average
per-unit-time reward increases. We then show that if the algorithm terminates, then there
exists no better policy. Because the algorithm terminates in a finite number of steps, we
would have proved the convergence of our algorithm to the optimal max-min policy. The
techniques that we use in our proof are similar to those in [8].

Proposition 6 The policy iteration algorithm for obtaining the optimal maz-min policy for
a system with independent transition rates has the descent property; i.e., if h and b’ (h' #h)
are two successive policies obtained in that order from Step 5, and if R*(h) and R*(h) are

the corresponding worst-case values, then R*(h') > R*(h).

Proof: Let {c;;(h)} and {a;-*j(h')} represent the optimal values obtained from Step 4 for
policies h and k', respectively. In other words, these are the worst-case transition rates for
policies h and h'. Then R*(h), {v;(h)}, R*(h'), and {v}(h')} are obtained from the following

equations:
h) Z aj;(h) = )+ Z aj;(h )forie S

JjeSs jES
R*(h) + v (h) Zafj(h’) )+ Zaw ) fori € S.
jES jES
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Therefore,

R (W) = R*(h) +v; (W) Y ai;(h) = vi(h) ) aii(h) =

jeS JjeS

_ r, + Za” Zalﬁ

JES JES

(23)

Adding and subtracting the terms v; (h) >~ a;‘j(hl) +D jes afj(h')y;(h) and by making the

substitution

0; = —ri(h) + Y ag(h — v () =Y ay () (h) —

Jjes Jjes
we have the following expression:

R*(h) — R*(h) + (v} (h h)Y ag(h) =60+ oj(h)

JeS jJES

Making the substitution AR = R*(h') — R*(h) and Avy; = v (k') — vF(h), we have

AR—i—Alx,Za )=10; —l—Zam )Av;.

JjeS jJES
Using a method similar to the derivation of Eq. (14), we get
AR = }E:7Q0i
i€eS
It is clear that

ri(h) + ) ag; ()W (h) — v (h) =

jes

Imin { +Zazj yz*(h }>T’ +ZaZ]

Ozij(h )Eﬂij(h s

The first of the inequalities follows from the fact that {a;‘j(h')} is one specific element of

the set over which the minimization is done in the term in the middle. The second of the

inequalities follows because A’ was obtained from Step 5 and satisfied this property. The

difference between the first and the last terms in the above equation is #;, and thus we have
f; > 0foralli € S and #; > 0 for some 2 € S. Because m; > 0 for all 7+ € S, it follows that
AR > 0 or R*(k') > R*(h). In particular, if §; > 0 for a recurrent state for the choice of

policy A’ and transition rates {Oz;‘j(h')}, then R*(h') > R*(h).

g

We now prove that if the max-min policy iteration algorithm terminates, then there exists

no better policy.
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Proposition 7 If the policy iteration algorithm to obtain the optimal maz-min policy ter-
minates, then there cannot exist a policy that yields a larger worst-case expected reward per
unit time.

Proof: The proofis by contradiction. Assume that A is the policy with which the algorithm
terminates, and let there exist a policy A’ that yields a larger worst-case reward per unit
time R*(h'). Then it follows that

h) Z aj;(h) = ri(h) + Z a;;(h ) forie S

JES jES
vi(W) Y og(l) = () + ) ag(h)vi (i) fori € S,
jJES JES

where R*(h) and R*(h') are the worst-case per-unit-time rewards for policies 4 and &/,
respectively, and {aj;(h)} and {afj(h')} are the set of transition rates that yield these worst-
case values. The assumption that i yields a larger worst-case per-unit-time reward means
that R*(h') > R*(h).

Let {a;;(h')} be any feasible set of transition rates, and let R(h') and v;(h') be the
solution to the following system of equations:

)+ vi(h Za” )+ Za” ) fori € S.

j€ES jES

Since {a;‘j(h')} minimizes the per-unit-time reward under policy ', we have R*(h') < R(h').
Now if b’ is a better policy it follows that R*(h) < R(h') for any feasible {c;;(h')}. But this
is a contradiction.

To see this, suppose {a;;(h')} results from the minimization in Step 5 of the algorithm.

But since the algorithm terminated with policy h, it follows from Step 5 that for all 7 € S
h) + Z O‘ZJ Z O"U )+ Z aij(h Z a;i(h )vi (h). (25)
JeS Jjes jES jeS
Denote
0; = —ri(h) + > (0 (h) — af;(R))v; (B) = > (ev;(h
JES jES
And 0; <0 for all : € S from Eq. (25). But

R(K) — )+ vi(h)Y (b)) = vi(h) Y ag(h) =

JES JES

- rz Z azg Z O.’Z] fOI‘ 1€ S.

JES JES
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Adding and subtracting ) ;¢ ai; (b)) (vi(h) — v#(h)), we have

J

R() = () + ((h) = v (R) 3 cig(h) = 01 + 3 g (W) (v () = w5 (h)-
jes jes
Putting AR = R(h') — R*(h) and Av; = v5(h’) — v} (h), and following an approach similar
to the derivation of Eq. (14), we have

AR =Y m(l)b;.
i€S
Because 6; < 0 and m;(h') > 0 for all i € S, we have AR < 0 or R(h') < R*(h) which gives
us the contradiction. The proof is thus complete. 0

Using the above two propositions and the assumption that €;;(h) is compact for all
1,7 € S and all policies h, we can prove that the policy iteration algorithm for obtaining the

max-min policy converges in a finite number of steps.

Theorem 2 The policy iteration algorithm to obtain the max-min optimal policy converges

to the optimal solution in a finite number of steps.

Proof: As shown in the proof of Theorem 1, since the sets €2;;(h) are compact for every
feasible policy h and ¢, j € S, the inner iteration in Steps 3 and 4 converges in a finite number
of steps to the optimal set of transition rates for each policy.

Because of the descent property of the algorithm, the same policy cannot be revisited
in Step 5 unless the algorithm has terminated. The number of possible pure policies is
also finite because of the finiteness of the state and action spaces. Therefore, the algorithm
terminates in a finite number of steps. As a consequence of Proposition 7, the policy with

which the algorithm terminates is the optimal max-min policy. g

7 Max-min Optimal Policy with Dependent Transition
Rates

In this section, we consider the problem of determining a max-min optimal policy for the case
where there is dependence among transition rates. As in the previous section, we restrict our
search for optimal policies among all pure policies. For this purpose, we make the assumption
that each pure policy h € H along with the pessimistic choice of transition rates {j;(h)}
gives rise to a CTMC with a single recurrent class along with a set (possibly empty) of
transient states.
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From the descriptions in Sections 5 and 6, it should be clear that we can formulate the

problem of obtaining the max-min optimal policy with dependent transition rates as follows:
max mlIl T 'f'
hEH {au (h),mi (1)} 4 Z e

subject to m;(h) > cq @ij(h) =D csmi(h)ayi(h) for i € S
Diesmi(h) =1 (26)
mi(h) > 0forie S
{aij(h)} € Q(R).

Note that the last constraint has been modified so that we no longer have independent
constraints on the individual transition rates. Instead, we have a constraint set (k) within
which the transition rates take values for a given policy h € H.

We now describe a policy iteration solution to the problem of finding an optimal max-min
policy when the system has dependent transition rates.

Algorithm: Policy iteration solution to the max-min problem with dependent transition
rates.

1. Select a pure policy h = {h(i) : i € S} where h(i) € K; and some state k € S.
2. Select a feasible set of transition rates o;;(h).

3. Use these a;j(h) to solve for v;(h), i € S with v4(h) = 0 using the following system of

equations:

h) + vi(h Za” =r;(h) + Z a;;(h ) forieS. (27)

JeSs jeS
4. Find of;(h), 4,5 € S such that it is the optimal solution of the following problem:

maximize » ;(h) {Z v(h)(aij(h) — ag;(h)) + vi(h) ) (e () — %‘(h))}

{o(Mmi(w} es jes jes
subject to w;(h) Zjes a;j(h) = ZjeS ;(h) ;1(/1) forie S
Yiesmi(h) =1 (28)
m;(h) > 0foriec S
{ai;(h)} € Q(h).

If oj;(h) = a;;(h) for each i and j, then go to Step 5 with oj;(h) = ay;(h) for each
1 and j as the pessimistic choice of transition rates for policy hA. Otherwise return to
Step 3 with a;;(h) = of;(h) for i,j € S.
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5. For state i € S, find an alternative ' (i) (which together with h(5) for j # i defines a
policy &) that maximizes the objective function value for the following optimization
problem.

minimize ) . ¢ mi(h) {Ti(h’) —ri(h) + Zjes V;(h)(a’ij(hl) —aj;(h)+

{aij (h),mi(h")}
Vi (h) S seslagy (k) — as(h)) }
subject to mi(h) dies ai;(h) = > jes mi(h)aji(h') fori € S
Yiesmi(h) =1 (29)
mi(h') >0 fori € S
{ai(h)} € Q(R),

where v} (h) are the values obtained from Step 3 for the pessimistic choice of transition
rates {a;;(h)}. If no such action R’ (i) can be found, go to state i+ 1 and repeat Step 5.
If such an action A (i) can be found return to Step 2 with k(i) = k(i) and all other
h(j) unchanged. If the policy does not change for any state i € S terminate with
h = {h(i) : i € S} as the optimal max-min policy.

Note that in the above algorithm, unlike the case of systems with independent transition
rates, we cannot determine an alternate action for each state simultaneously. We find an
alternate action in one state and return to Step 3 to obtain the optimal worst-case R and v;
values. The algorithm terminates when there is no alternate action in any of the states that
yields a positive objective function value for the optimization problem in Eq. (29).

Using techniques similar to the ones in the proofs of Proposition 6 and 7, we can prove

the following results about the policy iteration algorithm.

Proposition 8 The policy iteration algorithm for obtaining the optimal maz-min policy for
systems with dependent transition rates has the property that if h and K (h,' # h) are two
successive policies obtained in that order from Step 5, and if R*(h) and R*(K') are the

corresponding worst-case values, then R*(h') < R*(h).

Proposition 9 If the policy iteration algorithm for obtaining the optimal maz-min policy
with dependent transition rates terminates, then there cannot exist a policy that yields a

larger worst-case expected reward per unit time.

8 Numerical Examples

In this section, we present numerical results for the call admission control problem described

in Section 3 when there is uncertainty in the transition rates. Figure 1 shows the range of
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Figure 1: Sensitivity of the admission control decision to uncertainties in the parameters

the throughput values given the percentage uncertainty in the transition rates. (We assume
that all the parameters A, Ay, and p have the same percentage uncertainty.) Figure 1 is
for the scenario where the channel capacity is 5 BWUs with two classes of calls. Class-1
calls require 1 BWU and class-2 calls require 2 BWUs. The nominal mean call holding
durations of both classes of calls is fixed at 60 seconds. The nominal value of the arrival rate
of class-1 calls is 0.45 calls/second and that of class-2 calls is 0.5 calls/second. A percentage
uncertainty of 0% in the class-1 call arrival rate implies that it can take any value between
0.45(1 — §/100) and 0.45(1 + 6/100). As shown in Proposition 3, we find that the range of
uncertainty of the throughput with dependent transition rates is in between that obtained
with independent transition rates. Note that for the case of independent transition rates,
the same quantity, say A;, can take different values in different states of the system. Thus
the values obtained by assuming dependent transition rates model the call admission control
problem exactly, if the system has fixed but unknown transition rates. If the parameters
of the call admission control problem are time-varying but are slowly time-varying, i.e., at
a much slower time-scale than that of state transitions, then the system with dependent
transition rates will more accurately reflect the actual performance range. However, if there
is fast variation in the parameters of the problem, assuming independent transition rates
will be more accurate. As remarked earlier, assuming independent transition rates makes
the task of obtaining the range of throughput values computationally easier.

In Figure 2, we plot the worst-case performances of the policy that assumes the nominal
values to be the actual values, and the max-min optimal policy that computes the policy that

maximizes the worst-case performance given the percentage uncertainty in the parameters.
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Figure 2: Performance of the max-min and median optimal policies as a function of percent-
age uncertainty. The values plotted here are their corresponding worst-case performances

given the percentage uncertainty.

We label the scheme that assumes the nominal values as the “median policy” because it
assumes the actual value of the transition rates to be the midpoint of the range of possible
values. Figure 2 is for the scenario where there are two classes of calls, with e; and e, being 5
and 9 BWUs, respectively. The channel capacity C' is assumed to be 10 BWUs. We assume
the nominal value of the call arrival rate of class-1 calls to be 0.2 calls/second, and that of
class-2 calls to be 1 call/second. The nominal mean call holding duration of both classes of
calls is 60 seconds. As expected, the worst-case performance of the max-min optimal policy
is better than that of the median policy, which assumes the nominal values to be the actual
values. The performance shown here is for the case of independent transition rates. Figure 2
clearly illustrates that when there is uncertainty in the transition rates, designing a policy
assuming the nominal values for these parameters can result in poor performance compared
to what can be achieved by a robust scheme. Given the range of uncertainty of the transition
rates, if the robust scheme is employed, the performance of the system can be no worse than
that obtained in Figure 2.

In Figure 3, we plot the best-case performance of the max-max and the median policies.
As expected, we find that the best-case performance of the max-max policy is better than
that of the median policy, because the max-max policy is designed to maximize the best-case
performance of the system. Figure 3 is for the same scenario as that of Figure 2 except that
the nominal value of the arrival rate of class-1 calls is 0.1 calls/second. The values of the

other parameters are the same as that in Figure 2. Figure 3 illustrates that the best-case
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Figure 3: Performance of the max-max and median optimal policies as a function of per-
centage uncertainty. The values plotted here are their corresponding best-case performances

given the percentage uncertainty.

performance of the median scheme can be poor compared to that obtained from the max-max

policy.

9 Conclusions

In this paper, we considered infinite-horizon continuous-time MDPs with uncertain transition
rates. We investigated the implications of lack of knowledge of the transition rates by
considering two different problems. In the first problem, that of sensitivity analysis, the
decision-maker wishes to know the range of uncertainty of the per-unit-time reward given
the range of uncertainty of the transition rates. In the second problem, that of robust control,
the decision-maker wants to make a decision that maximizes the worst-case per-unit-time
reward (as determined by the choice of transition rates) given the range of uncertainty
of the transition rates. In both these problems, we distinguished between systems with
independent transition rates and those with dependent transition rates. In systems with
independent transition rates, the transition rates in each state can be chosen independently
of their values in other states. But this is not possible when there is dependence among
the transition rates. We provide two solution techniques to each of these problems: an
optimization-problem technique and a policy iteration algorithm. Our techniques can be
applied to MDPs that have fixed but unknown transition rates, and to those with time-

varying transition rates. We illustrated our algorithm with numerical examples from the call
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admission control problem in telecommunication networks.
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