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AbstractNIn this paper, we analyze the impact of straight The analysis of the relaying trafbc for homogeneous wire-
line routing in large homogeneous multi-hop wireless networks. |ess network has been studied in some previous works. In

We estimate the nodal load, which is debned as the number of [15], the authors show that in.an arbitrary netwoike load
packets served at a node, induced by straight line routing. For ’ ! :

a given total offered load on the network, our analysis shows induced by relaying trafbc i©( n)?, while it is O( oo )
that the nodal load at each node is a function of the nodeOstyr random networl& In [16], the authors show that in

Voronoi cell, the nodeOs location in the network, and the trafpc random networks with poyer control the load induced by
pattern specibed by the source and destination randomness and

straight line routing. In the asymptotic regime, we show that relaying trafbc become®)(' ). In [17], it is shown that
each nodeOs probability that the node serves a packet arrivingthe order of the relaying trafbc load is independent of the
to the network approaches the products of half the length of trafpc patterns. However, these studies in [15]D[17] focus only
the Q/Qrogﬂscfﬂ'ré’frﬁnfﬁgr r]ag‘(;jeg‘se |Ig§§tigr?n§ritr¥eﬂéirgis(i)tn tffl‘;tcaoncharacterizing the performance in order terms as a function of
Sggendsg on the tra?bc pattern generated by' straight Iineyrouting, .the number qf deployed nodes. From~the well-known problem
and determines where the hot spot is created in the network. IN Mmathematics called the BertrandOs paradox [18], one can
Hence, contrary to conventional wisdom, straight line routing Show that different distributions of sources and destinations
can balance the load over the network, depending on the trafPc result in different distributions of the relaying load even for
patterns. the same environment.
5 In [19], the authors analytically study the impact of shortest
Index TermsNmulti-hop wireless network, routing, geometric  single-path routing on a node by approximating single paths to
probability, analysis, simulations line segments and characterizing the deviation of routes from
line segments. However, one of the parameters in their model
is not analytically quantiPed and would need to be estimated
via simulations. In [20], the authors introduce an analytical
Over the past few years, we have witnessed a signiPcamddel to evaluate the imposed load at a node by approximating
amount of interest in the study of ad-hoc and sensor networksshortest path route to a narrow rectangle, where the load of
Unlike cellular networks, these networks can use other nodgsiode is debned as the number of paths going through that
as relays to deliver data from different sources to destinatiom@de. The length of the rectangle is debned as the distance
The relaying functionality makes these Omulti-hopO wirelégstween a source and destination and the width of the rectangle
networks scalable and applicable in a variety of different areparameterizes the deviation of paths from the line segments
[21D[4]. between sources and destinations. However, since the number
The relaying functionality adds a complex dimension to thef nodes is not parameterized in the analytic model, the model
performance analysis of multi-hop networks. The additiondbes not provide an explicit relationship between the load and
trafbc imposed by relaying diminishes a nodeOs ability tiee number of nodes.
transmit its own data. The relays could also induce hot spotsRecent work in the mobile community addressed the re-
(or congested areas) in the network, which in turn result iaying load problem as an application of the node mobility
reducing the overall throughput in the case of battery-limiteghalysis. In [21] the authors Pnd the spatial node distribution
networks [5], [6]. Congestion in the hot-spot areas could alg® the random waypoint (RWP) mobility model, and extend
reduce the overall capacity of the wireless network [7], [8their analytical results to trafbc load induced by straight line
In [7]D[14], the authors have proposed routing algorithms teuting in dense ad-hoc networks. However, the authors in
alleviate the relaying load in the congested area. However, thje¥] do not propose an analytic model for relay load at a
do not analyze the load induced by relaying trafbc. given node, nor the relationship between the nodal load and
the number of deployed nodes in the network. Moreover, since

The work was supported in part by ARO MURI Award No. W911NF ili ; i
07-10376 (SA08-03), NSF grants CNS 0439111, CNS 0626703, and C-Hle probability for the existence of a node in a small element

0635202, and a grant from the Indiana 21st Century Fund. An earlier vers@R€2 IS dePned as a function of the expected length of the line
of this paper has been presented at IEEE INFOCOM 2007 [1]

S. Kwon is with Samsung Electronics Co., Dong Suwon P.O.BOX 105, 1
416 Maetan-3dong, Yeongtong-gu, Suwon-si, Gyeonggi-do, 443-742, Korg@
(email: sungoh@ieee.org) 5 ) - ) If ()]

N. B. Shroff is with the Departments of ECE and CSE, The Ohio ~We writef (x) = O(g(x)) to mean thatimx —co 55y < !

State University, 2015 Neil Avenue, Columbus, OH 43210, U.S.A (email: 3A random network implies that the networks settings are random such as
shroff@ece.osu.edu) nodes placement, source-destination pairs etc.

I. INTRODUCTION

An arbitrary network implies that the networks settings are arbitrary such
nodes placement, transmission range (power control) etc.




transmission coverage. Further, we assume that the nodes are
totally connected. For a given deployment of nodes on a disk,
we debne a logical Voronoi tessellation [24] over the unit disk.
There is a unique one-to-one mapping between a Voronoi cell
and a node in the network. The depnition is as follows. Let
{z1,22,44 4} be a set of locations of nodes M. The
Voronoi cell V(z;) is the set of all points that are closer:tp

than to any other; for j "N , i.e.,

V(zi)={z"DIll «# wi|=?},Ln |l # 2}, 1)

where|x # y| represents a Euclidean distance between points
x and y. Therefore, each nodé" N has its Voronoi cell
vj, which is encircled by a perimetet, as in Figure 1. We

O Base station (Static node) — Straight line route ----- Real foute assume that the probabilities that a node becomes a source

and a destination are identical, and circular symméti{@s).

Fig. 1.  Voronoi cells and a straight line routing algorithm in a twoFor SImP“CIty’ unlt_ass stated Oth_e~rW|Se’ We_ use the perimeter
dimensional space. of nodei as a perimeter of nodé&s Voronoi cell throughout
this paper.

segment (nodeOs traveling distance) inside the element area
[21], we cannot directly apply the results to relaying load at @
node, which is debned as a function of the expected numbetn multi-hop wireless networks, packets are transferred
of the events that line segments cut the node®s Voronoi Hapugh routes that could be composed of multiple relay nodes
(that will be dePned in Section I1) in our system model. between sources and destinations. In many multi-hop wireless
In this paper, we analyze the load for a homogeneous multetworks, shortest path routing is often used for its simplicity
hop wireless network for the case of straight line routing as #d scalability, and this is closely approximated by straight
[15]D[17], [19], [20]. (Shortest path routing is frequently ap|jne routing for large multi-hop wireless networks. Thus, in
proximated to straight line routing in large multi-hop wirelestis paper, we will focus on straight line routing for delivering
networks [15], [22], [23]). Since geographical and geometrigackets from sources to destinations.
attributes of nodes and routes affect the nodal load, we employStraight line routingis dePned as a sequence of nodes
results from geometric probabilities to solve the problenhose Voronoi cell is cut by a straight line segment between
Based on our analytical results, we are able to show the precisgource and destination [15]. When a packet arrives at the
relationship between the number of nodes and the load at e€fwvork, node: in the network participates in routing the
node, and the geographical distribution of the relaying lodtpcket when the straight line segment between the source and
over the network for different scenarios. Interestingly, straigkie destination cuts the perimetgrof node:. If two cells are
line routing itself can balance the relay load over the disk §imultaneously chosen as the next cell, either can be arbitrarily
certain cases. selected. For example, in Figure 1, a packet arriving at node
The rest of the paper is organized as follows. In Section i1 is destined for nodeVs. NodesN,, N3, and N, whose
we describe the system model and formulate the problem.Rfrimeters cut by a line segment betwe¥h and Ns will
Section IIl, we analyze multi-hop wireless networks for threBarticipate in routing the packet.
different source-destination random patterns. In Section |V,
we study a simple form of the result that was analyzed in tf¢ Nodal Load and Problem Formulation
previous section. In Section V, we discuss different scenarios
In Section VI, we study the properties of straight line routingn
and we conclude in Section VII.

IEQouting

We debne theodal loadas the expected number of packets
at traverse the node (as in [15], [19], [20]). For a given total
offered load on the network}/, the nodal load; at node:

can be expressed as
Il. SYSTEM MODELS P

A. Assumption Li
We model a multi-hop wireless network as a directed =  Mpi, (2)

graph G = (N,E), where N represents the set of nodesyhere), represents the probability that a packet goes through

and E the set of edges in the network. We assume thalye; \we say that loads arbalancedwhen all the nodal
the wireless network is composed ofnodes on a dislD. |1o4s are identical ie.. there exigtsuch that

For simplicity, we let the radius of the disk be one, i.e., a

unit disk. Each node can control its transmission range. We pi=p%"N .

assume that the number of nodes is large enough and that

the_'r max'ml%m_COYefag_e areas are overlapped 'D a W_ay RThe probability density function of a random variable" R 2 is circular
which the unit disk is entirely covered by the nodesO maximuggmmetrical if it depends only on the Euclidean distaj¢¢ from the origin.

E[the number of packets served by node]



disk. Most previous works study on the network performance
based on this assumption [15], [19], [20].

The other setting we study is when source-destination pairs
are distributed only on the circumference of a circle. Here, we
will consider two different trafbc models, hence we consider a
total of three different scenarios. The motivation for this study
comes from the following. To enhance network performance,
large wireless networks use a cluster-based structure [26]. A
cluster is debned as a set of nodes that are relatively close to
each other. In the clustered system model, source-destination
pairs (S, andTy) are located out of the cluster area and line
segments randomly lay on the cluster, as in Figure 3. The line
segments going through the cluster area can be specibed by

O Node  — Straight line route source-destination pair§'@nd7 in Figure 3) on the perimeter
of the cluster area corresponding$g and7,. Hence, we can
Fig. 2.  Nodei will participate in routing when a line segment between ££nOde| trafbc patterns with source-destination paifsgd )
source and destination cuts its perimeer on the perimeter of the cluster no matter what shape of the
entire network and trafbc patterns are. We assume that the
) ) . cluster area is a unit disk and that source-destination pairs

To bndp; in (2), recall thaw is the Voronoi cell of nod€, (g andT) are located only on the perimeter. The case when
which is encircled by perimetes. Node: will participate in - gateways are uniformly distributed on the perimeter of the
routing a packet when the line segment between the souggie, called the border gateways model in [27], also falls into
and destination cuts its perimeter, and there are three casesis category. For this cluster model, we do not consider the
depending on the locations of the source and destination, @$ster heads in [28]. Our interest in this paper is how the relay
shown in Figure 2. In the case of a relay (Case 1 in Figure )afbc will be distributed across the network when sources and
a line segment cuts; at exactly two points. Otherwise, thegestination are densely located on the border of a disk-like
perimeter is cut by a line segment at one point, i.e., Case$@work and the relays are uniformly distributed on the disk.
and 3 in Figure 2 (the probability of the set of outcomes witlthe cluster system model has more of a theoretical interest
a line touching a corner or lying congruent with a side of thgnq the analytical results give some insight into straight line
polygon is zero). Since the probabilities that nadeecomes a royting.

we have models for this system setting. Since different trafbc models
» = Pr{Nodei becomes a relay or a sourde create different load distributions over the network even in

1 the same system setting, we separately handle the two trafpc
= 3 - f(s)ds, (3) models as two independent problems. The applicability of the

models depends on how network engineers establish a model
where f(s) is the load density function that a line segmerfor random trafbc in the bPeld. In the brst trafbc model, the
between a source and destination goes through poit  source-destination pairss(and 7" in Figure 3) are uniformly
other words, we can interpref(s) as the relaying load that chosen on the circular perimeter of the cluster. In the second
a packet arriving to the network is relayedsatising straight model, the distancey(in Figure 3) and angleg(in Figure 3)
line routing. When a node is a pure relay node that does nfft a random chord are uniformly distributed ¢@,1) and
generate or drain packets, (3) is exactly the probability thg, 2), respectively. We summarize the models in Table I.
node i becomes a relay. If we knowf(s) in (3), we can Since the second system setting is simpler than the brst one,
Pnd pi to estimate the load on node However, the load in Section IlI-A we will begin with the second one.
density functionf(s) depends on the trafPc patterns, which In all the scenarios described earlier we follow the proce-
are a function of the sources and destinations activated. Sigieges outlined below to bnd the load density functit(s),
we assume that homogeneous nodes are uniformly distribuiggere the distance from the origin to poinis r:
over the disk, the statistical geometry of the Voronoi cells are 1) Find the points on a circle with radiuscut by a line
identical. From (3), we can say that the relay load is balanced  segment between a source and destination and count the
when the load density function is constant on donf@irt). number of the pointsy,, since geometric properties are

In the next section, we study how trafpc patterns affect the  jnvariant of anglep.
load density function that decides the nodal load at each node2) Find the expected number of points on a circle with

radiusr cut by the line segmen[y;].
IIl. TRAFFIC PATTERNS VERSUSL OAD DENSITY 3) Since the probability that a point on a circle is cut by line

In this section we characterize the load density function in ~ segments is identically distributed on the circle, divide
(3) for three different scenarios. For the scenarios, we consider the expected number of points by the perimeter length,
two kinds of system settings. The brst system setting corre- 2z, to bnd the load density functiofy(s).
sponds to uniformly distributed source-destination pairs onFar step (2) in the above procedures, we use previously derived



TABLE |
SYSTEM MODELS AND TRAFFIC MODELS

Scenario (Section) System model Random trafbc model
1 (IN-A) Cluster Uniformly distributed source-destination pairs on the circumferehce
2 (llI-B) Cluster Uniform distance to origin and uniform angle with axis
3 (I-C) Entire Uniformly distributed source-destination pairs on the disk
To (0r Sq From (4) and (5), the expected number of points that a chord
intersects a circle with radiusfor 0% r %1 is
TP S) Eli] = ElEN

POV = Elx: 10111 (0)do
«, 0

,/:‘La_rgggsr & - 4 arcsin(r)
S(orT o .

1 Hence, the load density that a chord meets a peifiD , is

So (0r o) _ Elxw] _ 2arcsinr
fs)= 5o = =03
wr mr
g . wherer is the distance frons to the origin. Note that when
@ Real source/destination locations A . ) X
6 is arccos(), the chord meets a circle with radiusat one

O Modeled Source/destination locations : A ' et . -
point, as in Figure 3, but the probability is zero in this case.

, o _ ~ Figure 4 (a) shows the expected number of points at which
Fig. 3. In the case when source-destination pairs are located out of d disk. h ir of . .
is the length of line segme@H . " is half an angle o/SOT, i.e. /SOH. 2 C ord generated py a pair of source and destination nodes
intersects a circle with radius. Figure 4 (b) shows the load

# is an angle betwee®H andx-axis.
density that the chord intersects a point on a circle with radius
r for 0% r % 1. As can be seen in Figure 4, in contrast to the
results studied from geometric probability [18]. trafbc model generated by random source-destination pairs on
To verify our analysis, we compare it with simulatiora disk [19], [20], the outskirts of the disk have more trafbc
results for each scenario. For the simulations, we genergi@n the center area of the disk. Hence, network performance,
10* source-destination pairs and line segments between tgh as throughput, depends on the nodes on the outskirts of
pairs according to random trafbc models, and average RMe disk.
simulation results with different random seeds.
B. Scenario 2: Uniform distance to origin and uniform angle
A. Scenario 1: When source-destination pairs are uniformlyith axis
distributed on the .perlmeter of a circle ) Any straight line segment that goes throughs completely
Let random variableX " R # be the location of a source speciped by the distance)and direction ¢) of the line seg-
or a destination anél be a random variable that is uniformlyment from the center of the circle to the midpoint of the chord,
distributed betwee® and2r. The location is represented asgg in Figure 3. We let the distance and the angle (direction) of
x = (coSs &, sin @) for 0 % ¢ % 2r. the chord be random vari_ables tha_t are unifor_mly distribute_-d on
[0,1) and[0, 2x), respectively. As in the previous subsection,
Then, the generated random chord between a source @l generated random chord between a source and destination
destination can be specibed by a half anylg(ZHOS or can be specibed by a half anglebetween two points. The
ZHOT) between two points, as in Figure 3. The half anglRalf angle" is also a random variable with domaj, !f)_
" is also a random variable with domajf, 5). From [18, From [18, page 139]/; (), the probability density function
page 138].fi (0), the probability density function df is of ", is given by
£ (0) = %forO%@%%. (4) £ (6) =sin 0, forO%e%%. (6)
For given radius-, the number of points, at which a circle For given radius:, the number of pointg, that a circle with
with radiusr meets a chord is given by radiusr meets a chord is
_ # 2, arccosf) %6 % 5 _ 2, arccos() %0 %
Xr= 0, otherwise Ar 0, otherwise

For a givend, the conditional expectation of; is For a givend, the conditional expectation of; is

2, arccosf) %60 % % 2, arccosf) %60 % %
Elx 101 = 0 otherw?s)e ? ©) EDx 101 = 0 otherwi(rs)e ? )
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From (6) and (7), the expected number of points that a choté!dies on geometric probability in [18], [29]. In particular,
intersects a circle with radius for 0% %1 is from [18], [29] we have the following theorem.

Elxr]

Hence, the load density that a chord meets a peifiD , is

f(s) =

FLED:I']

0
2r.

" Bl |01f: (0)do

Elx] _ 1

2nr s

b

wherer is the distance from to the origin.

Figure 5 (a) shows the expected number of points at wh
a chord generated by a pair of source and destination no
intersects a circle with radius. Figure 5 (b) shows the load.

Theorem 1:Let Ky be a convex set in a plane. We assume
that lines randomly placed in the plane are isotropic and

uniformly

distributed. Then, for any convex s&f such that

K; & Kp, the probability that a random line intersects &&t
given that the line intersects séf is

wherelk ,
tively.

. _ _ I
Prline hits K;|hits Ko] = lLl’
Ko

andlk, be the perimeters ok and Ky, respec-

Disk D is a convex set. Voronoi cellg(z;) $: " N debPned
in (1) are convex sets [30] and subsets of diskSince random

S

radiusr for 0 % r % 1. Even in the same system setting p; =

as Scenario 1F[x,] and f(s) of Scenario 2 have different

shapes from those of Scenario 1.
Another approach:Using the characteristic of line random-
ness, we can bnd the same solution as (8) from previous =~

J{‘Eles in Scenario 2 are isotropic and uniformly distributed,
ro Theorem 1, the probability that nodébecomes a relay

density that the chord intersects a point on a circle witR &5 follows:

Pr[line hits node i's Voronoi cellhits disk D]
the perimeter of node:'s Voronoi cell
the perimeter of disk D

2



In the case when source and destination pairs are randomly
chosen on the unit disk, in contrast to the previous cases, we
cannot specify line segments between sources and destinations
cutting a circle only with half angles. Depending on the
locations of the two nodes, the number of points on the
circle with radiusr cut by the line segment between two nodes
are different. Hence, we brst bx a node whose distance from
the center is;, and denote that node Wy. For the given node
T, we bnd the conditional probability density function of the
half angle of a chord and the conditional expectation of the
number of pointsy; .

We denoted (4") and D (D) as the end points of a chord
with a half angle (6 +# 6), andB (B") andC (C") as the
e Sourceldestination locations points on a circle cut by the chordD (A"D"). We denote

(@) # /3 as the acute angle between two"choE aan that
meet at7. Two wedged regions'AA andT DD, made by
the two chords are denoted By and B, respectively.

Given that the brst random nodéfalls a distance: from
the center of the unit disk, as in Figures 6 (a) and 6 (b), the

DO

5 HOa probability that the chord going through the two random points
B 5
= T%H < c ¥ intercepts an arc of half angle betweérand 6 + # 6 is the
2 g probability that the second poitstfalls in two wedged regions
QU ‘ A andB. For0%60 % '5 the conditional probability is

. Pr[(6,0 +# 6)|z]
; sin6# 6

2, .
W(z ) 22 # co2 0 (11)

where chords with half anglesand§ +# 6 meet with angle
# 3. Hence, the conditional probability density function tbf

® Source/destination locations for 0% 6 % IE is
(b)
h d formly distributed disk / 1z (612)

Fig. 6.  When source-destination pairs are uniformly distributed on a disk:

(a) nodeT is in a circle with radiusr (b) nodeT is out of a circle with = li Pr[(G, 0+# 9)|z]

radiusr "MH 0 #6

i 2 N2
" _ 2sinf(z? # cos 6 +sin” 0) (12)
1 1 = = .
= = ds, 9) T 22# cog 0

2 I's ™

e Given radius, depending on the locations of random points
flo“randS on the unit disk, there exist three cases. First, the line
segment does not meet the circle with radiusSecond, the

wherels, is the perimeter of node iOs Voronoi cell.
From (9), we have the same density as (8) such that,

s"D, 1 line segment does meet the circle with radiuat one point.
fls)= =. Finally, the line segment meets the circle with radiust two
™ points.
C. Scenario 3: When source-destination pairs are uniformly The number of points, on a circle with radius- cut by
distributed on a disk the line segment between two nod¢sand T, is

Let R and! be uniformly distributed random variables
over [0,1) and [0,2x), respectively. Let random variable
X "R 2 be the location of a source or a destination uniformly xr =
distributed over a disk with radius one, then the location is
represented as | |

z=( 7rCOSp, Tsing), where A,; and By; are regionsABB'A" and CDD'C" in

.. Figure 6 (a), respectively, in the casex0¥r. In the case of
where0 % r % 1 and0 % ¢ < 2r [31]. The probability . o o5 1 we letB,, andBys denote region3CC"B" and
density function that a point randomly picked in the unit diszD"C" in Figure 6 (b), respectively
is located at distance from the center is ’ '

%2, {r%z%1andS"B s}
1, r%z%1andS"B p} (

% {O%Z%T and S"A al Bal}
0, otherwise,

In the case when the prst nodefalls in the circle with
fz(2)=22, for0% 2z %1. (10) radiusr, given distance and anglg6, 0+# 6), the conditional



expectation of the number of poinis is

.00 0, = 3 Aol B — ==
e ’ Area(A * B) osl ]
1# r? 7t
= W8 s >
(22# cog 6 +sin-0) 06l
where Areaf\) represents the area of regidn & 08
In the case when the Pbrst nodeé falls out of the circle 0.4t
with radius r, given distancez and angle(d,6 + # 0), the 03l 1
conditional expectation of the number of points is 02l ]
E[Xl’l(070+# 9)72] .
_ , Area(l?,bz) , Area(E}bg) % 02 04 06 08 1
- AN + 2 AN Circle radius (r)
Area(A B) Area(A = B)
(1# r2+2sinf 22# co?0) @)
— : (14)
(22 # cog 0 +sin“0) 0.45 :
__ Estimation
The details of (11), (13), and (14) are given in Appendix. o i
The chords whose half angle is betwesncosr and!§ can 0.3s)
intersect the circle with radius. Given# " (arccosr, !E), the oal
brst nodeT falls in the region such that the distanedrom '
the center is betweenosf and 1. From (13) and (14), the 2%
conditional expectation of; is T ozt
g[xr 10, =] (15) o
% 7% cﬁlsf 'Ti;in DE {cost %z %r o
% and arccosr %6 % 5} 0.05
— 2 in " 72% cos2 ™
- as Ez;: 32132 0 +;n$zc-?)s ) , {r%z%1 % 02 o.‘4_ 015 _ 08 1
% and arccos %9 % If} Location from the origin
0, otherwise (b)

We are now ready to obtain the expected number of poirﬁ@- 7. Scenario 3: (a) The expected number of points at which a chord

. . . h intersects a circle with radius (b) Load density that a chord intersects a
on the circle with radius- cut by the line segments betweer, ®) b

two random nodes. From (10), (12) and (15), we have

oint on a circle with radius

Elx(]
= EIED|" . 2] IV. APPROXIMATION AND CONVERGENCE
_ From the results of the previous sections, we can compute
T [cos"&z&1, arccosr&*& L] Elxe10, 211 1z (012) fz (2) dzdf) probability that a node will participate in routing when a
4 ) . packet arrives at the network for a given location, perimeter,
= ;(1 # ro)(arcsinr + r 1# r?). and trafbc pattern. The probability is not expressed in a closed

. ) , form. However, in the asymptotic regime, we can approximate
Hence, the load density function that the line segment betwegg probability by a simple closed form expression. The

a source and destination goes through a peihD is approximated form gives us an understanding of network

Elx/] performance under various environments.
f(s) = onr . + When the network gets denser, the perimeters of nodes grow
_ 4 o, arcsinr ) — smaller so that the load density function on the perimeter can
B ﬁ(l# ) + 1#re be approximated by the load density function at the nodeOs

) ) o location. Hence we can express (3) as
wherer is the distance from s to the origin.

_ Figure 7 shows that our analysis is identical to the_ simula- pi = lif(xi) + ¢, (16)
tion results. These results conbrm that the hot spot is located 2

near the center area, as in [19], [20]. The load density functiarhere [, represents the total length of the perimeterof

has a different shape from the previous subsections. Howeverde i and e; is an error between the exact value and the

given that we have three different hot spots for different traffxpproximated value at node

patterns, this suggests that the hot spot area depends on th&e show here that the error between (3) and (16) converges
trafbc pattern specibed by how the source-destination pairs tareero as the Voronoi cell goes to zero, i.e., the number of
distributed. nodes goes by inbnity. We assume that nbdelocated atr;



Fig. 8. When node is located atx; and has a perimetes; .

Probability

o
e

o

Q

@
T

o

o

@
T

o

o

<
T

o
=
>

o
o
=
I

=4
Q
@
T
R
I

o
Q
R

o
o
=

o

g
=
o
I

Simulation
4 Approximation [

* |
4

4000 6000 8000

The number of nodes

2000

o

10000

Fig. 9. When node is located at (0,0.5) and a pair of a source and destination

are uniformly distributed on a circle

and has a Voronoi cel;, as illustrated in Figure 8. We debne
#rm and#ry as

#rm = max (Jzi| #] s]) and #ry = max (Is| #| «il),

wherefﬁ r = max{#rm,#¥rv}. When#r is small, from
TaylorOs series [32], the error at nade;, is

11 f(s)ds# % f(a:i)dsé

€i

s! s s! s

% 5 1f()# fla)lds

O# r?).
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Since# r? decreases linearly as increases, (17) shows that
the error between our approximation and the exact value will
decrease as increases.

Figures 9, 10, and 11 show the comparison of our approxi-

mation and simulation results. We assume that each node Rgs10. When node is located at (0,0.5) and the distance and the angle of
rﬁ chord are uniformly distributed

a circular Voronoi cell. We vary the number of nodes fro
100to 10,000 and observe the probability that a packet goes
through a node located @1, 0.5). For illustration, we generate
0.1 million packets per simulation and run 25 simulations
with different random seeds. The error bars represen®@ie
conbdence levels centered around the mean values. As thi
number of deployed nodes goes to inbnity, the probability
that a node takes part in routing packets inversely increases a
expected. This implies that for a given distribution of sources
and destinations, and node location, the probability only
depends on the length of the perimeter. As shown in Figures 9,
10, and 11, the approximation is close to the simulation results
and improves as the density of nodes increases. Hence, in the
case when the network is dense, the probability that a node
can serve a packet can be precisely computed by our analytica
results.

V. IMPLICATION OF STRAIGHT LINE ROUTING IN

MULTI-HOP WIRELESS ROUTING

We now study how our analytical results apply for estima
ing network performance in different environments. Unlike

Probability

Probability

Fig. 11.
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previous works that study the performance order [15]D[1€] Throughput of Straight Line Routing
or estimate the performance with parameters that need to be he d . £ th h ) iti-h irel
obtained via simulations [19], [20], we estimate the perfor- | € dePnition of throughput in a multi-hop wireless net-

mance for a given trafbc pattern by using our analytical resuféo"k could depend on the network scenario and application

Note that the uniform distribution we have assumed can BENY considered (e.g., [6], [35]9_[38])' As in_ [6], [36.5]' [38],
approximated by a Poisson distributfeand the average Iengthwe debnethroughputof a battery-limited multi-hop wireless

of a Voronoi cell for a homogeneous Poisson point process'I§WOrK as the total number of packets served by the network

9, wherep is the average number of points per unit aredtil the prst node dies. L .
[34],, Hence, we assume that the half length of the perimeterWhen each node has an initial amount of eneffff and
is g%n;, wheren is the number of nodes uniformly deployed® is the energy consuriﬂed to deliver a.packet to the next node,
on a unit disk. the network can servépT packets until node located atz;
dies.
The throughput of the network can be expressed as
A. Nodal load in the case of homogeneous nodes

We assume that new packets arrive at each node with arrival Throughput of the network
rate A and that the arrival distributions are independent and _ . pm
identically distributed. The packet arrival rate at nedeequal B r.?,{.” epDi .
to Anp;. Hence, we can express the load of nadeer unit init I
time as S min (18)

2 Eep " X;!D f(i,) ’

The load of nodei located at r; where diskD is a domain ofz;. With straight line routing, in

= nAm + the case when, is bxed and a source-destination gdistribution
= lif(xi) is given, the throughput of the network becon@§é n) as
* % + the number of node increases. Even though the deployed
- g T, number is bxed, the throughput in (18) depends on the source-
- I" n fl(x') destination patterrf (z;).
= 2 7\f(zi) n.
Hence, when the number of deployed nodes,increases, VI. MYTHS OF STRAIGHT LINE ROUTING

the load at each node becom@¢ n), which is consistent

with the results in [15], [17]. In contrast to [15], [17], our There have been three traditionally believed myths about
analytical result can capture the load variance that dependss#igight line (or shortest path) routing for multi-hop wireless
the location in the network. networks. These are:

1) Straight line routing results in congested areas, and load
balancing is needed to alleviate it.

. ] ] ) 2) A congested area induced by straight line routing is
Unlike the previous subsection, we consider the case when = |gcated at the center of the network.

n nodes generate data andnodes contribute only to relaying 3) Equalizing the load across each link (equal load balanc-

packets. The packet arrival rate at each node teen the load ing) always helps improve network performance.
of nodei per unit time is formally expressed as

B. Nodal load in the case of pure relay nodes

Using the analysis results in Sections Il and IV, we
The load of node: located at z; discuss the properties of straight line routing, and study the
relationship between straight line routing and Oequal load-

= nAp 3

H e + balance routingO based on our analytical results.
= An ?If(fi) Before starting our discussion on straight line routing, we

* 2! _ + clearly specify the debnition of equal load-balancing routing.
= n J.iif(xi) We debneload-balancing routingas routing that makes all

nt g + nodal loads equal over the network [19], [20] such that, as
- 2! TAf(zi) n ) explained in Section II-C,
n+m

Hence, when the number of deployed nodesis dominant, pi=p3$i"N andp” [0.1).

the load at each node increases as. For a given nodes.,

the pure relay nodes mitigate the total load on the order gfnce homogeneoys nodes are_uplform_ly d'?"'b“ted on the
ol isk, each Voronoi cell has statistically identical properties.

m As shown in Section IV, the approximation of a nodal load is
5 _ , __asymptotically tight and the densif§(s) determines the nodal
Suppose there exists exactly one event of a Poisson process by.tlmfzoad in the asvmptotic regime. Hence. we can characterize the
Then, the time at which the event occurred is uniformly distributed [se . Yy p ) 9 i '
[33]. We can also extend the result to the 2 dimensional case. properties of straight line routing.
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TABLE Il
SUMMARY OF STRAIGHT LINE ROUTING: f (S) STANDS FOR THE LOAD DENSITY THAT A LINE SEGMENT GOES THROUGH POINS "D AND r
REPRESENTS THEEUCLIDEAN DISTANCE BETWEEN THE ORIGIN AND POINTS. A CONGESTED AREA IMPLIES AN AREA THAT HAS MORE LOAD THAN ANY
OTHER AREA IN THE NETWORK

Scenario (Section f(s) Congestion ared Load-balancing routing
1 (l-A) facen T boundary may hurt
2 (I-B) , & . " nowhere the same
4 2 i YIE 2
3 (I-C) srz(L#r?) ST+ 14 r2 center may help

A. Paradox of straight line routing

As summarized in Table II, the relay load distributions
depend on the system models and the generated trafpc patterns.
Even if the system settings and the routing schemes are
identical, the different trafbc patterns generated by sources
and destinations result in the different distributions of relaying
load, as shown by BertrandOs paradox [18].

In the brst scenario considered (Section IlI-A), the load at
the edge area is heavier than any other area so that the trafbc
is more congested on the fringe of the network. In the second
scenario (Section 1l1I-B), straight line routing distributes the
load evenly over the network, and hence does not induce hot
spots. Only Scenario 3 in Section IlI-B corresponds to the case
that straight line routing induces a congested area at the center © Source/destination locations
of the network.

Fig. 12. An example for a load balanced trafpc pattern in the case of a
cluster system model. is half an angleZSOT. $ is an angle between line

B. Straight line routing versus Load-balancing routing segmeniST andx-axis. The dot lines are reRections of solid line segments.

It has been traditionally believed that shortest path (or

straight line) routing could lead to hot spots in the network, | )
degrading the network performance. Hence, load balanciﬁ?jmng can alleviate the relay load concentrated at the center

algorithms have been developed to evenly distribute the 108" if the boundary area has more trafbc. The equally dis-
over the network to enhance network performance [S]D[ljmbuted load can prolong the netvx{ork life, which is determined
[19], [20]. For example, in [5], [6], equally balanced load ifPY the most congested area, as in [3], [6].
terms of residual energy lengthens the networkOs life span.
However, load-balancinghay nothelp improve network per- VII. CoNcLUsIoN
formance. In this paper, using geometric probability, we have devel-
In the case of Scenario 1, the load at the edge area is fited an analytical model to study the performance of straight
heaviest as depicted in Section IlIl-A. The trafbc sources aliige routing for multi-hop wireless networks. Our analytical
drains are at the edge area, so that the load at the edge &®gHlts show that the probability that a node relays a packet
is bxed and cannot be reduced by load-balancing. When log@pends on the location of the node and the perimeter of the
balancing routing is simply employed in this environment tgodeOs Voronoi cell. In the asymptotic region, the relaying
make load equal, the load at the center area may incre®ebability at a node is approximated as the product of the half
redundantly without reducing the load at the boundary. THhength of the perimeter of the node and the load density that the
redundancy induces more interference and deteriorates r@cket goes through the nodeOs location. Both simulations and
work performance [39], [40]. Hence, load-balancing may hudnalysis show that the relay load over the network, imposed
network performance in this scenario. by straight line routing, depends on the model of the trafpc
In Scenario 2 (Section 1I-B), the load density functiorPattern. Even if the system settings are identical and straight
is constant over the domaiid, 1). Straight line routing for line routing is commonly adopted, the relay load induced
Scenario Ztself balances the relay trafbc over the disk. Anpy OrandomO trafpc could be distributed differently over the
efforts to balance relay load cannot perform better than straigt@twork. This paradoxical result is a consequence of the
line routing in Scenario 2. In other words, we uniformlyfamous BertrandOs paradox. Thus, in contrast to traditional
choose a sourcé and a destinatiol” on the disk perimeter belief, there are many scenarios in which straight line routing
so that the probability density function of angfebetween itself can balance the load over the network, and in such
line segmentsST and SO, as in Figure 12, iscosg) for cases explicit load-balanced routing may not help mitigate the
0%¢ < 4. Then, the relaying load imposed by straight linéelaying load.
routing is balanced across the disk.
In Scenario 3, the center area of the disk has heavier load APPENDIX
than the boundary. In this case, conventional load-balancingWe here prove (11), (13), and (14) in Section IlI-C.



@ Source/destination locations

Fig. 13. In the case wheh is debned orf0, !5), there is a reRection of
regionsTAA’ andTDD ’, whereZD’OH’ (or ZA’OH ") is" +" "

A. Proof of (11)

Since the area of a wedge shaped region of radiasd

angled is 3120, and# 8 = %S from [18], for 6 "

” z2$ cos?
[0,%), we have

Area(A B)
Area( A) + Area( B)
j 1_
= é|AT|2# B+ E|TD|2# B

o ol
= Z[AT*+TD|* #p

NI RN -

L |
|AH|> + |TH|*> # 8
(22# cog 0 +sin?0)# 3
. in o#
(22 # co§9+sm26)!%7
22 # co2 o

o .
(IAH|# TH|)*+(|DH| + [TH|)* #8

(19)

whereH is a middle point between points and D, and|T H|

represents the length of line segm@&ntl.

In Section III-C, the half angle¢' is debned on0, %)

(instead of [0,7)). As illustrated in Figure 13, for given
nodeT and anglesd and 6 + # 6, there is a rel3ection of
regionsTAA'(A) and TDD'(B). Therefore, given that the
brst random nod€l’, the probability that the chord going

11

B. Proof of (13)

Similarly to Area@ = B), we can express Areagl( Ba1)
for 9" [0, %) in Figure 6 (a), as

Area(Aa1  Bai)
= Area(Aga1) +Area( Ba1)
= (Area( A) # Area(Ajs2)) + (Area( B) # Area(Ba,2))
= (Area( A) +Area(B)) # (Area(Aa2) + Area( B,o))
= (22# cosO+sin20)# 3

#(22# cog 0+ r2# cos O 3
= L#r°)Hp

siné# 60

= (1 # 7”2)‘!:7 (20)
z2 # cog 0

where A, and B, represent regions3B'T and CC'T,
respectively.

From (19) and (20), when the brst na@idalls in the circle
with radiusr, the conditional expectatioR[x, (0, 0+# 0), z]
of the number of pointy, for 6" [0, ’5) is

2Area(A a1 E Ba1)
2Area(A " B)
(1# r?)

(22 # co 0 +sin?6)’

Elx (0,0 +# 0), 2]

C. Proof of (14)

Let angles denote/OT B (or ZOTC) andy denote| T B|
(or |TC)|) in Figure 6 (b). From trigonometric formula, we
have

r? = y? + 22 # 2yzcosp.
Since the solutiory of the above equation is
) ———
y= zcosB+ r2# 22sing,
lengths|TB| and |T'C| are expressed as

_ )
|T B| 2COSB# | r2# 22sinf
ITC| = =zcosB+ r2# z2sing.

Hence, for inbnitesimal# 5 and 0 % [ % arcsin(%),
Area@By;) for 6" [0, %) is expressed as

through the two random points intercepts an arc of half angle Area(Byy)

betweend and g +# 6 for 6 " [0, %) is twice the probability

that the second poirfi falls in two wedged region andB.

From (19), given that the brst random node falls a
distancez from the center of the unit disk, the conditional
probability Pr[(6,60 + # 6)|z] that we would like to get for

0" [0,%) is
Pr[(6,0 +(# 0)|z]
_ 2Area(A " B)
N Area(D)
= E(z2 # co§9+sin29)&.
T 22 # cog 6

$+ 8
| BCly|path of H|ydo

|@I$Iﬁl$# s
2. r2# 22sin@(zcosp)# 3
2 r2# co® 3 22# copH 3

ino# 0
2" 12# co20 2# cog 00 (01

22# co2 0’

where H is the middle point of line segmenBC, as in
Figure 6 (b), andBC|s is the length of line segmenBC|
when angle/OTH is (.



Similarly to Areay;), we have

(17]

Area(Bygs) (18]

= %|ﬁ|2# B# (el

1702
SITCI1# B

1 . TN
= 5(1#T2+25'”9 22 # cog 0 [20]

) )
#2 r2# cofl
= %(1# r?+2sin 6

22 # coS O 8

- [21]
22 # coZ 0

22# cogh

) ) 22
#2 r2# cogl =

(23]

From (19), (21), and (22), when the brst nodefalls
out of the circle with radius-, the conditional expectation [24]

Elx: (0,0 +# 6),

is

(1]

(2]
(3]

(4]
(5]

(6]

(7]
(8]

(9]
[10]

[11]

[12]

[13]

[14]

[15]

[16]

z] of the number of pointg, for 6 " [0, ’5) (25

[26]
E[Xr |(97 9 +# 9), Z]

. 2Area(Bp) Py 2Area(Bps)
2Area(A " B) 2Area(A " B)
(1# r2+2sing 22# co2h)
(22 # co2 0 +sin?0)

(27]

(28]

[29]
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