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Abstract

In this paper we study the asymptotic relationship between the loss ratio in a finite buffer system
and the overflow probability (the tail of the queue length distribution) in the corresponding infinite
buffer system. We model the system by a fluid queue which consists of a server with constant rate
c and a fluid input. We provide asymptotic upper and lower bounds on the difference between
logP{Q > z} and log Pr,(x) under different conditions. The conditions for the upper bound are
simple and are satisfied by a very large class of input processes. The conditions on the lower
bound are more complex but we show that various classes of processes such as Markov modulated

and ARMA type Gaussian input processes satisfy them.
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1. Introduction

In this paper we study the asymptotic relationship between the overflow probability, P{Q > =},
in an infinite buffer system and the loss ratio, Pr(x), in the corresponding finite buffer system. An
application of this result is in telecommunications and networking problems where the loss ratio is

an important measure of the quality of an application that the network is carrying. The study of
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these two quantities is also important in providing theoretical support for approximating the loss

ratio in finite buffer queues through their infinite buffer counterparts[16].

While overflow probability in an infinite buffer system has been extensively studied [1, 2, 9, 11],
there have been relatively few studies on the loss probability in finite buffer systems [17, 19]. There
have been works on the relationship between the two quantities. It has been shown in [21] that
for certain types of systems such as M/Subexponential/1 and GI/Regularly-varying/1 with i.i.d.
interarrival and service times, the ratio P{Q > z}/Pr(z) converges to a constant, as x — oco. It
can also be inferred from the result in [13] that for GI/Subexponential/1 with i.i.d. interarrival and
service times, this ratio converges to a constant. These works assume i.i.d. interarrival and service
times so that the queue content in the finite buffer system converges to a stationary process. We

study the long time average loss ratio without invoking this assumption.

We model the system by a fluid queue which consists of a server with constant rate ¢ and a fluid
input. We consider two types of queues. Let us call the queue with a finite buffer the finite queue
and the queue with the infinite buffer the infinite queue. Both queues are fed with the same input.
Let Qt and Q; denote the queue length at time ¢ in the finite and infinite queues, respectively.
Depending on the index set from which the time index ¢ takes its value, a fluid queue is classified as
either a continuous-time fluid queue or a discrete-time fluid queue. In this paper, we focus on the
discrete-time fluid queue and use n as time index. Let ), be the amount of input that arrives into
the system at time n. We assume that A, is stationary and ergodic, and that ¢ > E{\,,}. Then,
it has been shown that @,, converges to a stationary and ergodic process [18]. In this paper, we
assume that @, started at n = —oo so that it is in the stationary regime. The time index n is often
omitted to represent the stationary distribution, i.e., P{Q > z} = P{Q,, > z} and E{A\} = E{\,}.
It has also been shown that Q,, converges to a stationary process when the system is a GI/GI/m/x
type of queue [7, 12] and when the system is a G/M/m/x type of queue [4]. Although it is likely
that Qn converges to a stationary and ergodic process in more generality (counter-examples are

generally pathological and shown under ¢ < E{\,,}), we do not assume it here.
Since @, on the other hand converges to a stationary and ergodic process, the overflow probability

in the infinite buffer case, can be expressed as the amount of time the fluid in the infinite buffer

It should be noted that the results derived for the discrete-time queue case can be extended to the continuous

time case [15].



system spends above level x divided by the total time:
| N
(1) P{Q>a} = lim N; 1(Qy > x),

where I(A) = 1 if A is true; I(A) = 0 otherwise. The time average loss ratio Pr(z)N) during an
interval of time N, for buffer size x is defined as the ratio of the amount of loss to the total amount

of input (or fraction of work lost):

N (@ +
2 P (2)N) — Yoy (Qr—1+ A —c—x)
(2) L (2) "

where (z)* denotes max{z,0}. If we assumed ergodicity of Q,, the long time average loss ratio,

Pr(x), would be

)

(3) PL(IE) = I}Efloo PL(%’)(N) _ E{(Qn—l E{)Zln; c— $)+}

In a practical sense, “time average” is important because measurements of stochastic processes are

based on a time average method. Note that since P{Q > z} is a ratio of “time” to “time”, and
Pr(x) is a ratio of “fluid” to “fluid”, in general there is no exact relationship between these two
quantities.

The main results of the paper are expressed as two theorems (Theorem 1 and 2). They provide

the following relationships:

(4) hxn_1>£f Togz [log 1}\1};1{1)13 Pp(z) logP{Q > m}} >  —o0,
1
(5) limsup —— |loglimsup Pr(z)™N) —logP{Q > z}| < oo.
z—oo 10T N—o0

The liminf results and the limsup results are presented separately since the conditions on them are
quite different. These theorems can be interpreted as asymptotically the loss ratio and the overflow
probability curves are quite similar, and if they diverge, they do so slowly. The loss ratio and the
overflow probability can differ at most by a polynomial factor of z®. Note that while this allows for
asymptotic divergence, it is still sharper than other well known asymptotic techniques, e.g., large
deviations, where results of the form lim,_,(1/z)logP{Q > z} = —6* are provided, thus allowing
divergence to be as fast as e’

The notations f = o(g), f = O(g) and f ~ g mean that lim(f/g) = 0,limsup|f/g| < oo and
lim(f/g) = 1, respectively. To avoid ambiguity, we may also write f “<° g. For a nonnegative
function of multiple variables, f(y, z) = O(g(z)) means that there exist K and zg such that f(y,z) <
Kg(z) for all z > 2y and for all y.



This paper is organized as follows. In Section 2, we define some notation and assumptions and
provide some intermediate result. In Section 3, we first prove the limsup part, i.e., equation (5),
and the liminf part, i.e., equation (4). We then provide some examples in Section 4 for which the
results hold. In the main text we provide proofs only of the theorems. All intermediate proofs are

provided in the appendix.

2. Preliminary Results

The queue content Q,, of the infinite queue is expressed by Lindley’s equation:
(6) Qn=(Qn-1+A— )"
Similarly, the queue content Qn of the finite queue is expressed by:
(7) Qn = min{z, (Qn-1+An — )"},

where z is the buffer size. Since both @,, and Qn have the same input A,, and since both processes
start at the same time, n = —oo, it follows from (6) and (7) that Q,, < Qn, for all n. Suppose that
Q. = 0 at time nq, then Qn = @, until @, becomes greater than = at some time ny > n;. After
time ns, Qn < @, until @,, becomes zero at time n3. The amount of loss in this period is equal
t0 Mmaxn, <n<ng{@n — Qn} We define a cycle as this period, i.e., an interval between times when

@n becomes zero. We let S denote the duration for which @, stays in the overflow state with

threshold x in a cycle to which n belongs. Formally, we define:

o U, :=sup{k <n:Qk_1>0,Q; =0} (start time of the current cycle to which n belongs).

Vo :=1inf{k >n: Qr_1 > 0,Q) = 0} (start time of the next cycle).

Wy, :=V, — U, (duration of a cycle to which n belongs).

Zy =V, —n (residual time to reach the end of the cycle).

SF = ZZlai 1{Q,>2} (duration for which Q) > x in a cycle containing n).

Note that if @, > 0, Z,, corresponds to the time elapsed to return to the empty-buffer (or zero)
state. Since @, is stationary and ergodic, so are the above. Hence, their expectations are equal to

time averages. For example,
1 k
(8) E{W,} = klggo Qk——i-l i;k Wi,
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Figure 1. Illustration of “same P{Q > z} but different Pr(z)”.

For the purpose of illustration, consider two systems whose sample paths look like those in
Figure 1. Both systems have the same P{Q > x} but different Pz (x). The upper system has a
larger loss ratio than the lower one. We can infer from this that the loss ratio is closely related to
the length of the period in which @, is greater than the buffer size x. Since the relationship that
we are trying to show is not equality but inequality, we use Z,, which gives us an indication as to
how fast @, returns to the zero state. Using Z,,, we will find a lower bound type of equation.

Since loss happens only when @, is greater than the buffer size x, the quantities (such as S,, and
Zy) given {Q, > x} are of interest. Due to the conditioning on {Q, > z}, the problem is quite
difficult because Q,, will be a result of the entire history of the input process A\,. In Lemma 1
presented next, we provide an expression for the upper and lower bound of Pp(z) in terms of

P{Q > z} and E{Z|Q > z}.

Lemma 1 Assume that P{Q > x} > 0 for all x. Then,

1 . )
/m E{Z]Q > y}P{Q >yhdy < E{A}iminf Pp(z)"
(9) < E{A}limsup Pr(z)™) < / TPQ > yhdy

N—o0
This lemma tells us that the long time average loss ratio (regardless of the existence of its limit) is

between the two values obtained from integrals of P{Q > y}.
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Let ¢(z) := —logP{Q > x}. Since P{Q > z} is a monotonically decreasing function of z,* if
P{Q > z} = 0 for some z, there is nothing interesting to say about its asymptotic behavior. So,
throughout the paper we assume that ¢(z) is well defined, i.e., P{Q > z} > 0 for all z, and that
@(z) is twice differentiable. In fact, the last inequality of (9) immediately follows if we assume

ergodicity of Q,. Recall (3) and (6), now since Q,, < Qp,

E(PL) = B{(Qut M —c—a)')
(10) < E{(Quor A —c— )t} =E{(Qn—2)") = / B{Q > y}dy.

We now list some conditions on ¢(z) which are satisfied by most tail distribution functions such

L
as P{Q > z} ~ ae P% ax =B ae VFlogrtgsing otc

) 1
. 7¢//
(C3) xll_{rgo Wx(;;) =y
¢'(x)

(C4) lim sup < oo for some § < oo.

oo 20

Clearly Cy > 0 because ¢(z) is nonnegative. Since we assume that Cy < 1, there exists § > 0
such that ¢(x) > (1 + 6)logx for large z. So P{Q > z} = O(e~(*+9)1°g=) — O(z=1%), hence, the
condition Cy < 1 implies that P{Q > z} is integrable, i.e., E{Q} < oo. As long as L’Hospital’s
rule can be applied, (C2) and (C3) follow from (C1). Assuming these conditions, we now state

Lemma 2. Since e~?®) = P{Q > z}, this lemma will be useful in proving our results because we

will use an integral form of P{Q > z} as a bound on Pr(z).

Lemma 2 Under conditions (C1)-(C8),
(11) /Oo e Wy “X° ;eﬂﬁ(m).
@ (1—Co)¢'(z)

Now, let us focus on condition (C4) for a moment. This condition rules out extremely fast
decaying overflow probabilities such as P{Q > 2} = e~¢". Assuming ergodicity of Qn for now (for
simplicity), from (10) and Lemma 2, we have

o 1

(12) E{\} Py () < / P{Q > y}dy "%

. 0@ @~

i1t is obvious that P{Q > z} > P{Q > y} since {Q > 2} D {Q >y} for z < y.
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So if, for example, ¢(x) = e which violates (C4),

log 1%00 —log &' ()

1
h:InILs;p Tog s [log Pr(z) —logP{@Q > z}] < h?_ilgp log 2
log—=2— —z
= limsup o T —00
z—00 logx

and, hence, the liminf is —oo, as well. Through this example, it should be clear that if (C4) were
violated then in fact the asymptotic difference between log Py (z) and logP{Q > z} (normalized
by log ) would be —oo. This tells us that for very fast decaying queue distributions (e.g. double

exponential), the tail and the loss ratio can be quite different.

3. Main Result

We state our main results as two theorems, the limsup part and the liminf part.

Theorem 1 Under conditions (C1)-(C3),

(13) lim sup <10g lim sup Pz, (z)™Y) —log P{Q > x}) < oo
T—00 10g$ N — 00

Proof of Theorem 1. From Lemma 1, we have

(14) E{\}limsup Py, (z)Y) < / h P{Q > y}dy.

N—oc0

Applying Lemma 2,

1 e—9@) — R z
T=Cod @ (e LUERS

T <* for large x. Hence, there exists x¢ such that

(15) / P{Q > y}dy = / W gy 7

From (C1) and (C2), ¢,

/OO P{Q > y}dy < ———2P{Q >z}, Vz > x0.

(1 Co)
Thus,

lim sup P, (z)Y) < 2P{Q >z}, Vx> xo.

1
N—oo - (1 - OO)E{A}
Taking logs and subtracting logP{@ > z} from both sides, we get

log limsup P (z)™) —logP{Q >z} < log <( zP{Q > m}) —logP{Q > =}

1
N—o0 1- CO)E{/\}

log +logx, V> xg.

1
(1 — Co)E{A}
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So we have the result.

Now, consider (15). If P{@® > z} has an exponential tail, ¢'(z) converges to a positive constant

and the next proposition immediately follows.
Proposition 1 Assume that ¢'(x) converges to a positive constant. Under conditions (C1)-(C3),

(16) lim sup <log lim sup Pr, (z) ™) — P{Q > x}) < 00.

r—00 N—o00

From this proposition, we conjecture that if the overflow probability is exponential with some
asymptotic decay rate 7, so is the loss ratio with the same asymptotic decay rate . This proposition
is important because there is a fairly large class of input processes for which ¢'(x) converges
to a positive constant, e.g., Markov modulated fluid processes, short-range dependent Gaussian
processes, etc [5, 11].

Now, we focus on the development of the main liminf result of the paper. As one can see in
Lemma 1, the liminf part is related to E{Z|Q > z}. Since it is difficult to know the distribution
of Z, we use a stochastic process X,, defined as

n
(17) X, ::Z)\k —cn + Qo, n > 0.
k=1
Here we have chosen 0 as the origin, but the distribution of X, does not depend on the origin due
to stationarity. Note that X,, will be identical to @,, until the end of the cycle.

Consider
(18) P{X, <0} = P{X,<0|Zy <n}P{Z; <n}+P{X, <0|Zy >n}P{Zy > n}.

From the definition of Zy, Zy > n implies that X,, > 0. Thus, P{X,, < 0|Zy > n} = 0. Therefore,

we have

P{X, <0} =P{X, <0|Zy < n}P{Z; < n} <P{Z; < n},
or
(19) P{X, > 0} > P{Zy > n},

It follows from (19) that
(20) E{Zo} = > P{Zo>n} <> P{X,>0}.
n=0 n=0
By replacing E{-} and P{-} with E{:|Qo} and P{:|Qo} respectively, it follows that

(21) E{Z0|Qo} 2 Y P{Zy > n|Qo} < Y P{X, > 0|Qo},
n=0

n=0

8



and we have the following lemma.

Lemma 8 If there exist xg, K, M > 0,a > 0,5 > 0 such that P{X,, > 0|Qo} a'gs' Kn=0+9) for all
n > MQg on {Qo > w0}, then E{Zo|Qo} =" O(Qf).

“P{X,, > 0|Qo} aﬁs' Kn=0%9) for all n > MQ§ on {Qo > zo}” means that there exists a
Y, (2) such that P{X,, > 0|Qo} = P{Y,(2) > 0}|.—q, and for each w € {Qo > zo}, P{Y,.(2) >
0}Hozo(w) < Kn~049 for all n > MQo(w)®. “E{Zo|Qo} = O(Q§)” means that there exist K

and xg such that

Qo(w)~
For notational simplicity, we often omit a.s. or almost all as long as it does not cause ambiguity.

Once we have E{Zo|Qo} = 0(Qg), we also have E{Z|Qo > x} = O(z®) (Lemma 5), and can

'W‘ <K for almost all w € {Qo > zo}.

show the liminf part using the following lemma which is similar to Lemma 2.

Lemma 4 Under conditions (C1)-(C3),

(22) |+ dFo() = 0@P(Q > 2},

and

(23) /OO y—ae—¢(y)dy =7 1 m—ae—d’(w),
z (1= C)(¢'(x) + az™t)

where Ch = 1+C§TOCO and « s any positive constant such that aCy < 1.

In the proof of Theorem 2, we will use (23), and for the next lemma we need (22).

Lemma 5 Assume conditions (C1)-(C8). Let a be a positive constant such that aCy < 1. If
E{Zo|Qo} "= O(QF), then E{Z|Qo > z} = O(z*).

Before we show for which classes of input processes one can find zo, K, M > 0,a>0and § >0

that satisfies the condition of Lemma 3, we state our main liminf result here.

Theorem 2 Assume conditions (C1)-(C4). Further assume that there exist xo, K, M > 0,a > 0
and § > 0 such that aCy < 1 and P{X, > 0|Qo} < Kn~0%9 for all n > MQg on {Qo > zo}.
Then,

(24) —o0 < liminf
z—o0 logx

logliminf Pr,(z)™) —log P{Q > z}| .
N—o0



Proof of Theorem 2. Since we have assumed (C1)-(C4), ¢(x) is well defined, i.e., P{Q > z} > 0.

Thus, we can apply Lemma 1. Therefore, there exist ¢ and K7 > 0 such that

= E{\} /x 2E{Z|Q > y}P{Q > yhdy 2 E{\} /x o P{Q > y}dy, Vx> xo.

From (23), there exist 21 > xg, K2 > 0 and K3 > 0 such that

liminf Py, (z)
N —o00

1 * K K
.. (N) > 2 > 73 -« >
lminf Pr(2)™ 2 g3 /g,, o Q> iy 2 e Q> Ve z o,
Choose 0 > —1 satisfying (C4). Then, there exist o > x1, K4 > 0 such that
K3 _ Ky _4_
% _gop > P Vo > xo.
@ tar 1t @k gy TORQ>a) Ve 2o
Hence, we have
I%Enl)ig.}f log s (logl}\grljilof Pr(z)™N) —1logP{Q > x}) > —0—a>—oc.

We next construct example input processes that satisfy the conditions on the liminf result of

Theorem 2.

4. Examples of Processes for which the Liminf Condition Is Satisfied

The limsup part is general and satisfies simple conditions. Hence, it is obvious that it will hold
for a very large class of input processes. However, the liminf part, especially, the condition on
P{X, > 0|Qo} is complex. In this section, we provide examples for which this condition holds.

Since Qo depends on the entire history up to 0, it is very difficult to handle P {X,, > 0|Qo}
directly. For some classes of processes, given @, the distribution of X,, can be determined from a

bounded window of the past history. Let A be an m-dimensional vector defined as
A = (A17 A27 Tty Am) = F()\()) )\—17 Tty )‘—m+1)7
where F' is an m-dimensional function.

Lemma 6 If there exist xg, K, M > 0, > 0 and § > 0 such that P{X,, > 0|A, Qo} a'gs' Kn~(+9)
for all n > MQ§ on {Qo > x0}, then B{Zo|A, Qo} = 0(QF), and E{Zy|Qo > x} = O(z®).

Consider the Chernoff bound:

®

P{X, >0|A,Qo} “

5]
»

]P){eé‘Xn > 1|AaQ0}

5]
»

I

(25) E{e’*"|A,Qo}, VO > 0.
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Here, 6 need not be constant with respect to n. To satisfy the condition on P{X,, > 0|A,Qp} in
Lemma 6, it suffices to find g, K, M > 0, > 0,6 > 0 and 6(n) > 0 such that aCy < 1 and

E{®™Xn|A, Qo) < Kn~(+9)  foralln > MQY on {Qo > zo},
or equivalently,
O(Mt™) X pr1e as K, 140)
E{e M A Qo) < Mt , forallt>Qp on{Qy>x0},

where 6(n) is a positive function of n and ¢ takes values such that M¢® is integer valued.

4.1. Markov Modulated Fluid (MMF) Processes In this subsection, we consider stationary and
ergodic MMF processes. An MMF process is specified by (X, A, R), where X is the set of the states,
A is the state transition probability matrix, and R is the rate vector. When the process is in state
x; € X, it generates fluid at the rate of r;, the i-th element of R, i.e., A\, = r;, and the probability
that it transits to state x; is a;;, the (4, j)-th element of A, i.e., P{\,41 = rj|Ap =7} = aij.

Since the tail distribution of the queue P{@Q > x} for these processes is asymptotically exponential
[3, 10], it satisfies conditions (C1)-(C4) with Cy = 0. Hence, we only need to check whether
P{X, > 0|A,Qo} a'gs' Kn=(%9) for all n > MQ§ on {Qo > z¢}. For simplicity of illustration, we
first check the two-state MMF on-off processes (these processes have widely been used to model
voice traffic sources in telecommunication systems [8, 20], and are hence important in their own
right). Without loss of generality, let 71 = 0 and ro = 1. Since the process is stationary and ergodic,
it has a unique stationary distribution, i.e., for each fixed j, the (i, j)-th element of A™ converges
to the same value for all 7. Then, 0 < a;; < 1 for ¢ = 1,2 in this two-state MMF case. Suppose that
N i.i.d MMF processes are being served by a queue. Let /\7(11) and \,, denote each process [ and the
aggregate process, respectively. Then, p := ]P{A,(f) =1}=-%2_ 4:= ]P’{)\,(Il) =0} =2 and

a12+az1 a12+az1

E{\.} = Zf\il E{A,(f)} = pN. Due to the Markov property, the future is independent of the past.

So the 1-dimensional A := )¢ has sufficient information to determine the distribution thereafter.

Now, we want to find xg, K, M > 0,a > 0,0 > 0 and 6 > 0 such that
E{efXme |2, Qo) S Kt~ for all t > Qo on {Qo > o).

Let By be a diagonal matrix given by:
BG = =

11



Let p()(r) be a row vector denoting the state distribution of the process [ at time 0, i.e., p() () =
[, ag] where a; = P{A(()l) =ri|]Ao = r}. Then, E{e? Xi= A [Ao, Qo} can be expressed in terms of

A, By, and pW¥ as:
n (1) a.s. n
(26) E{e = 0,0} 2 p0 (M) (ABy)" 1,

where 1 is a column vector of all unity elements. Let 11(6) and n2(f) be the eigenvalues of ABy

which are given by:

1
(27) m@) = 3 [(au + ag2e’) + \/(an + a2e?)? + 4(ar1a22 — 11121121)69] )
1 0 012 0
(28) n(0) = B (a11 + agqe”) — \/(an + az2e%)? 4 4(a11a22 — ar2a21)e? | .

Then, ABy can be decomposed as

(29) ABy = ToAyT,",

where Ag = diag{n:(),n2(8)} and Ty is an appropriate matrix. Thus, E{ef2i=: Y

)\(), Q()} has

the following form:

n (1) a.s. nm—
E{eezizl&- ,\O,QO} =2 pD(A)ToAF T, 1

2

(30) = > PP (), 0k (0)]",

=1

=

where f} is a function independent of n. Let 3 € (0,¢ — Np). Then,

N

a.s. n A —en

E{EGX"D\O»QO} = (l IE{@GZi:l e |/\07Q0}> ef(Qo—cn)
=1

=1 \k=1
2 N

- (Z fk (p(l) (>‘0)7 0) [nk (0)]") ee(Qo—cn)’
kzl ) N

= ( fk(p(l)(AO),a)[n:C(eg]> 0(Qo—n).
k=1 e’ N

Since we are interested in the asymptotic behavior, we consider only the first eigenvalue 7)1 (6) whose

absolute value is the maximum. Let g(#) := logn;(f) and h(9) := log e?“~”. One can check that

12



9(0) = 12— =p< cB — p'(0) and g(0) = R(0) = 0. ¥ So we can choose § > 0 such that

g(0) < h(0). Hence,

9(6)
) ey o1
T T ehld) ’ 7
Let ¢ > Qo and set n = Mt* with M = % and a = 1. Note that t takes values such that Mt is an

integer. Then,

Mt
E{e? )Ny, Qo} < ka:(P(l)(Ao%é) lngc(ﬁ] 0(Qo—2t)

N
2
(31) < (Z £ (), é)) e 0.
Since in (31) all terms in front of e~ are constant with respect to ¢, we can choose zo and K such
that

2 N
(Z £ (Y (o), é)) e < Kt72  forallt > xo.
k=1

Hence,

E{eéXMt|/\o,Qo} <Kt forallt> Qo on {Qo > zo}.

At last, we have found =g, K,a=1,M = %, and § = 1.

The general multi-state case can also be shown by the same manner. Consider an M-state MMF
process with transition matrix A and rate vector R = [r1,---,7y]t. Let By = diag{ef™, .-, ef™m}.
Assume that A™ converges and that ABy can be decomposed as Jordan form, i.e., ABy = TgJ(;T;1
with Jo = Jordan{n:(0),---,n,;(0)}, where M is the number of distinct eigenvalues. Note that

when 6 = 0, even though eigenvalues except 1 may not be distinct, their magnitude is less than 1

8Tt can be directly shown by using (27). More generally, since A is a state transition matrix and A™ converges
to a nonzero matrix, all the eigenvalues are on (—1, 1] and one of them is 1. Since ABg = A, 11(0) = 1. Now

det(ABg — m1(0)I) = [n1(0))2 — n1(8) Zaiiee” — (a11a22€?"1F72) 4 q10a9,ef(M1172)) = 0.

7

Differentiate the above equation with respect to 6 and set # = 0. Since 71(0) = 1, after some manipulation,
201 (0) = m1(0) Y @i — Y asiri — (r1 + r2)(a12a21 — ar1age) =0.
i i

Thus,
1 (0) = > aiiri + (r1+r2)(a12a21 — arra22) __ o12 —EQOY.
2—-3,ai a12 + as1

This can also be extended to the m-state case.
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in order for (ABjy)™ to converge. Let 71 (0) be the eigenvalue such that n;(0) = 1. As in (30),

NG _
E{GGZi:“\i /\ono} = p(\)TeJyT,'1

pr—1

(32) = 1Y (20), 00" + D kO] D fra®" (M), )n,

where f; and fj; are functions independent of n, and py, is the order of the corresponding eigenvalue.

Since n!¢™ is bounded when ¢ < 1, by following the same steps, we can get the result.

4.2. Gaussian Processes In this subsection, assume that A, is a stationary and ergodic Gaussian
process with autocovariance function C(k), and that A is chosen so that both A and {X,,|A,Qo}
(X, for given A and Qo) are Gaussian.Y Gaussian processes are characterized by their mean and
autocovariance. The next proposition tells us that Theorem 2 is applicable for Gaussian processes
whose mean and variance are characterized by (33) and (34). In (33) and (34), € and § are related
to self-similarity. One can see later that e = § = 1 for short-range dependent processes represented

by Autoregressive Moving Average (ARMA) processes.

Proposition 2 Assume that there exist xg, K1, Ko, >0 and d > 0 such that

(33) E{X,|A,Q} £ Kin'" Qo — rn,
(34) Var{X,|A,Qo} < Kon?™,

for all n > Qo on {Qo > xzo}. Then, we can find x1, K, M > 0,a > 0 and §' > 0 such that
P{X, > 0|A,Qo} $ K0+ for alln > MQ§ on {Qo > z1}.

Clearly E{X,,} — cn = —kn + E{Qo}, and Var{X,} "<~ Sn?~? for some S > 0 and § > 0 for
a large class of stationary Gaussian processes. Then, on {A = y,Qo = z} with fixed y and z,
E{X.|A,Qo} —cn "X~ —kn and Var{X,|A,Qo} "X~ Sn?~? a.s. These similarity relations are for
{A =1y, Qo = z} whereas (33) and (34) are for {Qo > zo}. But we believe that (33) and (34) may
hold for a large class of stationary Gaussian processes. For some classes of stationary Gaussian

processes, we can prove that the order of —logP{Q,, > =} with respect to z is less than 2.

T{Xn|A,Qo} (Xn for given A and Qo) is Gaussian” means that there exists a Gaussian Yy (y,z) such
that E{Xn|A, Qo}(w) = E{Yn('yvZ)}‘y:A(w),z:Qo(w) and Var{X,|A, Qo}(w) :Var{Yn(y,z)}|y:A(w)yZ:Q0(w) for

almost all w.

14



Proposition 3 If there exist S > 0 and (8 € [1,2) such that

(35) f: Cy(k) "~ SpnP~1,

k=—n
then —logP{Qn >z} = o(a?).

A large class of stationary Gaussian processes satisfy equation (35). Since A; is assumed to be
Gaussian, the order of —logP{|A;| > z} with respect to z is clearly 2. Then, it directly follows
that P{|A;| > z} = O(P{Q, > z}). The fact that P{|A;| > z} = O(P{Q, > z}) gives us the
following results which are modified versions of Proposition 2 and Theorem 2. These results are
helpful for handling the Autoregressive Moving Average (ARMA) case. For notational simplicity,
let v := max{Qo, |A1], -, |Am|}. Note that in these modified versions, we use “n > Mv*” instead

of “n > MQ§”.

Proposition 4 [from Proposition 2] Assume that there exist xo, K1,Ka,e > 0 and § > 0 such

that
(36) E{X.|A, Qo) < Kinl~v— rn,
(37) Var{Xn|A,Qo} < Kon®,

for all n > Qo on {Qo > xzo}. Then, we can find x1, K, M > 0,a > 0 and §' > 0 such that
P{X, > 0|A,Qo} aﬁs' Kn—(1+3) for all n > Mv® on {Qo > x1}.

Theorem 8 [from Theorem 2] Assume conditions (C1)-(C4). Further assume that P{|A;| >
x} = O(P{Qo > z}) and that there exist xo, K, M > 0,a > 0 and d > 0 such that aCy < 1 and
P{X, > 0|A,Qo} a'gs' Kn=(49) for all n > Mv® on {Qo > zo}. Then,

(38) —o00 < liminf
z—oo logx

[log Pr(z) — logP{Q > x}].

We now check the Autoregressive Moving Average (ARMA) processes. Since the tail distribution
of the queue for these Gaussian input processes is asymptotically exponential [2, 6], these processes
satisfy conditions (C1)-(C4) with Cy = 0. Hence, for Theorem 3 to hold, we only need to check
equations (36) and (37) for these processes. For the purpose of illustration, we first check the
simplest form, Cy(I) = o2al'l with a € (0,1). These Gaussian processes are implemented by

first-order AR processes in the form of

An = aAn_1 + gn,

15



where g, is ii.d. Gaussian with mean p, and variance o2. Then, E{\,} = {% and the autoco-
2

o

variance function is given by Cx(1) = o2all with 02 = Z%;. As mentioned before, since we are

interested in the asymptotic behavior of E{X,|A, Qo} and Var{X,,|A, Qo}, we now find constants
in (36) and (37). X,, can be expressed as

X, = Z)\k—cn—i—Qo
k=1
1—a” n 1ian—k+l
= >\ _— — .
. OJF;gk 1 4 cn + Qo

Note that for all £ > 1, g, is independent of the event at 0. Let A := (A\g) and Y,,(y, 2) :=a 11__“: y+

S gk e+ 2. Then, Y, (y, 2) is Gaussian, B{X,|A, Qo} “= E{Y,(,2)}y=r0,2=0
and Var{X,|A, Qo} = Var{Y,(y, 2)}y=xe.2=0,- Hence, we have

n

E{Xn|A,Q()} a.s. Hg (’I’L—a(l_a )>_Cn+Q0+a)\01_aa

1—a l1-a 1
(39) = z+yho(n) — kn — hi(n),
Var{Xn|A, Q()} a.s. (1 iga)z (’I’L . 2@(1 : Z”) + a (11:;12 n))
where
ho(n) = %’
o a(l —a")
hl(n) = Mgma
S = grp s L 00
o a(l—a") a?*(1—a®)
hz(n) = S <2 1—a + 1 — a2 ) :

Set K1 = 1+ ho(o0) and Kz = S + sup,,>; h2(n). Note that K1, K> < oo since a € (0,1). Then,

foralln >1,
E{Xn|A,Qo} = Qo + Aoho(n) — kn — hy(n) < K1 max{Qo, Ao} — n,

and
Var{X,|A, Qo} 2" Sn + ha(n) < Kon.
Hence, first-order AR Gaussian processes satisfy the conditions in Theorem 3
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We now treat the more general case of Gaussian input processes, where the autocovariance
function has the form of C)(1) = va 1 ofpl ‘, i.e., a Gaussian process in the form of an Autoregres-
sive Moving Average (ARMA). We will show that it satisfies the condition on P{X,, > 0|A,Qo}
in Theorem 3. Note that autocovariance functions in the form of C)(l) = va 1 0‘2p| | satisfies
equation (35) for 8 = 1.

Consider an ARMA process:

N M
(41) An :ziz:akkn—k_%jgjbkgn—ka
k=1 k=0

where g, is i.i.d. Gaussian with mean ;14 and variance 03. Assume for stability that all the poles
of the transfer function of this ARMA process are inside the unit circle, and its autocovariance
function is summable so that it satisfies (35). If M = 0, it is the AR process treated earlier.

Let m = N+ M and A := (Ao, -, A-N—-1,90," s g—m—1). Then, A is Gaussian and X,, for
given A and Qo is also Gaussian. Hence, we have P{|A;| > z} = O(P{Qo > z}) and we can apply
Theorem 3 by finding K7, K3 and zg in (36) and (37). Given A, we can write A, as:

N—
(42) = Z n)Ag + Z ge(n)Apin + th n)gk,
p

k=1
where fi(n), gx(n), and hi(n) are determined by the coefficients, a; and b;. Note that fi(n), gr(n),

and hy(n) are summable over n due to the stability assumption. Now, consider the summation of

Ak

n N-1
(43) Z Fi(n)Ag + ZGk Ak+N+ZHk n) gk,
k=1 k=0 k=1
where
Fem) = 3. fl), k=01, N1,
Gin) = Y akD), k=01, M1,
Hy(n) = Y he(i),  k=1,2-n.

Taking expectation,

N-1
(44) {Z)\HA Qo} =N Fu(n)Ag + Z Gr(n Ak+N+ZHk

k=1 =0 k=1
For stable ARMA processes fi(n), gr(n), and hy(n) are summable so that Fj(n), Gr(n), and Hy(n)

converge. Moreover, the last term can be expressed as
S Hy(m)y = B+ H(n),
k=1

17



where H(n) is a function which converges. Therefore, we can find K; and K such that

E {Z >\k|A»Q0} < Kiu+E{Abn + Ko,
k=1

where u = max{|A1|,---,|A|}. Since K; and K> are independent of y and z,

E{X,|A,Qo} = E{ZAk|A,Qo}cn+Qo
k=1

IS}
@

ING

K1U+Q07HTL+K2

< (Ky+2)max{u,Qo} —kn, on{Qo>z0}, Vn2>1.

One can easily check that

\E

Var{X,|A, Qo} < Hi(n)’o, < (S + K)n, VYn > 1,

b
Il

1

where S =32 _ Cy(I) and K are finite constants.
5. Appendix

5.1.  Proof of Lemma 1.

Recall V,,,U,,, Wy,, Z,,, and S% defined in Section 2, we rewrite them here for convenience.
o U, :=sup{k <n:Qk_1>0,Q; =0} (start time of the current cycle to which n belongs).
o V,:=inf{k >n:Qkr_1 > 0,Qr =0} (start time of the next cycle).
o W, =V, — U, (duration of a cycle to which n belongs).
e 7, :=V, —n (residual time to reach the end of the cycle).

o 5% .= kvlai 1{Q,>2} (duration for which Q) > x in a cycle containing n).

We further define R} := ZZQ;I 1{Q,>2} (residual duration for which Q) > z in a cycle containing
n). Since @, is stationary and ergodic, so are the above. Hence, their expectations are equal to
time averages. Since we are interested in the behavior of @, after loss happens, we consider the
conditional expectations:

45 E{Z = 1 1 3 Z1

(45) {ZnlQun>a} = lim S o ; T 1{Qi>a}s

18



(46) E{S:|Qn >z} = lim ———— Si11Qi>a)
k=00 Z 1{Qz>m} ;

(47) E{R;|Qn >z} = lim ————— Ri1{Q,>a}-
koo T8 1{Q1>m} z;

Clearly, E{R%|Q,, > =} < E{Z,|Q, > z}. And it can also be easily checked that 2E{RZ|Q,, >
xz} > E{SZ|Q, > x}, where the inequality is because n is discrete.
Since E{A} < ¢, there are infinitely many cycles in a sample path. We index the cycles as follows:
o V=1, VO =1y,
V(i) = Vv(i—l)_‘_l for 7 > 1,

e AW :={n: Vi) <n<V®Y fori>0 (set of time instants belonging to cycle i).
Define:

L SS) = ZkeA(i) 1{Qk>1}7i = 172737 T

N m (i)
T . >ieq S,
[ ] S = hmsupm_wo W
= {sy >0}

Now, We prove the lemma in two steps:

1) Show 2E{Z*|Q,, > z} > §%.

2) Derive

IN

e 1 e 1

< E{\liminf P, ()™

IN

E{\} limsup P (z)™ < /00 P{Q > y}dy.

m—o0

Step 1) For better understanding, we first show

hmsup— ZS ) < lim Z) Z S(Z )2

m—r00 meree Zz 192" =1

Note that all components are nonnegative. Let a,, := = 7", SD by, = S S() Py 1(5’(1 )2,
a* = limsupa,,, and b* = limb,,. For any ¢ > 0, we can choose M such that aj; — a* < € and
|b* —ba| < €. Then,

b* —a* =by + (0" —by) —an — (a" —anr) > (byr — apnr) — 2 > —2¢
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since @ )
7 7 T J
beaM:Z(SO(”).)QfZSO(”) _ Xy (Se7 -8’ “o
> s M My s9 T

Since € is arbitrary, we have b* > a*.

Now, it can be easily verified that

. 1 i _
(48) S§% < lim 7_)2(3;0)2.

m—oo M — m— 0o Zifl Tx(i) P
Note that
1 noo N
lim sup — ZT = lim sup Sg(f) = 5%
m—oo m— 00 i=1 1{Sa(ci)>$)} i—1

Let Bg) ={n: U <n<v® Q, > x}. Since S§¢ = S;i) for all j € Bg) and |Bg(ci)| = Sg(f),

B{SHIQn >0} = Jim 1{Q >m};s LiQi>s}

= 1 - - @@ Soc
koo S 1ZJ€B<) Z 2

LjeB(
S P Y
k=00 Zz 1 |B( | i= 1]63&”
1 k
= Jim s (s
k—>oo Z i S(Z ;
k
- ()
k—>oo Zz 1 T g ;
Hence, (48) follows.
At last, we have
(49) 8% <B{S%|Q, > z} < 2B{R%|Q,, > z} < 2B{Z,|Q, > z}.

Step 2) Let L®) be the amount of loss in cycle 4, and A®) be the total amount of input in cycle
i. Then, (1) and (2) can be expressed in terms of SO W@ LO and A as:

>, Sy

(50) P{Q >z} = hm W
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and

W(@)

(51) Pr(z)™ =

Note that even though the above Py (x)(™) is slightly different from Pr(x)®¥) in (2), their limsup
and liminf are the same, respectively.

The amount of loss in cycle ¢ is greater than or equal to the difference between the maximum
queue level of the infinite buffer queue and the buffer size x of the finite buffer queue in cycle i (See

Figure 2). In other words,

L0 > R dv = [~ 1050 < 0\du,
> ma (Qu—a)" = [ T(max Qu> )y = [ 15 > 0)dy

On the other hand, it is obvious that

L(ZS Z k*l‘

€Al

Combining the above two equations and taking summation over 7, we have

m

/EZI St > 0)dy Z Z><ZZ Qr—xz)"

i=1 i=1 ke A®9)
Dividing both sides by the total time, >~ W we have
(52) / Z )dy Zz 1 L Zz 1 ZkGA(Z) (Qk B {E)
Zz 1VV(Z _21 1Wl)_ Z_lwl)
From the above equation, we can write
> (8 >0 LW
/ inf Z ( > )dy S Zz 1
z >m Zi:l W l>m Z W(l

l i l
(53) < sup M < sup 2i1 ZkeAm (Qr —2)*

2m Y, WO T izm Vi WO

Consider the rightmost side of (53). As m — oo, the time average should be equal to the

expectation due to the ergodicity of @, i.e.,

22:1 Y okean (Qr —x)t =
o S W — B{(Qn— )"} = /I P{Q > y}dy.

For the third term of (53),

l ) )
L @)

sup 7211‘1 — < sup Pr,(z)" sup 72;:1 — 5 E{A\}limsup Py, ()™,
zm 3 WO izm 2m Y, WO



where lim sup % = E{\} since Ay is ergodic. Similarly, for the second term of (53),

1 ; m '
@ A
inf Zz:l — > inf Pr(z ) 1nf ZZ L — E{\}liminf P, (%’)(m)
Zm oyl W T izm >m Yy WO

)

Now, consider the leftmost side of (53):

oo l (2) 0o (2) l (i)
_ I(Sy 0 I1(Sy 0 Sy
[ Dl 20, [ (Tl 20 (2,
. 2mo YW , m\ oyl gl Em \ S W

i=1

% 0] -1 0]
Sy .S
/ sup Zz 1 ( lnf Z:lz:l Yy : d
x tzm Zz  I(Sy” > 0) Zm\ 3, WO
l Q) N l S (@)

Since sup;s, m — SY, infi>p, % — P{Q > y}, and all are nonnegative, by

Fatou’s Lemma,

o0 L () -1 L) o0
lim inf / sup —; 21 ‘(S’;J inf M dy > / }
meee Ja lzm Zi:1 I(SyZ > 0) tzm Zi:l W z SV

From (49),
>~ 1
| s

o 1
> [ mmg= e v

Finally, we have

e 1
s < c . (m)
| smmo=oHe> v < EQlinint P
< E{\}limsup Py ()" < / P{Q > y}dy.
m—oo T
5.2.  Proof of Lemma 2.
Recall (C1), (C2) and (C3):
o
Cp := lim loﬁ: lim ;: lim M<l.

0o §la) e 2(m) | aee (@)

Since lim; o0 W < 1, for large x

1
—6(2) < po—(x) _ ,—d(x)+loga
e Te =e .
¢'(z) B
Consider —¢(z) +logz. Let § € (0,1 — Cp). Since lim, o 2% < 1, there are 2o and § > 0 such

#(x)
that
logz

¢()<C()+( —00—5)21—(5, Y > xg.
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Thus,

—¢(z) +logz < — log z, Yo > xp.

! logxz + 1o = — 0
1—g BT T 8T =775

Therefore,

(54) lim

T—00 P

e %@ < lim e~ T logT _ 0,

’(;z;) T—00

and, since ¢(x) is nondecreasing, i.e., ¢'(z) is nonnegative, lim,_, ¢,%I)e_¢(m) = 0. Now, consider

d (1 _ - "(y)
55 a4 . ¢<y>> T ey
9) i (7 Tl
Integrating both sides from z to oo, we have from (54) that
1 B o B o ¢//(y) B
56 1w _ 7/ =00 gy — o
) e . . Py
Let € € (0,1 — Cp). We can pick z; large enough such that ;’:;g% + CO‘ < e for all y > x7. Then,

1 . S oo
L 4 9"y -
IO - . P2 Py

e @ 4 (Cy + e)/ e *Wdy, V&>,

IN

1
(57) 5@

which means that

1 1 e 1 1
() | < ¢ Jy < #(x) >
(58) -Gy e( " )e ) /z e dy Gy e( T )e ), Vo > x1,

and the result follows.

5.3.  Proof of Lemma 3.
Since P{X,, > 0/Qo} < 1, and since P{X,, > 0|/Qo} < Kn~ (49 for all n > MQ§ on {Q > o},
it follows from (19) that on {Q > o},

E{Zo|Qo} = S P{Zy>nlQ} < Y P{X, >0|Qo}
n=0 n=0

[MQg] o
= ) P{X,>0Q}+ > P{X,>0/Qo}
n=0 n=[MQg|+1
we  MQ3T o0
D D FE D
n=0 n=[MQg]+1
(59) DI MQg,
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where [z] denotes the smallest integer which is greater than or equal to . Since E{Zy|Qo} is

nonnegative a.s., E{Zo|Qo} = 0(Qg).

5.4.  Proof of Lemma 4.

Note that for a nonnegative random variable X with distribution function Fx,
/Ooo 2%dFx(z) = B{X“} = /OOO az 'P{X > 2}dz.
Replace X with Y := Q1{g>,}. Then,
/OO 2%dFy(2) =E{Y} = /OO az® 'P{Y > 2}dz
x 0

= / az® 'P{Y > 2}dz +/ az® IP{Y > 2}dz
0

x

/z az® 'P{Q > x}dz + /00 az* 'P{Q > z}dz
0 T

z°P{Q > x} +/ az* e @) qy

(60) = xO‘IP’{Q>;z:}+/ e ¢ HBlogz g,

x

where 3 = a—1. To prove the lemma, it suffices to show that the second term, f;o ae~¢(2)+Blogz g,

is O(x°P{Q > x}). Let f(z) = ¢(x) — Blogz. Then,
fllz) = ¢'(x) - pa,
@) = o)+ B
From (C2) and (C3),

1 2
) @it —eerA(Fe)
()2 - / - “1\2 2
(61) o G =BG G _ o)

(I-BCo ~ 1-B8Co
Since from the premise of the lemma, «Cy = (8 4 1)Cy is less than 1, 0 < Cyp < 1 — BCy. Hence,

Cy = 176% < 1. Now, we need to show that lim, %e‘f@) =0.

L @ = 1 st
f'(z) zf'(x)
_ b s@eseze
zg'(z) — B
1 1

_ e—¢(w)+o¢logz'



From (C2),

1 1 1
li = Cy = Cs.
el B ad(e)  1-pC 0

Consider —¢(z) + alogz. Let § € (0, #) Since limg_, o0 (;)(gf” Co, there is an xg such that

—¢(z) + alogz < —¢(z) + a(Co + §)p(z) = —(1 — aCh — ad)d(x), Vo > zo.

Since &’ 1= 1—aCy—ad > 0, limy_,oo e~ ¢@+alogr < Jimy =8¢ = 0 and, hence, lim,_,o e~ ¢(@)+alogs —

0 because e~ ¢(@)+alogs is nonnegative. Thus,

62 lim e t@ =cy.0=0.
( ) z—oo f!(x)
Since Cy < 1 and lim;_, o %e‘f@) = 0, as shown in the proof of Lemma 2, we have
e 1
(%) \ reAYIE)
Hence, there is an x; such that
> 1
@Gy = < Y g @ from (63) and lim —— = Cp < 1
/m ae z < 17021}6 (from (63) an xl—{r;o:[f() b <1)
= %xaeﬂﬁ(m) (from (62))
—C2

= 1-C QP{Q>I}5 Vx > x4,

and (22) follows because it is nonnegative.
Now, repeat the above procedure with f(z) = ¢(x) + alogx. Then, C3 becomes C; in (61) and,
hence, (63) is equivalent to (23).

5.5.  Proof of Lemma 5.
The assumption that E{Zo|Qo} = O(Qg) means that there exist 29 and K such that

E{Z|Qo} < KQF, on{Qo> o}.

Let x > xg. Then,

1
E{Zy|Qo >z} = W /{Q0>w} Zodt

1
P{QO > {E} /{QD>$} E{ZO|QO}d]P)

=7,
- KQgdP
P{QO > {E} {Qo>z} 0

(64) = z% dFg(2),

IED{Qo > x} /
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where Fy is the distribution function of Qg. From (22) in Lemma 4, there exist 1 > zo and K’

such that
E{Z > < “dFg(
< K K'ma]P’{Q >}
= P{Qo>a) ’
(65) = KK'z%, Vo > a1,

which implies that E{Zy|Qo > z} = O(z*) since E{Zy|Qo > =} is nonnegative.

5.6.  Proof of Lemma 6.
It can be shown by the same steps in the proof of Lemma 3 that E{Zs|A,Qo} = O(Q§). On

{QO > $0}7

E{Zo|A,Qo} = D P{Z >n|A,Q} < > P{X,>0|A,Qo}
n=0 n=0

IMQg o
= > P{X.>0A,Q}+ >  P{X,>0/A,Qo}
n=0 n=[MQg1+1
. M3 o0
< Y o1+ Y Ea
n=0 n=[MQg]+1
(66) DT MQS,

where [z] denotes the smallest integer which is greater than or equal to z. Since E{Zy|A,Qo} is
nonnegative a.s., E{Zo|A, Qo} 2 O(Q§), which means that there exist zop and K such that

E{ZO|A7Q0} S KQS? on {QO Z IO}~
We now show that E{Zy|Qo > 2} = O(x®). Let > . Then,

1
E{Zo|Qo >z} = P{Qo > x} /{Qo>w} Zo?

1
e —— E{Zy|A dP
P{QO > {E} /{Qo>m} { 0| 7Q0}

=7,
- KQgdP
P{QO > {E} {Qo>z} 0

IED{Qo>$}/ @ dFo(2),
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where Fy is the distribution function of Qg. From (22) in Lemma 4, there exist 1 > zo and K’

such that
E{Zo|Qo >z} < K /oo 2% dFy(2)
P{QO > Z’} T
< LK/:L‘O‘]P’{QO >z}
— P{Qo > =}
(68) = KK'z°, Ve > 71,

which implies that E{Zy|Qo > z} = O(z*) since E{Zy|Qo > x} is nonnegative.

5.7.  Proof of Proposition 2.

Let m(n) and v(n) be functions such that m(n) = E{X,|A,Qo} and v(n) = Var{X,|A, Qo}.
Then, since X,, given A and Qo is Gaussian, E{e?X"|A, Qo} = eIm(m)+36*0(n) - From now on,
we are on {Qo > xo}. From the premise of the proposition, we have m(n) a'gs' Kin'=¢Qq — kn on
{Qo > x0}, where K is chosen to be positive. Replace n by [Mt*| with ¢t > Qp. We may and do
choose ¢ such that [Mt*] = Mt*. Then, on {Qo > zo},

m(Mt®) < K(Mt*)'7¢Q¢ — kMt*

< Klleeta(lfe)Jrl — wMte.

Set a = 1. Then, on {Qo > zo},

m(Mt*) < (KM'7¢— kM)t*.

o=

Pick M = (2£1)

. Then,
(69) m(Mt*) < —K; Mt~

Set x93 = max{zo, (%)E} On {Qo > x2}, let t > Qo. Then n = Mt* > xg. On {Qo > x2},

v(n) < Kon?~? from the assumption, and we have
P{Xpm > 018,Q0} < E{"" (A, Qo)
a.s. ].
= exp{Om(Mt*) + 592U(Mta)}
1
(70) < exp{—0K M~ + 5921;{2(1\4156*)2*5}
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Let @ = t=%. Then, on {Qo > x5},
a.s. 1
P{ X« > 0|A,Qo} < exp{—t PK M"t* + §t_2ﬁK2M2_5t0‘(2_5) 1
1
(71) = exp{—KiM' "0 4 DK, MmO

Choose 8 € (a(1 —6), ) so that « — 8 > 0 and a — 8 > a(2 — 0) — 2(. Then, the coefficient of the
leading term is negative and its order is greater than 0. Therefore, we can choose 1 > x5 and K
such that P{X s« > 0|A,Qo} < %t‘a_l =Kn % forall t > Qo on {Qo > 1}, where §' = 1

At last, we have found z1, K, M > 0,a > 0, and 6’ > 0.

5.8.  Proof of Proposition 3.
Let Y, :=Y1_, M —cn, h(n) := > Cx(l), m(n) := E{Y,,} = —kn, and

v(n) := Var{Y,} = i i Cr(l — k) =nCx(0) + 2i(n = DCA\(D).
k=11=1 =1

Note that v(n + 1) — v(n) = h(n).

Since both v(n) and n? approach oo, lim, s vﬁg) will equal lim,,_, oo %, if it exists

(discrete version of L’Hospital’s rule). Now,

lim vin+1)—v(n)  wv(r+1)—wv(n) Bnfl
n—00 (n + 1)5 —npB o ﬂnﬁ—l (n + 1)3 —_nB
h(n) pBnf—1
Bnf=1 (n+1)8 —nb
(72) RS (from (35) and the definition of h(n)).
Hence lim,, ”752) = S. Since % ~ %, (n) = O(ZEZ;) implies f(n) = o(n™1).
nllogv(n+1) —logv(n)] = nlog (%) =nlog (W) =nlog <1 + ;LEZ))>
= [% + (%)} (by Taylor’s Expansion)
h(n) n® 1
~ nfly(n) + no(ﬁ)
(73) noge ﬂs%w:g.
Since Y,, is Gaussian, P{Q,, > x} can be expressed in terms of v(n), m(n) and the standard Gaussian
tail function ¥(z) := \/%—ﬂ = e~ 7 dr as

x —m(n) T+ Kn
PlY, >z} =9 | —= | =V .
s (27 ) o (55
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v(n)

T attains its

For each z, since lim,, .o % = 0, there exists a finite value n, at which

2
maximum, i.e., P{Y,, > z} is maximized. Define m, := 7(9”:(2"“;)
T

value of (;jr(:z)z ). Since P{Q > z} = P{sup,,>; Y, > z} [18],

(the reciprocal of the maximum

P{Q > x} = P{sup,>; Yo > z} > sup,,> P{Y,, >z} = P{Y,,, > 2} = ¥(y/m,).

Under (72) and (73), it has been shown that m, ~ K2?~# with K = Wjﬁ)%ﬁ (Proposition 3 in
2
[14]). Since ¥(z) ~ \/%6—%71054,2’ —log ¥(z) ~ §+logz. Hence, —log ¥ (/myz) ~ Z= + Llogm,,

and the proposition follows.

5.9.  Proof of Proposition 4.

In the proof of Proposition 2, let ¢ > v instead of ¢t > Q.

5.10.  Proof of Theorem 8.
To prove this theorem, we need the following lemmas which are the modified versions of Lemmas 6

and 5 (the proofs of these lemmas follow the proof of the theorem).

Lemma 7 [from Lemma 6] If there exist xo, K, M > 0,a > 0 and § > 0 such that P{X,, >
0lA, Qo} < Kn~U+ for all n > Mv®™ on {Qo > o}, then E{Zo|A, Qo} = O(v®).

Lemma 8 [from Lemma 5] Assume conditions (C1)-(C3). Further assume that P{|A;| > z} =
O(P{Qo > z}). Let a be a positive constant such that aCy < 1. If B{Zy|A,Qo} = O(v®), then
E{Z()|Q() > x} = O(Z’a).

By following exactly same steps in the proof of Theorem 2, except by now appealing to Lemmas 7

and 8 instead of Lemmas 6 and 5, the result follows.

5.11.  Proof of Lemma 7.
As in (59) in the proof of Lemma 6, E{Zo|A, Qo} "<~ Mv®. Hence, E{Zy|A,Qo} = O(v®).

29



5.12.  Proof of Lemma 8.

From the assumption, there exist g and K such that
E{Zo|A,Qo} < Kv®, on {Qo > xo}.
Let x > xg. Then,

E{Zo|Qo > z}P{Qo > x}

/ ZodP
{Qo>z}

= / E{Zo|A, Qo}dP
{Qo>z}

< / Kv*dP
{Qo>z}
/{Qo>m}ﬂ{Qo—v}
+/ K|A[%dP - - +/ K|A|*dP
{Qo>z}N{|A1]|=v} {Qo>z}n{|Am[=v}
/ KQgdP
{Qo>z}

+/ K|A|%dP --- +/ K|A,,|*dP
{lAa>z} {1Am|>z}
= / Kz%dFg(2)

+ / Kly|"dFa,(y) - + / Kly|*dFa, (4)
{ly|>=} {ly|>=}

KQYdP

IN

= / Kz%dFg(2)
+/ Kat* 'P{|A;| > t}dt + z°P{|A] > 2}
+/ Kot 'P{|An| > t}dt + *P{|An| > o},

where Fa, is the distribution function of A;. Since P{|A;| > z} = O(P{Qo > x}) from the premise
of the lemma, [~ tYP{|A;| > t}dt = O([° t"P{Qo > t}dt). So there are z; > zo and K’ such that

m

Z [/ at® MP{|A;] > t}dt + 2P{|A;| > x}} < K’ {/ at® 'P{Qo > t}dt + x*P{Qo > =}

=1 z T
= K’/ t* dFg(t), Ve > 1.

By Lemma 4, there exist o > x1 and K" such that

/ t*dFo(t) < K'z°P{Qo > z}, YV > xs.
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Thus,

E{Zo|Qo > z}P{Qo > z} < K(1+ K")K"z*P{Qo > x}, Vo > xa,

which means E{Z,|Qo > z} = O(x®) since E{Zy|Qo > =} is nonnegative.
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Qn

Qn

(infinite buffer)

(finite buffer)

(infinite buffer)

/" (finite buffer) .

= sP=s;+s, %

(b) L > [ 1(55 > 0)dy

Figure 2. Illustration of [° 1(S{ > 0)dy < L®
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